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Abstract

Let X be a non-stable (in the sense of GIT) hypersurface of degree
d > 3 in the projective space P". S. G. Park [8] proved that the global
minimal exponent of X satisfies the inequality a&(X) < 2. In this
paper, we establish the uniform sharpness of this inequality: we prove
that a(X) = ”T“ holds for a general member X of every irreducible
component of the strictly semistable locus. Moreover, a general point
of each irreducible component of the GIT boundary OMET admits a
strictly semistable zero-weight representative with this minimal exponent.
By the lower semicontinuity of the minimal exponent on the affine cone
[6] and a theorem of Mustatd—Popa [7] for general linear combinations
of monomials, the problem is reduced to computing the log canonical
thresholds, at the cone vertex, of the monomial ideals associated with the
maximal strictly semistable supports with respect to a maximal torus and
their weight-zero parts. Since the barycenter of the degree-d simplex lies
in the convex hull of each of these supports, Howald’s formula [4] forces
these thresholds to be uniformly equal to "T“.

Introduction

In [9, 10], the author carried out a detailed analysis of the GIT boundary of
the moduli spaces of cubic fivefolds and quintic threefolds. In the course of
those investigations, a striking phenomenon was observed: the global minimal
exponents of the general representatives considered for the different boundary
components uniformly take the critical value ”%:1. The purpose of the present
paper is to provide a conceptual explanation for this phenomenon and to prove
that this uniformity holds in general for projective hypersurfaces of degree d > 3
in P,

Let X% denote the strictly semistable locus of degree-d hypersurfaces in P"
over C, and let 7 : £%° — OMSCIT be the quotient map.

Main Theorem. Assume n > 1 and d > 3. A general member X of every
irreducible component of X°° satisfies a(X) = ”T'H Moreover, for every irre-
ducible component B of OMSC'T | there exist a nonempty open subset B° C B
and a nontrivial one-parameter subgroup A : G,, — SL(n + 1) such that every
b € B° admits a strictly semistable representative [f] satisfying

n+1
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This is a consequence of the more precise statement in Theorem 4.2. The
quotient-side conclusion is an existence statement for zero-weight representa-
tives. It does not assert that these representatives are polystable.

The key idea of our proof is to combine a finite covering by monomial families
with a uniform computation of the minimal exponent at the vertex of the affine
cone. We consider a general member X = V() C P” of one of the linear families
constructed below and its affine cone C(X) C A"*l. Although the cone can
have non-isolated singularities, its vertex v is a point where the local minimal
exponent on C(X) attains its minimum. For such a general member, we show
that this minimum is exactly %.

Indeed, for such a general member and any singular point p € Sing(X),
consider the ruling line ¢ C C(X) passing through v and lying over p. Invariance
under smooth pullback and the lower semicontinuity of the minimal exponent
along ¢ [6] yield
n+1

d

Taking the minimum over all p € Sing(X), we obtain the global lower bound

dxp 2 @ (C(X)) =

~ - n—+1
a(X)= min « > .
(X) pesing(x) P = d

More generally, Park [8, Theorem 6.1] proves the formula

&o(f) = min {a(X), nt 1} .

The uniformity in our argument comes from the common barycenter condition
on the monomial supports in the finite covering.

The minimal exponent at the vertex v is computed as follows. We first con-
struct a finite covering using the maximal strictly semistable supports I(ry)>o,
and show that a general point on each boundary component can be represented
by a defining polynomial f with zero-weight support Supp(f) = I(rg)=o. Both
supports contain the barycenter n = (ni“, ey m) in their convex hulls. By
a theorem of Mustatd and Popa [7], for a general linear combination f of the
monomials in I(rg)—g, the computation of the minimal exponent of C(X) at
v is reduced to computing the log canonical threshold lct, (a) of the associated
monomial ideal a. Next, by Howald’s formula [4], Ict, (a) is given by the recipro-
cal 1/7 of the parameter 7 > 0 at which the diagonal ray ¢(1,1,...,1) intersects
the boundary of the Newton polyhedron

P(a) = Conv(I(ry)=o) + R’;gl.

Since every monomial in I(rg)—o has degree d and the barycenter n lies in
Conv(I(ry)=o), this intersection point is precisely n, which gives 7 = niﬂ and
hence Ict,(a) = "T'H. The same computation applies to the maximal strictly
semistable support I(ry)>o.

