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Abstract

We give an explicit description of the strictly semistable boundary of the GIT moduli
space of quintic threefolds. More precisely, for the natural action of SL(5) on P(Sym°C®), we
classify the 38 boundary components arising from the maximal strictly semistable supports
and construct closed-orbit normal forms for the general polystable member in each component.
The closed-orbit verification is carried out uniformly by Luna’s centralizer reduction: toric
centralizers are treated by the convex-hull criterion, while non-toric centralizers are handled
using the Casimiro—Florentino criterion.

We also announce the pairwise non-inclusion of the 38 boundary families and record
the structure of its computational verification. The argument uses a successive system of
semicontinuity and stabilizer obstructions, including component dimensions, apolar Hilbert
functions and graded Betti tables, Hilbert functions of singular schemes, singular one-cycle
data together with Hessian ranks, and generic stabilizer tori.

For each boundary component, we determine the singular locus of a general closed-orbit
representative and compute the corresponding local minimal exponents. The positive-
dimensional singular loci include lines and line arrangements, conics, cuspidal plane curves,
planes, and smooth quartic surfaces. The isolated singularities that occur on the boundary
are quasi-homogeneous and fall into eleven analytic types, with local minimal exponent
equal to 1. As a consequence, the global minimal exponent of a general strictly semistable
closed-orbit quintic threefold in every boundary component is

4+1
AX)=1= %

the critical value appearing in the stability criterion for quintic hypersurfaces in P4.
Finally, we compute the codimension-one wall-adjacency relation among the boundary
components by an explicit slice-matching calculation. The resulting adjacency graph has
38 vertices and 184 edges; it is connected and has no isolated vertices. In particular, any
two boundary components can be connected by a chain of at most four codimension-one
adjacencies. This paper is an announcement of our results. The detailed proofs and the
complete case-by-case computations will appear in a forthcoming full-length paper.

1 Introduction

This paper studies the Geometric Invariant Theory compactification of the moduli space of
quintic threefolds. We consider the natural action of

G = SL(5)

on

P(W), W = Sym® C?,

and the corresponding GIT quotient

MUY = P(W)*//G.



The open locus of smooth quintic hypersurfaces in P* is one of the basic moduli spaces in
Calabi—Yau geometry. Its dimension is

dim P(Sym® C°) — dim PGL(5) = 125 — 24 = 101.

The GIT compactification adds boundary points represented by strictly semistable quintics. The
purpose of this paper is to give an explicit description of this boundary.

This paper is an announcement of results. We record the final classification of the boundary
components, the closed-orbit normal forms for their general polystable representatives, the
singular-locus and minimal-exponent tables, the pairwise non-inclusion statement, and the
codimension-one wall-adjacency graph. The full certified proofs, including the complete case-by-
case computations, exact specializations, and reproducibility details, will appear in a forthcoming
full-length paper.

An important antecedent to the present work is Lakhani’s study of the GIT compactification
of quintic threefolds [Lak10]. We regard that work as a foundational reference for the GIT
compactification problem in this setting. The present announcement develops this direction
further by giving a concrete atlas of the strictly semistable boundary: we enumerate the maximal
strictly semistable supports, pass from the torus data to the full SL(5)-quotient, construct
closed-orbit normal forms, analyze the resulting singular loci and minimal exponents, prove
pairwise non-inclusion of the quotient-side boundary families, and compute the codimension-one
wall-adjacency relation.

We first fix the notation for the boundary. Let

m i P(W)* — MET
be the good quotient map, and put
Y3 =P(W)* \ P(W)?.

Thus 3%¢ is the strictly semistable locus before taking the quotient. The GIT boundary in the
quotient is
OMET = m(2%) ¢ METT,

Throughout this paper we distinguish carefully between objects before and after taking the
quotient. Tilded symbols will denote prequotient loci inside P(W)**, while untilded symbols will
denote their images in the GIT quotient.

Let T' C G be the diagonal maximal torus. We write

I:={u=(ug,...,uq) EZ%O | ugp + -+ +ug = 5}
for the set of exponent vectors of degree-five monomials, and
= xy® eyt
For r € Z° with rg +--- 4+ 14 = 0, set
I(r)so:={uel|r-u>0}, I(r)=p:={uel|r u=0}

The Hilbert—-Mumford numerical criterion, in its convex-geometric form for the fixed torus 7',
reduces the enumeration of maximal strictly semistable supports to a finite search. The result is
a list of thirty-eight maximal T-strictly semistable supports

Sk:I(Tk)Zoa k‘ZI,...,38,

where the vectors rj are listed in Section 2.



For each support Si, define
Vi := Spang{z" |u € Sx} C W.
The corresponding prequotient family is
By =G -P(V},) N T C P(W)*,
where the closure is taken in P(W). The quotient-side boundary family is then defined by
Dy = W(&)k) c OMEIT,

Thus @y, is the G-saturated family before taking the quotient, whereas ® is the corresponding
subvariety of the GIT boundary. In particular, whenever we speak of a boundary component
®, or of an inclusion

P C Dy,

the statement is made inside the quotient MS!T. Similarly, all dimensions denoted dim ®;, are
quotient dimensions, not dimensions of ®;, inside P(WW ).

The distinction between EIVDk and ®; is important. The locus »*° remembers all strictly
semistable forms before identifying S-equivalent points, while 9MSEIT records only the corre-
sponding closed polystable orbits. A general member of ® is represented by a closed orbit lying
in the closure of the support family P(V}). The construction of this closed orbit is one of the
main computations of the paper.

The case of quintic threefolds is especially natural from the viewpoint of minimal exponents.
For hypersurfaces of degree d in P", the threshold appearing in Park’s stability criterion is

n—+1
d

For quintic threefolds, (n,d) = (4,5), so the threshold is

441
-

1.

One of the main features of the classification announced below is that the general closed-orbit
representative in every strictly semistable boundary component realizes this equality:

&(X) =1.