On the other hand, the supports of these families imply that X is not GIT

stable, so Park’s theorem [8] gives the upper bound

~ n+1
X) < .
ax) <2
Combining this with the lower bound above, we conclude that a(X) = 2.
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Numerical criterion for projective hypersur-
faces

Throughout the paper, we work over C and fix integers n > 1 and d > 3.
Hypersurfaces are regarded as the effective Cartier divisors defined by their
equations; reducedness is not assumed. In this section, we review the numerical
criterion for stability or semistability of projective hypersurfaces. We use the
following notation.

For a vector x € Q" wt(x) = Y_}_, zx is called the weight of x.
We define

22 = {x e Z" |2, >0 (k=0,1,...,n)},

Zz:;gl = {x € 2" | wt(x) = d},

I= Z?;gl NZL,

where I is the set of lattice points of the degree-d simplex.
For r € Q"' we define I(r)so = {i€ I |r-i >0} I(r)so={i€ |
r-i> 0}, and I(r)=g = {i € I | r-i = 0}, where - denotes the standard
inner product of vectors.

_ d d d
We set 1 = (45, 7257 757)

simplex Conv (7).

€ Q"' and call it the barycenter of the

A vector r € Z"*! is said to be reduced when there is no integer o such
that |o| > 2 and 1r € Z"T1.

Let W = Clzg, - - - ,x]q be the vector space of homogeneous polynomials
of degree d. For a polynomial f = Zwt(i):d airt € W, we define the

support of f by Supp(f) ={i€ ]| a #0}.
The projective space P(W) parametrizes hypersurfaces of degree d in P™.

We denote by P(W)** and P(W)* the loci of GIT semistable and GIT
stable hypersurfaces, respectively, with respect to the natural action of
SL(n + 1).

We set £5 = P(W)**\B(W)*, MET = B(W)*//SL(n+1), and 9MEIT =
5% //SL(n + 1), where %°% is the strictly semistable locus and dMEIT is
the GIT boundary.

We denote the quotient map by 7: P(W)** — MSIT and use the same
symbol for its restriction 7: 2% — 9MGCIT,

We fix a maximal torus 7" of SL(n+1) and choose homogeneous coordinates

o, -

.., xy that diagonalize its action on the space of linear forms. We identify

a one-parameter subgroup (1-PS for short) A, : G,,, — T with its weight vector
r=(ro,...,Tn) € Z?OJ§17 using the convention

)\r(t) c Ty = t”xj.

Thus A\p(t) - 2! = 71zt



Definition 1.1. Let s be a subset of I. We say that s is not stable (resp.
unstable) with respect to T when s C I(r)>o (resp. s C I(r)so) for some

nontrivial 1-PS v # 0. For 0 # f € Clxo, -+ ,2nld, we say that f is not
stable (resp. unstable) with respect to T when Supp(f) C I is not stable (resp.
unstable) with respect to T'.

The following theorem is the numerical criterion for stability via the language
of convex geometry.

Theorem 1.2. The projective hypersurface of degree d defined by 0 # f € W is
not stable (resp. unstable) if and only if there exists an element o € SL(n + 1)
such that f7 is not stable (resp. unstable) with respect to T. In particular, f is
strictly semistable if and only if

(1) There exists o € SL(n+1) such that f is not stable with respect to T, and
(2) For any o € SL(n+ 1), f7 is semistable with respect to T.
Proof. See Theorem 9.1 of [2]. O

2 Maximal strictly semistable supports and the
covering theorem

In this section, we characterize the maximal elements of the family of non-stable
supports with respect to the maximal torus 7T, and use them to construct the
finite covering of the strictly semistable locus in Theorem 2.4. To this end,
we consider the family of subsets of I ordered by inclusion, and describe all
maximal elements of

8 = {I(r)0 | T € 25\ {0}}.

Before giving the characterization and an explicit algorithm to obtain them in
finitely many steps (as carried out for concrete cases in [9, 10]), we remark that
I(r)>o and I(r')>o might be the same for two different vectors r,r’ € Z?O'*)'l \{0}.

Lemma 2.1. Let I(r)>¢ be a mazimal element of S, wherer € Z?OJ)rl\{O}. Then

there exist n — 1 elements X1,Xs2, - ,Xn—1 € I and a vector r' € Z?OJ)FI \ {0}
such that they satisfy the following three conditions:

(1) The vector subspace U of Q"' spanned by xi,-- ,%,_1,n over Q has
dimension n.

(2) The vector ' is orthogonal to the subspace U of QmT1.
(3) I(r)>0 = I(r')>0.

Proof. Let us put C' = I(r)>oU{n}. We consider its convex hull C'in the affine
hyperplane



We first show that dim C' = n. Otherwise, the Q-linear span of C has dimension
at most n, so there exists a nonzero integer vector u orthogonal to every element
of C. Since u-7n =0, we have u € Z?O")'l, and

I(r)>0 € I(u)=o € I(u)>o.

Choose j such that u; > 0, which is possible because u # 0 and Zj u; = 0. If
e, is the j-th standard basis vector, then de; € I(u)so, whereas de; ¢ I(r)>o.
Thus I(u)>¢ strictly contains I(r)>¢, contradicting maximality.

Since C' C {x | r-x > 0} and r-n = 0, the point 7 lies on the boundary of C' in
Hy,. Let F be a facet of C' containing 1. The facet is rational, and its supporting

hyperplane in Hy can be written as r’ - x = 0 for some r’ € Z?J)'l \ {0}, after

clearing denominators. Choose its sign so that C' C {x | r’-x > 0}. Since F has
affine dimension n — 1 and is spanned by points of C N F', we can choose n — 1

points X1,...,X,_1 € I N F such that x3,...,x,_1,7n are affinely independent.
They are also linearly independent, since all lie in Hy and d # 0. We have
I(r)>o C I(r")>0, so maximality gives I(r)>o = I(r')>o. O

By this lemma, we can determine the set of maximal elements of S up to
permutations of coordinates in finitely many steps using the following algorithm.

Algorithm 2.2. Let F be the set of all ordered (n—1)-tuples x = (X1, ..., Xp—1)
of pairwise distinct points of I. For n =1, F consists of the empty tuple. Fix
a total order on F. As initial data, set 8" = & and let x = (x1,...,Xp_1) be
the minimum element of F. We modify S’ by the following algorithm.

o Step 1. Let U C Q"' be the Q-subspace spanned by Xi,...,Xp_1,7.

If dimg(U) = n, then take a reduced normal vector r = (rg,...,rs) €
Z?O'gl \{0} of U (i.e.r-u=0 for allu e U) and go to Step 2; otherwise,
go to Step 5.

o Step 2. If r satisfiesrg > -+ > 1, orrg < -+ < 1y, then go to Step 3;
otherwise, go to Step 5.

o Step 8. Ifrog>--->mry, (resp. 79 < --- < 1y), add I(r)>o (resp. I(—r)>0)
to 8’ and go to Step 4.

e Step 4. Delete all elements of S’ that are not mazimal in S’ (with respect
to inclusion), and go to Step 5.

e Step 5. Replace the element x with the next element if x is not the mai-
mum element, and go to Step 1. Otherwise, stop the algorithm.

For completeness, we justify the restriction to ordered weights and the maxi-
mality test. Lemma 2.1 shows that every maximal support, after a permutation
of coordinates, is produced by Steps 1-3. Moreover, if 9 > --- > r, and
I(r)>o C I(s)>0, sorting the coordinates of s in decreasing order preserves this
inclusion. Indeed, suppose i < j and s; < s;, and let s’ be obtained by exchang-
ing s; and s;. For a € I(r)>o with a; > a;, we have s’-a>s-a > 0. If a; < q;,
exchanging these two coordinates of a gives a’ € I(r)>g, and s’-a=s-a’ > 0.
Repeating such exchanges proves the assertion. Strict inclusion is preserved as
well, since coordinate permutations preserve the cardinality of a support. Thus



every support produced by Steps 1-3 is contained in a maximal support pro-
duced by those steps, and Step 4 retains exactly the maximal supports, up to
permutations of coordinates.

Every member of § is non-stable with respect to 7', but a maximal element
I(r)>o € S might still be unstable with respect to T' (i.e., I(r)>9 C I(r")s¢ for
some other r” € Z”le \ {0}). The following lemma characterizes when I(r)>
is strictly semlbtable with respect to 7'

Lemma 2.3. For a non-trivial 1-PSr € Z?O"’)'l \ {0}, the following three condi-
tions are equivalent:

(1) I(r)>o is strictly semistable with respect to T (that is, there is no r”’ €
Z”+1 \ {0} such that I(r)>o C I(r")>0).

(2) 1 € Conv(I(r)>o)-

(3) ne Conv(I(r)=g).