Thus the boundary components described here are not merely a list of GIT degenerations; they
also give a concrete collection of quintic threefolds lying exactly at the critical minimal-exponent
threshold.

‘We now summarize the main results.

Theorem A (Boundary families and irreducible components). For the natural action
of SL(5) on P(Sym® C®), the strictly semistable locus is covered by the thirty-eight prequotient
families:

ESS:EIV)lLJ--'U(T)gg.

Consequently, the GIT boundary is
OMET =@y U+ U Pag.
The families @, arise from the thirty-eight maximal strictly semistable supports

Sk:I(Tk)Z(), kZI,...,38,



listed in Section 2. Moreover, no two distinct quotient-side families contain one another:
Oy O (kA0

Hence the thirty-eight subvarieties
Dy,..., P35 C IMOIT

are precisely the irreducible components of the GIT boundary.

Theorem B (Closed-orbit normal forms). For each boundary component @, a general
point is represented by an explicit closed-orbit normal form

¢ Sym® C°.

These normal forms are recorded in Section 4. They are obtained as follows. Starting from a
general quintic fj supported on Sy = I(7%)>0, we take the one-parameter-subgroup limit

ok = 1 A (8) - fe
This limit lies in the fixed subspace for
Hy, = X (Gp).

By Luna’s centralizer reduction, the closedness of the SL(5)-orbit is reduced to a closed-orbit
problem for the centralizer Cg(Hy) acting on the Hy-fixed subspace. If Cq(Hy) is toric,
closedness is checked by the convex-hull criterion. If C(H}) is non-toric, closedness is checked
by the Casimiro—Florentino criterion. This gives a uniform method for constructing the general
polystable representative in each of the thirty-eight components.

Theorem C (Singular loci on the boundary). Let
Xi:=V(gp) C P!

be a general closed-orbit representative of the k-th boundary component. Then the singular
locus
Sing(X})

is explicitly determined for every k = 1,...,38. The positive-dimensional parts that occur are
low-degree configurations: lines and line arrangements, smooth conics, cuspidal plane curves,
planes, and smooth quartic surfaces. In several cases these positive-dimensional components
are accompanied by isolated singular points. All isolated singularities appearing for general
boundary representatives are quasi-homogeneous and fall into exactly eleven analytic types.
These eleven types are listed in Section 5 and are referred to as the extremal quintic threefold
singularities.

Theorem D (Minimal exponents on the boundary). For every k =1, ..., 38, the global
minimal exponent of a general closed-orbit quintic threefold

X =V(e})
is equal to the critical value
4+1
MXQ:I:A%—

More precisely, every isolated boundary singularity listed in Section 5 is weighted homogeneous
with local minimal exponent equal to 1. For the positive-dimensional singular loci, the corre-
sponding local computations along the general and special points again give global minimum 1.



Thus every boundary component contains a general polystable representative whose singularities
realize exactly the equality case of the stability threshold.

Theorem E (Codimension-one wall-adjacency). The codimension-one wall-adjacency
relation among the thirty-eight boundary components is determined by an explicit mutual
slice-matching computation. The resulting wall-adjacency graph has 38 vertices and 184 edges.
It is connected, has no isolated vertices, and has diameter 4. In particular, any two boundary
components can be connected by a chain of at most four codimension-one wall adjacencies. The
full neighbor sets are recorded in Section 7.

We briefly explain the structure of the verification. The starting point is the Hilbert—-Mumford
numerical criterion. After fixing the diagonal maximal torus 7' C SL(5), the criterion becomes a
convex-geometric condition on monomial supports. If

n=(1,1,1,1,1)
is the barycenter of the degree-five simplex, then T-semistability is equivalent to the condition

n € Conv(Supp(f)).

Strict T-semistability means that n lies on the boundary of this convex hull. This reduces the
enumeration of maximal strictly semistable supports to a finite convex-geometric search. The
outcome is the list

Sk:I(Tk)Z(), k‘ZI,...,38.

The next step is to pass from the torus classification to the full SL(5)-quotient. For each
support Sk, the prequotient family

®, =G -P(V) N

records all strictly semistable quintics obtained from the support family by SL(5)-saturation. Its
quotient image N
O = 7(Py)

is the actual boundary family in 9MSIT. The main point is that these thirty-eight quotient-side
families do not collapse into one another. This is the pairwise non-inclusion theorem.
The non-inclusion verification is organized as a sequence of monotone obstructions to
specialization. Starting from the
38 - 37 = 1406

ordered candidate inclusions &, C ®y, k # £, we apply successive filters using quotient dimensions,
apolar Hilbert functions and graded Betti tables, Hilbert functions of singular schemes, singular
one-cycle data together with Hessian ranks, and finally generic connected stabilizer tori. Each
filter rules out a subset of the remaining ordered pairs, and together the filters eliminate all 1406
candidates. In this announcement we record the structure and the complete numerical output of
this verification; the forthcoming full-length paper will give the certified computational details.

The closed-orbit computation is also uniform. For each k, the one-parameter-subgroup limit

= lim A\ (%) -
Pk th(l) rk.( ) f k
lies in the Hp-fixed subspace of W. Luna’s centralizer reduction replaces the closed-orbit question

for G = SL(5) by a residual closed-orbit question for Cg(Hy). This yields the normal forms

nf
k

listed in Section 4. These normal forms are the reference representatives for all subsequent
singularity and minimal-exponent computations.



The singularity analysis is then performed directly from the normal forms. For
Xi = V(gp) C P,

we compute the saturated Jacobian scheme

- _ Oy 0P\ | o0
Slng(Xk)—V<<amo,...,8x4 (2o, 1g)

This determines the positive-dimensional singular components and the isolated singular points.
At each isolated point, local coordinates put the germ into a weighted-homogeneous normal
form. These local normal forms give the eleven extremal singularity types and show that each
has local minimal exponent equal to 1. The positive-dimensional cases are handled by explicit
local analysis along their general and special points, giving the same global minimum

&(Xp) = 1.