Proof. To prove (1) < (2), suppose first that n ¢ Conv(I(r)>o). By strict
separation and rational approximation, there exists a € Q! such that a - (i —
n) > 0 for every i € I(r)>o. Eﬂj (1,...,1) from a and clearing
denominators gives a nonzero r”’ € Z?OJ)rl such that r” - i > 0 for every such i.

Conversely, the existence of such a r” excludes i from the convex hull, since
.1 = 0. The implication (3) = (2) is obvious from I(r)=¢ C I(r)>¢. To see
(2) = (3), suppose that n = Ziel(r)zo ¢ii with ¢; > 0 and > ¢ = 1. Taking
the inner product with r, we have

O=r-n= Z a(r-i).

ieI(r)>o

Since r-i > 0 for alli € I(r)>p and r-i > 0 for all i € I(r)>o, we must have
¢i =0 forallie€ I(r)sg. Thus n € Conv(I(r)—g). O

By Lemma 2.3, discarding from S’ those elements I(r)>o with
n ¢ Conv(I(r)=o),
we obtain the complete list of maximal strictly semistable supports
I(r1)>0,. .-, I(ra)>0

with respect to T, up to permutations of coordinates.
For each k =1,2,..., M, we define the linear subspaces

Vi := Spanc{z' |i€ I(ry)>0} C W, Wi == Spanc{z' |i€ I(ry)=0} C Vi,

and set X := SL(n+ 1) - P(V}) C P(W). From the above arguments, we obtain
the following covering theorem.

Theorem 2.4. The strictly semistable locus ¥°° = P(W)** \ P(W)* is covered
by

M M
U (SL(n + 1) - P(Vi) NP(W)**) = | (Xx N P(W)**).
k1 k=1



Proof. Let [f] € ¥°°. By Theorem 1.2, after acting by an element of SL(n +
1) and permuting the coordinates, there exists a reduced 1-PS r € Z?()*)l

{0} with 9 > --- > r, such that Supp(f) € I(r)>o. By Lemma 2.1 and
Algorithm 2.2, I(r)>o is contained in a maximal element of &’. Since f is
semistable, this maximal element must be semistable with respect to 7', so it
is one of I(r1)>o,...,I(ra)>0 by Lemma 2.3. Thus [f] € SL(n + 1) - P(V},) for
some k. Conversely, any point in SL(n + 1) - P(V;) N P(W)** is not stable by

Theorem 1.2, and since P(W)?® is open, X NP(W)** C £5° also holds. O

3 Reduction of the quotient image
to the weight-zero subspace

Let G := SL(n + 1) and take a nontrivial 1-PS

0#£r=1(ro,...,mn) € Z?O-*)-l.

Write the corresponding weight decomposition of W = Clzg, ..., 2,]q as

W= @WM(r)’ W, (r) := Spanc{z' [i€ I, r-i=m}.
meZ

Set )
V(r) := @ Win(r) = Spanc{z’ | i € I(r)o}

m>0

and
W (r) := Wy(r) = Spanc{z' | i€ I(r)=o}.

If He := A\(G,,) denotes the image of the 1-PS A, associated with r, then
W (r) = WHr. Finally, define
X(r) =G -P(V(r)) c P(W)
and
®(r) :=7(X(xr) NP(W)**) C OMEIT,

Every point of P(V(r)) is non-stable with respect to T'. Hence X (r) is contained
in the non-stable locus, and

X(r) NP(W)* = X(r) N2,

Lemma 3.1 (Zero-weight reduction in the good quotient). For every nonzero

re Z?O‘*)'l, one has

d(r) = W(P(V(I‘)) N IE”(W)SS) = W(P(W(I‘)) N IP’(W)SS), (1)
where the closures are taken in MSGIT,

Proof. Set

We first prove




If A(r) = @, then P(V(r)) is contained in the unstable locus, which is closed

and G-invariant. Therefore X (r) NP(W)** = @, and (2) is immediate.
Assume now that A(r) # @. Since P(W)** is open in P(W), the subset

A(r) is a nonempty open, hence dense, subset of the projective space P(V (r)).

Consequently, )
X(x)NPW)* =G - A@) "

Indeed, G x A(r) is dense in G x P(V(r)), so the action morphism shows that
G -P(V(r)) is contained in the closure of G - A(r).

The subset X (r) NP(W)*s is closed and G-invariant in P(W)®°. Hence its
image under the good quotient is closed [5]. Since A(r) C X(r) NP(W)*s, we
obtain

T(A(r)) € 7(X(r) NP(W)**).

Conversely, continuity of 7, together with its G-invariance, gives
T(X(r) NP(W)**) C 7(G - A(r))
= 7(A(r)).

This proves (2).
It remains to replace V(r) by its weight-zero subspace W(r). Let [f] € A(r),
and write

f=fo+ f>o, fo € W(r), f>o0 € @ W (r).

m>0

With the convention fixed in Section 1, we have
lim A (¢) - f = fo
t—0

in the affine space W. Since [f] is semistable, there exists a homogeneous
invariant

FecCcw)®
of positive degree such that F(f) # 0. The invariance of F gives
F(fo) = lm F(A(1) - f) = F(f) #0.

Thus fo # 0 and [fo] € P(W)**.
The morphism

Gm — PW)™,  t—A(D) - [f],

extends to Al with value [fo] at 0. Its composition with 7 is constant on G,,.
Since MSIT is separated, the composition is constant on A!, and therefore

m([f]) = 7([fo])-
It follows that
T(P(V(r)) NP(W)**) C 7 (P(W(r)) NP(W)**).

The reverse inclusion follows from W(r) C V(r). Hence the two images are
equal. Combining this equality with (2) proves (1). O



For the maximal strictly semistable supports I(r1)>o,...,I(ry)>o obtained
in Section 2, we have

V(ry) = Vi, W(ry) = Wy, X(rg) = Xy,

and we set Oy = ®(ry) = 7w(Xp NP(W)*%). Combining Theorem 2.4 and
Lemma 3.1, we obtain the weight-zero version of the covering theorem for the
GIT boundary.

Theorem 3.2. The GIT boundary OMET = 7(32%%) is covered by

OMETT — Ej P, — 6 (P(Wi) NP(W)ss)
X 7r K :
k=1 k=1

In particular, every irreducible component of OMSIT is of the form &, =
m(P(Wy) NP(W)*3) for some k € {1,...,M}.

Proof. Applying the quotient map 7 to the covering of ¥°° in Theorem 2.4 yields

M M
OMET = 7(2%) = | w (X NP(W)*) = | @
k=1

k=1

By Lemma 3.1, each ®; coincides with 7(P(Wy) NP(W)%%) and is a closed
irreducible subset of AMS!T (whenever it is nonempty). Since IMEIT is a
finite union of these closed irreducible subsets, every irreducible component of
OMETT must be equal to @, for some k. O

4 Uniformity of the global minimal exponent for
general strictly semistable members

Let X = V(f) C P™ be a hypersurface of degree d > 3. For p € X, choose a local
defining equation g of X in P™ at p, and let b, ,(s) be its local Bernstein—Sato
polynomial. The local minimal exponent ax ), is the negative of the largest root
of the reduced Bernstein—Sato polynomial by ,(s)/(s + 1), with the convention
that ax p = co when this polynomial is 1. In particular, ax , = co at smooth
points, and
let, (P, X) = min{l,ax ,};
see [6]. The global minimal exponent of X is defined by
a(X):=minax, = min «
(X) peX NPT pcSing(x) P
with the convention that the minimum over the empty set is co (see [6, 8]).
Recall the fundamental stability criterion due to S. G. Park.

Theorem 4.1 (Park [8, Theorem A]). Let X C P™ be a hypersurface of degree
d>3.

(1) Ifa(X) > ™4 then X is GIT stable.
(2) If a(X) > 2 then X is GIT semistable.
In particular, if X is not GIT stable, then a(X) < 2L,

We now prove the main result of this paper, which establishes the uniform
sharpness of Park’s inequality across all maximal strictly semistable families.



Theorem 4.2. Let I(r1)>o0,-..,1(ra)>0 be the mazimal strictly semistable sup-
ports with respect to T obtained in Section 2. For each k € {1,..., M} and for a
general polynomial f € Wy, (resp. a general polynomial f € Vy,), the hypersurface
X =V(f) CP" is strictly semistable and satisfies

n+1

a(x) = —

Consequently, a(X) = ”T'H holds for a general member X of every irreducible
component of ¥°°. Moreover, for every irreducible component B of the GIT
boundary OMECT | there exist an index k and a nonempty open subset B° C B
such that every b € B° admits a strictly semistable representative [f] € P(Wy)

with ©([f]) = b and a(V (f)) = 2.