Finally, the adjacency computation records a combinatorial wall-adjacency skeleton of the
boundary. For a wall I(r;)—o, we compare codimension-one slices and test whether such a slice is
simultaneously realized from another maximal state r;. A mutual slice match gives an undirected
wall-adjacency edge. One-sided slice matches are also useful as auxiliary incidence data, but
they are not counted as codimension-one wall-adjacencies. The resulting graph has 38 vertices,
184 edges, and diameter 4.

We end by describing the organization of the paper. Section 2 recalls the Hilbert—Mumford
numerical criterion and enumerates the thirty-eight maximal strictly semistable supports for the
fixed maximal torus. Section 3 defines the prequotient families 5;“ the quotient-side boundary
families ®p, and states the boundary-component and non-inclusion theorems. Section 4 gives the
closed-orbit normal forms and the closedness tests via Luna’s centralizer reduction. Section 5
determines the singular loci of the general closed-orbit representatives and lists the extremal
quintic threefold singularities. Section 6 summarizes the pairwise non-inclusion verification by
the successive-filter argument. Section 7 computes the codimension-one wall-adjacency graph.
Section 8 explains the computational framework underlying the announced results and indicates
how the full case-by-case verification is organized in the forthcoming full-length paper.

2 Numerical criterion and maximal strictly semistable supports

2.1 Numerical criterion

We work throughout with
W =Sym°C°  G=SL(5), P(W)=P(Sym°C),
and with homogeneous coordinates
[To : 21 : @9t x3 @ x4

on P*. Let T C G be the diagonal maximal torus.
For a vector u = (ug, . ..,us) € Q°, set

wt(u) :=ug + - - + ug.
We use the notation

Z°(d) = {u € Z° | wt(u) = d},  Z2;:={u€Z’ |u; >0 for all i},



and

I:=7°(5)N7Z%,.
Thus I is the set of exponent vectors of degree-five m_onomials in xg,...,x4. We write

' = xgtrt ay gty (uwel).

The barycenter of the degree-five simplex is

n=(1,1,1,1,1).
For a vector r € Q°, define

I(r)so:=={uel|r-u>0}, I(r)so:={uvel|r-u>0} I(r)=o:={uel|r -u=0}
A nonzero vector r € Z5 is called reduced if
ged(ro, ri,72,73,74) = 1.

Let
f= Z ayz”t € W.

uel

The support of f is
Supp(f) :={u e l]a, #0}.
A one-parameter subgroup of T is written, after choosing the above basis, as
A (t) = diag(t™, ", 472 "3 ™), 1= (ro,...,r4) € Z(0).

Definition 2.1. Let s C I. We say that s is not stable with respect to T if

s C I(T)Zo
for some nonzero r € Z5(0). We say that s is unstable with respect to T if

s C I(r)so

for some nonzero r € Z°(0).
For 0 £ f € W, we say that f is not stable, respectively unstable, with respect to T if
Supp(f) has the corresponding property.

Equivalently, for the fixed torus 7', the convex-geometric form of the criterion is
f is T-semistable <= 7 € Conv(Supp(f)),
and
fis T-stable <= 7 € relint Conv(Supp(f)),
where the relative interior is taken inside the affine hyperplane wt = 5. Thus f is strictly
T-semistable precisely when
n € Conv(Supp(f)) but n ¢ relint Conv(Supp(f)).

Theorem 2.2 (Hilbert—Mumford numerical criterion). Let 0 # f € W = Sym® C®. The point
[f] € P(W), equivalently the quintic threefold Xy = V(f) C P4, is not stable, respectively
unstable, for the G = SL(5)-action if and only if there exists o € SL(5) such that o - f is not
stable, respectively unstable, with respect to the fixed torus T .

In particular, [f] is strictly semistable for the SL(5)-action if and only if

1. there exists o € SL(5) such that o - f is not stable with respect to T, and

2. for every o € SL(5), the transform o - f is semistable with respect to T.

Proof. This is the Hilbert-Mumford numerical criterion for the action of SL(5) on P(Sym® C?),
written in the language of supports. Since every one-parameter subgroup of SL(5) is conjugate
to one contained in the fixed maximal torus 7', it is enough to test diagonal one-parameter
subgroups after an SL(5)-change of coordinates. The support conditions above are exactly the
inequalities imposed by the Hilbert—Mumford weights. O



2.2 Maximal strictly semistable supports for the fixed torus

We now enumerate the maximal supports that can occur for strictly semistable quintic threefolds
with respect to the fixed maximal torus 7. Put

S:={I(r)so |7 € Z5(O), r # 0},

ordered by inclusion. Since different vectors r may define the same subset I(r)>o, it is useful to
enumerate supporting hyperplanes rather than all one-parameter subgroups directly.

Lemma 2.3. Let I(r)>o be a mazimal element of S. Then there exist three elements
Ui, U, uz € I
and a reduced vector v’ € Z5(0) such that:
1. the Q-vector subspace of Q5 spanned by ui,us,us,n has dimension 4;
2. the vector v’ is orthogonal to this subspace;
3. 1(r)>o = I(r'")>0.

Proof. Let
C:=I(r)>o U{n}

and consider Conv(C) C Q3. Choose a facet F of Conv(C) containing 1. Let 7’ € Z® be a
primitive integral normal vector to F', chosen so that

Conv(C) C {z € Q° | 7' -z > 0}.

Since n € F, we have r' - = 0. Because n = (1,1,1,1,1), this gives r’ € Z%(0).

The affine hyperplane wt = 5 has dimension 4, and a facet in it has dimension 3. Hence we
may choose three points uy,ug,us € I N F such that ui,us, us,n span a 4-dimensional vector
subspace of Q°. By construction, r’ is orthogonal to this subspace. Moreover,

I(T)ZO C I(T/)ZQ.
The maximality of I(r)>o inside S therefore forces

I(r)>0 = I(r")>0.

The preceding lemma gives a finite enumeration procedure.

Enumeration algorithm. Let F be the set of all ordered triples
u = (uy,u2, u3)

of pairwise distinct points of I. Fix a total order on F. Start with M’ = (. For each
u = (u1,us,us) € F, perform the following steps.

Step 1. Let U C Q° be the Q-subspace spanned by
ui, U2, U3, 1.
If dimg U = 4, take a reduced normal vector
r=(ro,...,rs) € Z°(0) \ {0}

of U, and go to Step 2. Otherwise, discard this triple.



Step 2. If
rQg > T1>T2>T32>74

or
7o <11 <19 <13 <1y,

go to Step 3. Otherwise, discard this triple. This step chooses a representative modulo the
permutation action on the variables.

Step 3. If To > T1 > 2 > r3 > T4, add I(T)ZO to M/. If To < 1 < T2 < T3 < T4, add I(—’I“)Z() to
M.

Step 4. Delete from M’ all elements that are not maximal with respect to inclusion.

After all triples have been processed, retain only those maximal supports S € M’ satisfying
the barycenter condition
n € Conv(S).

These are precisely the maximal T-strictly semistable supports, up to permutation of the
coordinates.

Remark 2.4. In the actual computation one can replace the direct ordered-triple enumeration
by an orbit-pruned search under the Weyl group Ss. This does not change the mathematical
output; it only removes repeated representatives during the finite search.

Proposition 2.5. For (dim C®,d) = (5,5), the maximal T-strictly semistable supports are, up
to permutation of the coordinates, the thirty-eight supports

Sk = I(Tk)z() (k:1,...,38)

listed below. Each vector vy is reduced and written in the dominant chamber 0 > 1)1 > 1) 2 >
TE3 2 Tha

Proof. The finite enumeration above produces the following list after the barycenter condition
n € Conv(I(r)>o) and the inclusion-maximality test are applied. Conversely, each displayed
support is checked directly to be maximal among the supports of the form I(r)>¢ and to satisfy
n € Conv(I(r)>p). Hence each displayed support is strictly semistable with respect to 7', and

Lemma 2.3 shows that no other maximal support occurs, up to coordinate permutation. O
k T | Skl
1 (36,1, —4, -9, —24) 53
2 (27,2,-3,—8, —18) 59
3 (3,0,0,—1,-2) 62
4 (24,9,—6,—11, —16) 62
5 (21,6, —4, -9, —14) 62
6 (18,3, -2, -7, —12) 62
7 (5,1,0,—2, —4) 63
8 (4,2,—-1,-2,-3) 63
9 (19,4, —1,—6, —16) 64

10 (12,2,-3,-3,-8) 64
11 (14,4, 1,6, —11) 65
12 (13,8,—2,—7,—12) 66
13 (3,2,0,—2,—3) 67
14 (4,1,0,—1,—4) 67

continued on the next page



k Tk | Sk

15 (9,4,—1,-6,—6) 68
16 (3,2,1, 2,—4) 69
17 (12,7,2,—8,—13) 69
18 (4,2,0,—1,—5) 69
19 (2,1,0,—1,-2) 69
20 (8,3,—-2,-2,-7) 69
21 (16,11,6,—9, —24) 70
22 (16,6,1,—4,—19) 70
23 (4,-1,-1,-1,-1) 70
24 (14,9, 4, 6 —21) 71
25 (11,6,1,—4, —14) 71
26 (24,9,4, -1, —36) 73
27 (18,8,3,—2,—27) 73
28 (12,7,2,—3,—18) 73
29 (6,1,1,—4,—4) 73
30 (6,6,1,—4,—9) 73
31 (7,2,2, 3, 8) 74
32 (3,3, — —2) 75
33 (2,1,0,0, 3) 76
34 (8,3,3,—2,—12) 76
35 (4,4,—-1,-1,—6) 76
36 (1,0,0,0,—1) 80
37 (2,2,2,-3,-3) 81
38 (1,1,1,1, —4) 91

3 Boundary families for the full SL(5)-action

In this section we pass from the maximal T-strictly semistable supports S = I(rg)>0 to the

boundary families for the full SL(5)-action. The construction is the quintic-threefold analogue

of the passage from the torus data to the SL(7)-families in the cubic-fivefold case. The main

difference is that, for quintic threefolds, no two distinct families ®; and ®, contain one another.
We first record compact generic equations for the families. Write

Tk = (Th,0s Thy1s Tk 25 Th,35 Thid) Pk = (Th0s Tk 15Tk 2)-

Definition 3.1 (Truncated general forms). Let p = (pg, p1,p2) € Z3, m > 0, and B € Z. We
denote by
73;”’[3 C Clzo, z1, 2]m

the vector space spanned by the monomials x"z]'z5* with
v +v1 + v =m, povo + p1u1 + pave > .

For each k, a, b, m, 8, the symbol
Pm76
k;a,b

denotes an independent general element of 77;’;’5. In particular, if m = 0, then P,Sf » 15 a general
constant whenever the above inequality is satisfied.

With this notation, the monomial support condition

Supp(fx) = Sk = 1(r1)>0

is equivalent to the following forms.