Proof. Fix k € {1,...,M} and let S = I(ry)=o (resp. S = I(ry)>0). Consider
the monomial ideal

ag = (xi |iES) C Clzo, ..., zn]-

For a polynomial f = Y, g a;z', let C(X) = V(f) C A"*! be the affine cone
over X = V(f) C P" with vertex v = (0,...,0) € A""L. Since ag is generated
by monomials of degree d > 3 > 1, the order of ag at v is d > 1. By a theorem
of Mustata and Popa [7, Definition 5.3 and Example 5.13], for a general linear
combination f of the monomial generators of ag, the local minimal exponent
ay (f) of the affine cone C'(X) at the vertex v coincides with the log canonical
threshold of ag at v:
ay(f) = lcty(as). 3)

The cited result requires neither that ag be primary to the maximal ideal at
v nor that the cone have an isolated singularity there. The threshold in (3) is
that of an ideal and can exceed 1.

By Howald’s formula [4] (see also [1]), the log canonical threshold of the
monomial ideal ag is given by

1
lcty (ag) = p where 7 =min{t >0 ‘ t(1,1,...,1) € P(as) },

and P(ag) = Conv(S) + R%{! is the Newton polyhedron of ag. Since wt(i) =
d for all i € S, any point y € P(ag) satisfies wt(y) > d. In particular, if
t(1,1,...,1) € P(ag), then

d
n+1

t(n+1) =wt(t(1,1,...,1)) > d, so t>

On the other hand, since I(ry)>o is strictly semistable with respect to T,
Lemma 2.3 shows that the barycenter n = %H(l, 1,...,1) satisfies

7 € Conv(I(ry)=9) C Conv(S) C P(ag).

Therefore, the diagonal ray ¢(1,1,...,1) enters P(ag) precisely at the barycenter

7, which gives 7 = n%_l. Combining this with (3), we obtain
~ n+1
() = lety(as) = . ()
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Next, we compare a(X) with a,(f). For any singular point p € Sing(X),
choose a point p € C(X) \ {v} lying over p. The natural map A"™!\ {v} — P"
is a smooth G,,-bundle, and its restriction C(X) \ {v} — X is also a G-
bundle. Thus the analytic germ (C(X),p) is isomorphic to the product (X, p) x
(A1,0), and ax, = ac(x),p by the invariance of the minimal exponent under
smooth pullbacks [6]. Moreover, since f is homogeneous, the local minimal
exponent is constant along each scalar G,,-orbit in C'(X) \ {v}, and each such
orbit contains v in its closure. By the lower semicontinuity of the minimal
exponent [6, Theorem E(2)], we have

~ ~ ~ n+1
ax,p = Aox)s = au(f) = ¥
for all p € Sing(X), which yields the lower bound
~ n+1
a(x) > "L (5)

By Theorem 4.1(2), the inequality (5) implies that X is GIT semistable. On
the other hand, since Supp(f) C S C I(ry)>0, Theorem 1.2 implies that X is
not GIT stable. Hence X is strictly semistable, and Theorem 4.1(1) gives the
reverse inequality a(X) < "T“ (in particular, Sing(X) # @). Consequently, we
conclude that n4l

a(X) = 7

Finally, for each k, choose nonempty open subsets UY C P(V}) and U}V C
P(W}) on which the asserted strict semistability and equality hold. By Cheval-
ley’s theorem [3, Théoréme 1.8.4], G - U,X is constructible. It is dense in Xy,
since G x U, kV is dense in G x P(V};), and hence contains a nonempty open subset
of Xj. The minimal exponent is invariant under changes of coordinates, so the
equality holds throughout G - UY. Each nonempty Xj N P(W)** is a closed
irreducible subset of 3%°. The finite covering in Theorem 2.4 therefore gives the
assertion for every irreducible component of 3%,

Similarly, 7(U}Y) is constructible and dense in @), = m(P(W)) N P(W)5s), so
it contains a nonempty open subset of ®;. By Theorem 3.2, every irreducible
component B of the GIT boundary equals some ®;. Taking a nonempty open
subset B® C w(U}Y) proves the final assertion. O

Remark 4.3. The generality assumption in Theorem 4.2 is essential. The
chordal cubic threefold Y C P* is strictly semistable with closed orbit and satis-

fies

as recalled in [8, Remark 7.6(2)].
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