10



Theorem 3.2 (Generic forms attached to the thirty-eight supports). For k = 1,...,38, a
general quintic with support Sy, = I(r)>0 can be written as follows. All P,Zlfb ’s appearing in the

table are independent general elements of the spaces in Definition 3.1.

k  generic form f,

3,18

1 fi= 100+x3P110+x3P120
352,27 1,36
+asPrs+ P14o

4,24 3, 2,42
+$4(P1-071+x3p111+ P121)

3,48 2,57
—|—x4(P102—|—x3P112)
2,72
+$4(P1o3)
2 fa= 200+$3P10+ P2321%

3 2,24
P230

4,18 3,2 2,34
+174(P2-0,1 +I3P211+ P221)

3,36 2,44
+174(P202 P212)
2,54
+$3(P2-03)
3 f3*PgooJfﬂfiip1oﬂL P320
JrfE:')PBBO
+ x4 (P +3Pyyy + 23P5y )
4\173:0,1 3173:1,1 3;2,1
2,5
Jr1”4(])302JF953P3;12)
Jr~T4(P303)

4 fi=Plgo+asPilo +23P5e

2,33
+x3P430

+ 24 (P + s Pt + 23P55Y)
+af(Pips + asPi')
+x4(P42613)

5 f5= 5-b 0T 353P5i’3,0 + 33§P53;721,%
+ 23P5
+ 5-701"'$3P5311+ P522321)
+z (P3282+ 3P52132>
+5U4(P526%)

6 fo=F 0+$3P10+ szl%)
+ 3P6232E
+334(Pé10121+ 3P§11+ P6222?)
+3(Pope + 73 Ps)
+ 25 (Pios)

7 f7:P75.’é)0+x3P;1;’12,0+xP720
+ 3Py
+xa(Proy +asPrly + 23P )
+ 23 (Pros +23Pry )

continued on the next page
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generic form fj,

10

11

12

13

14

15

16

fS:P85;§0+x3P10+333P820
+$gP830
+$4(P801+5U3P811+953P821)
+$4(P8b2+5‘73ps12>

fo = 900+x3P910+x3P§’21%
+ 3Py
+2a(Pypl + w3 Pyys + 73 P5)
+ x4(P3 o2 T $3P921382)

fio = 1000+x3P1010+m3P1020

P1030+ P101420

3,11 2,14
—|—x4( 1001+173P011+ P1021)
—|—x4(

P
Pgol(?z+ P1201192)

+x3(P12(’)2613)

fu= 1100+x3P1110+ P1311220
Jr9531312112’?0
+x4( 1i~01 P311171+ P1212;1)
Jr354(13312022+ P1212182)

f12—P1200+x3P1210+a:3P1321§0
+x§P1222310
+x4(P12’;0,1+333P321191+$3P1222261)
+$4(P1322612)

fis= 1300+$3P1310+$3P1320
+z P1330
+954(P1301+953P1311)
+954(P1302)

fia = 1400+$3P1410+33P1420
+$P1430+ P1440
+$4(P1401+333P1411+373P1421)
+$4(P1402)

fis = 1500+x3P1510+95P1351220
+$3P1251380
+5’34(P14501+$3P1511+5173P1251281)
+:c4(Pf’51022+x3P1512)
+x4(P1251083)

fi6 = 1600+m3P1610+x3P1620
+x3P1630
+ a4 (Pigon +3Prg 1)

+954(P1602)

12
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k  generic form f,

17 fir= P1577?070 + $3P147’?1,0 + 373P1371260
+ $§P12723ilo
+ X4 (P17’;0,1 + 373P1372111)
+y (P1372062)

18  fig= Plé-o 0T 333P14é.11 ot xgpfé?zo
+ a3 183O+x3P1840
+ Xy (Plé;0,1 + x3p1é;1,1 +x PlS 2 1)
+ Ty (P1381(())2)

19 fio= Plé-o o+ 73Plgi1 0 + T3 Plgia g

3P’ 3,0

+ 4 (Plé»O L+ 23 Pigh 1 + 73 Plgn 1)
+23(Plso,2)

20 fao = 26,00+x3P§(’).210+x P2020
Jr953132030JF%’P2040
t 24 (P246~0 1t x3P26;1,1 +z P2201211)
ty (Pgoléz + 3P2201162)

21 fa = P2i;0,0 + x3P21;1,0 +x P2311280
+ x§P2212370
+ x4 (Pzi;o,l + $3P2313131)
+y (P2314g2)

22 fe= Pzé;o ot $3P242’%1 ot xgpgz’?z,o
+ $§P221320 + x3P2121460
+954(P2201 +$3P221 1 +$3P2222271)
+y (P2323§2)

23 faz = Pzé-o 0T $3P24?’,v11 ot xgpgé?Q,O
t+z 132330+ P2340
+ JU4(P2?’,»0 1+ xSPzé;1,1 +x P23 2,1

+ xgng 3, 1)

+$4(P2302+333P2312+$3P2322)
+xy (Pzé;0,3 + xSPzé;l,s)
+ 5 (Piio.4)

24 fau = 2400+x3P2410+m3P341220
+ $3P2241§0
+5'34(P24401 Jr5133P241 1)
R (P§44022)

25 fos —P2500+953P2510+5”3P2520
+ x3P2251320
+ T4 (P25;0,1 + x3P351181 + x3P2252221)
+ 23 (P3io.)
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generic form fj,

26

27

28

29

30

31

32

33

34

fas =

for =

fas =

fo9 =

fs0 =

fs1 =

fa2 =

f33 =

f34—

P2600+953P2610+373P2620
3
+$3P630+$3P2640

, 3,37 2,38
+ 554(P26;0,1 +a3Pad g + $3P26 2, 1)

+ Xy (P2367022)

2700+x3P2710+x3P2720

+ 23 2730+$3P2740

+ J34(P270 1+ x3P2372191 + $3P2273211)

+334(P2375612)

2soo+x3P2810+133P2820
P2830+ P181420

+x4(P2481081+ P382111+ P2282241)
23 (P3g0.2)

P2900+$3P2910+5U3P2920

Jr953132291320

! (P24§~0 1+ :v3P23€;§1 1T P2291221)

+xﬁ( 2902+x3P2912)

+ Ty (P2291023)

P3000+x3P3010+x3P3020
+x§P3201320
+$4(P36;0,1 +$3P§d;113,1)
+$4(P§01(§2)
3100+$3P3110+x3P3120
+z P3130
+1’4(P31’;0,1 + 3 31 1 1 +$3P3211241)
+$4(P§11(?2)
3200+$3P3210+”3 P3220
+z P3230
+$4(P3201+333P3211+373P3221)
+$4(P3202 +333P3§;1,2)

+xy (P322’60 3)

P35300+x3P3310+953P3320
+$3P330+1?3P340+173P3350
+x4(P§§.01 +I3P3§;1,1 +z P33,2,1)
+$4(P3302)
P3400+9c3P3410+x3P3420
+x3P3430+x3P3440

+x4(P3i;0,1 +5U3P341141 +x3P3241261)

+ Ty (P§42612)

14
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k  generic form f,

35 fas = P3500+$3P3510+1’3P??5220
+ :ch% 30T 1’3P31544 0
+:c4(P§501 +373P351 1 +$3P§582 1)
+ 2} (P§51022)
36 f3e = 3600+x3P3610+x§P3620
+ xgpsé;?,,o + x§P36?4,0 + mgp??ﬁ?ao
+ x4 (P34é;10,1 + xSP??é;lm + xgp?,gé;lm
+ mgp?,lé;ls,l)
+ a3 (Psgé;zo,Q + $3P32é;21,2)
37 fsr= P:?%?o,o + x3p§%?1,0 + mgpg%?z,o
+ x4 (P??%?o,l + 133P??%?1,1)
+ 23 (P:??’ﬁo 2)
38 fas = 3800+x3p3810+x§P§8220
+ 23 PRs 30T xgpsls;?;,o + mgp;sg?o
+ T4 (Pés 01T x3P§’é31 1+ mgpgé?z,l

1,1 LA po0
Jr51”31D3831+ P3841)

Equivalently, the above table is the expanded form of the uniform formula

5 a— b, —ark,g—brkA
= > 2§zl P ksa,b g

a,b>0
a+b<5

5—a—b, —arg 3—bry 4

with the convention that the summand is omitted when P, = 0.

The boundary families ¢,

Let
G :=SL(5), W = Sym° C?,

and let
MEIT .= P(W)**//G

be the GIT quotient. We denote by
m: P(W)* — MEIT

the good quotient map. Let
N3 =P(W)* \ P(W)*

be the strictly semistable locus, and define the GIT boundary by
OMEIT .— (x5%) ¢ MEIT,
For each maximal strictly semistable support Sk, set
Vi := Spang{z" |u € Sp} C W.
We first define the corresponding prequotient family by

By, =G -P(V) N T C P(W)*

15



where the closure is taken in P(W). The k-th boundary family in the GIT quotient is then
defined by N
By, := (D) C OMEIT.

Thus @ denotes the G-saturated family before passing to the quotient, whereas ®; denotes the
corresponding subvariety of the GIT quotient.

If fi is a general quintic with support Sk, then [f] is a general support-family representative
used to construct ék, and the associated moduli point lies in ;. In what follows, all dimensions
of ®;, are dimensions inside the quotient MCIT, not dimensions of ®, inside P(W)*s.

We record the basic topological properties of these families. Since S = I(ry)>0, every point
of P(V) is non-stable for the G-action. Hence

G- P(Vy) C B(W)\ B(W)°.

Consequently, ~
O, =G -P(Vy) NP(W)*2.

The variety G is irreducible and P(Vj) is irreducible, so G'-P(Vj) is irreducible. Since Sk
is strictly semistable, the intersection with P(1W)** is nonempty; therefore ®;, is irreducible.
Moreover, @y, is closed in P(W)*s. By the good quotient property, its image

O = m(Py)

is a closed irreducible subvariety of OMCIT, equipped with the reduced induced subvariety
structure.

Theorem 3.3 (Pairwise non-inclusion in the GIT quotient). There is no inclusion among the
quotient-side boundary families @, k =1,...,38; namely,

X TN EY))

FEquivalently, ~
Srg @) (kA0

In particular, the thirty-eight subvarieties
Dy,..., P35 € MOIT
are pairwise distinct and pairwise non-contained.
Proof. The verification is summarized in Section 6. O

Theorem 3.4 (Boundary components in the GIT quotient). For the natural SL(5)-action on
P(W) = P(Sym® C°), the strictly semistable locus is covered by the prequotient families:

Y =P U U Das.
Consequently, the GIT boundary is
OMET =&y U+ U D
Moreover, the thirty-eight subvarieties
Dy, ..., Pag

are exactly the irreducible components of OMCIT.

16



Proof. Let [F] € ¥°. By the Hilbert-Mumford numerical criterion, there exists g € G such that
the support of g - F' is contained in a maximal T-strictly semistable support. The enumeration
in Section 2 gives exactly the thirty-eight maximal supports

Sl,...,Sgg.

Hence, for some k, we have
lg- F] € P(Vk).

Since [F] is strictly semistable and semistability is G-invariant, it follows that
[F]l € G-P(Vi) N T C By

Therefore N N
Y =01 U UDss.

Applying the quotient map 7 gives
BMGIT = 77(288) =0 U--- U Pssg.

As observed above, each @y, is a closed irreducible subvariety of 9IMSIT. By Theorem 3.3, no
®,. is contained in another ®,. A finite union of closed irreducible subvarieties with no member
contained in another is the irreducible decomposition of the union. Hence

Pq,..., Pas

are precisely the irreducible components of dMCIT. O

4 Closed-orbit normal forms for quintic threefolds

The purpose of this section is to pass from the boundary families constructed in Section 3 to
explicit polystable representatives. For each maximal support

Sk = 1(rk)>o0,

we start with a general quintic f; supported on S, and take the one-parameter-subgroup limit
P = Hm A, (1) - fi
This limit lies in the fixed subspace Wk, where
Hy = X\ (Gy).

By Luna’s centralizer reduction, the closedness of the resulting SL(5)-orbit is reduced to a
closed-orbit problem for the centralizer C(H},) acting on W1k,

The table below records the closed-orbit normal forms gbgf obtained in this way. In the
toric-centralizer cases we use the convex-hull criterion, abbreviated as C-H; in the non-toric
centralizer cases we use the Casimiro—Florentino criterion, abbreviated as C-F. The column
dim ®; records the quotient-side closed-orbit family dimension. These normal forms serve
as the reference representatives for the singular-locus computations in Section 5, while the
computational framework underlying the verification is recalled in Section 8. The complete
case-by-case implementation will appear in the forthcoming full-length paper.

Let us put

By (u,v) :=uv(u —v)(u — Av), By, (u,v) :=v(u —v)(u — \v)(u — pv).

17



Here Bg,Cq,Q4, L4, My denote general forms of the indicated degree, and ()22 denotes a
bihomogeneous form of bidegree (2,2). All parameters are understood to lie in the relevant
nonempty Zariski-open generic locus.

Table 3: Closed-orbit normal forms for the 38 quintic-threefold boundary

families.

k Test Normal form Parameters Dim &,
1 C-H nf __ 4 4 3 X 1
P71 = TiT2 + TOT3 + TOTHT4 o€
+ zox1T2T374 + am%zi
2 C-H ¢4 =ada? + atas + zowaad + zoxdzy a, B eCx 2
+ axgrizox3Ts + 5ngi
3 C-F qﬁg‘f = Bs(z1,%2) + xoazgacg Bs: general 6
+ z0(2? 4 22)x324 4 2205 binary quintic
4 C-H ¢ =a2a3 4 alazes + zoxh + zowrad o, feC* 2
+ axorirox3Ts + ﬂx%xi
5 C-H ¢ =a2ad + 2322 + 2wony + zoxdas a, B,y € C* 3
+ oe:coxlxg + BroxiT2r3Te + ’yx%xz
6 CH @' =a%ad +aiwoms + 2124 + 202303 o, 8,7,6, 5
X
+ axorizy + Bromixd + yToT1T2TITA ecC
+ dxoxla? + exdad
7 C-H 68 = + 222205 4+ atey + zowiad a,f e C* 2
+ azoz1w2w374 + Brizszs
8 C-H ¢ =a223ws +ala? + xoxd + zoz123 a, e Cx 2
+ axozizow3Ty + frisa?
9 C-H 8 =225 + 22a3xs + axla? + ztay o, f3,7,8 € CX 4
+ zox2x3 + BroriTs + YToT1T2T374
+ dxdwa?
£ 3 4
10 C-F ¢7g=27Qq(x2,x3) + zjz4 + zoBx(z2,x3) AeC\{0,1} 8
3
+ zox124 Re (22, 23) + Bmox%xz + x%zi qreC’, peC
11 C-H ’f{ = xlzg + az?z%mg + ,Bz?x% + mi’wgam o, B,7,9, 6
x
+ 'yacoachg + xoxg:m + (5.71()3313?% ,¢eC
+ ezoz1wam3Ts + (Tox3a? + wiwsa?
12 C-H ¢r1’£ = x125 4+ axdrox? + faiadas + adal «, f,7,9, 5
X
+ zoxdws + yror123 + droTiTaT3TA ecC
+ e;rg$§at4 + x%x2xi
13 C-H ¢ =25 + aviades + Balega? + ada? a,B,7v,6 € C* 4
-+ $0I31‘4 + Yror1X223T4 + x%x%
+ dxdzox?
14 C-H ¢ =25+ aziadas + fadasal + zias + zoxh o, f,7,8 € CX 4
+ yxow3Ts + ST0T1T2TITA + THT2TS
15 C.F o = 4 2.2 3 3 R € Sym?2 . 9
- ¢l = w1a) + 272573 + 27Q(w3, 1) + ToxhT4 Q, R € Sym* (w3, z4);
3
+xox1ng(az3,x4)+ng(:1:3,x4) B e Sym <13,z4)
1 C-H nf _ 4 2. 2 3 CX* 2
6 C-H ¢fg =504 + 212525 + 2723%4 + TT122T3T4 a,fB €

2 2 2
+ amozg + Brprixy

18
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k Test Normal form Parameters Dim &,

17 C-H ¢ =adzs + o123 + aafroad + 2fzsay a, B,7,9, 5
+ Brox3a? + yrori1xomszs + SToxi2? e€Cx
+ w%x% + ex%xgwi

18 C-H ¢ = a5 +x12322 + 2duzey + xoxh a,f € C* 2
+ azoziTaT3Ts + friTia?

19 C-H ¢ =a} + aziadas + alesa? 4+ yalalay a, B3,7,9, 8
+ z§13m4 + 5mgm§m§ + emoxgzm + mozlrg €,¢,£,0€Cx
+ (xor1T203T4 + §x0x%xi + a:%acgam
+ Oxgxgxi

20 C-F ¢36 = zoB) (22, 23) + x%C’c(zg, z3) + 1?1‘2‘774 A, pu distinct in 11
+ zoz124Qq (22, 23) +zoz%xi C\{0,1};
+ 2222 Mm (z2, ©3) ceClqel,

m € C?

21 C-H 3{ = x%w% + m%:m + x?wg:&l + moaclxg a,8eCx 2
+ azozizaTsTs + frias

22 C-H ¢5 = adas +x12202 + ax?zd + adaomy o, B,7,6 € C* 4
+ xoxs + froxrdrs + yroT1w2T3TA
+ 6z8z1xi

23 C-F ¢‘2“§ = x0Ba(z1,22,23,24) By: smooth quartic 19

surface in P3

24 C-H ¢4 =ada? +xiades + ax?ad + adazay a, B,y € C* 3
+ 20273 + BroT1T2TITS + YTHTS

25 C-H ¢4t = zizs + amiada? + Bzizd + z3z3zy @, B,7,9, 6
+ :1:?:10314 + xoxzazg + 'ymomggm €,{eCx
+ dzor1T2T3T4 + em%m%m;l + Cr%xlxi

26 C-H ¢§‘é = zgz% + z‘ll:ml + 101314 aeCX 1
+ axoxri1r2T3T4 + achi

27 C-H ¢g$ = z%x% + :clx% + z‘;’w2x4 + :coxgam a, 8 eCx 2
+ azozizaT3Ts + fria?

28 C-H Sg = x%x% + zlwzxg + x%x%ml + 5:1:?1314 a, B,7, 96, 5
+ zgzg + azox‘;’.u + yroT1T2T3T4 e e Cx
+ dada3zy + exda?

29 C-F ¢36 = x3A4(z1,22) + £4Cs(x1, 22) Ay, Cy: binary quartics; 15
+ 20Q22(x1, 2; T3, 24) + T3x324 (T3 — T4) Q2,2 of bidegree (2,2)

30 C-F gs = w%xg + z%x%Ll(xo,xl) + x%x4L2(xo,x1) L1, Lo: binary linear; 9
+ 23Q1 (%0, z1) + 222324Q2 (20, T1) @1, Q2: binary quadratic
+ zoz1(zo — 21)2]

31 C-F ¢§{ :x4B)\(x1,x2)+x§C3(a:1,1‘2)+1‘0ng1(1‘1,1}2) AeC\{0,1} 11
+ zox324Q2(21,22) +x%z§x4 Cs,L1,Q2, M
+z%miM1(x1,zg) of degrees 3,1,2,1

32 C-F ¢§§ = ng’o(LBQ7 z3,24) + zoz1C1 (22, T3, 24) Co,C1,Co: ternary cubics 18

+ 22Co (w2, 3, T4)

19
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k Test Normal form Parameters Dim &,

33 C-F ¢§’§ = Bs(z2,x3) + z?mgm Bs: general 6
+ xox1T4 (z% + x%) + x%xi binary quintic

34 C-F ¢35 = zaBx(z1,72) + 75Q2 (w1, w2) + mox§ xeC\{o,1}; 8
+ xox3xaRa(z1,22) + ﬁx%x%z;; + a;gaci Q2, R2: binary quadratic;

B eCx

35 C-F ¢§§ = xoAs(z2,x3) + x1C4 (22, 23) Ay, Cy: binary quartics; 15
+ 24Q2 2 (w0, T1; T2, 23) + TFT0T1 (TO — 21) Q2,2 of bidegree (2,2)

36 C-F ¢§’é = Bs(x1,22,23) + 20x4C3(x1, x2,3) Bs, C3: ternary forms 24
+ x%mgxi of degrees 5,3

37 C-F ¢§$ = xgco(ro,l"hﬂ&) + z324C1 (20, 1, T2) Cop, C1,C2: ternary cubics 18

+ 23Co (w0, 1, T2)

38 C-F qﬁgg = x4Ba(z0, 21, T2, 23) By: smooth quartic 19

surface in P3

5 Singular loci and extremal quintic threefold singularities

In this section we determine the singular loci of the general closed-orbit representatives con-
structed in Section 4. For k =1,...,38, let

1 e Sym® C?
be the normal form listed in Table 3, and set
Xy := V(o) c P4

We compute the saturated Jacobian scheme

% 9

dzg’ 7 Oy

Sing(Xy) = V(J(&),  J(¢) = ( ) : (20s- - 7).
All statements in this section are made for general parameters, equivalently on a fixed nonempty
Zariski-open subset of the corresponding normal-form parameter space.

The singular loci that occur on the boundary have a uniform structure. Their positive-
dimensional parts are explicit low-degree configurations: lines and line arrangements, smooth
conics, cuspidal plane curves, planes, and smooth quartic surfaces. In several cases these positive-
dimensional components are accompanied by isolated singular points. For a general boundary
representative, all such isolated singularities are quasi-homogeneous and fall into exactly eleven
analytic types.

We first fix notation for these isolated analytic types. Each type below is an isolated
hypersurface singularity in four local variables. Moreover, in every case the defining equation is
weighted homogeneous of degree D with weights (w1, ws, w3, wy) satisfying

w1 + w2 + w3 +wyg = D.
Thus, by the standard formula for weighted homogeneous isolated hypersurface singularities, its

local minimal exponent is
- w1 + we + w3 + Wy

= =1.
(e7s) D
This value is precisely the critical threshold
n+1l 4+1 1
d 5
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appearing in Park’s stability criterion for quintic hypersurfaces in P*. For this reason we regard
the eleven isolated analytic types listed below as the extremal quintic threefold singularities.
The complete singular-locus computation for the thirty-eight boundary families is summarized
after these definitions. The table records the geometry of the positive-dimensional part, the
relevant incidence relations, and the isolated analytic type whenever an isolated point occurs.

Definition 5.1. Let B4(X1, X9, X3, X4) be a homogeneous quartic whose projectivization
V(By4) C P? is smooth. We denote by

QH(1,1,1,1;4)s1(Ba)
the isolated hypersurface singularity analytically equivalent to
By(X1, X9, X3,Xy) =0.
It is quasi-homogeneous of weighted degree 4 with respect to the weights
(wx,, Wx,, Wxy, wx,) = (1,1,1,1).
Its Milnor number is u = 81, and its local minimal exponent is
a=1.

We abbreviate this singularity by
Ss1(Bu)-

Definition 5.2. We denote by
QH(7,8,9,12;36)s7(7)

the isolated hypersurface singularity analytically equivalent to
X1Xo+ X5+ X3Xy +7X1 X0 X3Xy + X3 =0,

where
T e C*, T £ 256.

It is quasi-homogeneous of weighted degree 36 with respect to the weights
(wx,, wx,, wWx,, wx,) = (7,8,9,12).

Its Milnor number is p = 87, and its local minimal exponent is

a=1.
We abbreviate this singularity by

S§7(7')-
Definition 5.3. We denote by

QH(5,6,7,9;27)ss(cv, B)

the isolated hypersurface singularity analytically equivalent to

XPX3 + X1 X3+ Xo X3 + X3X4 + aX1 X2 X3X, + X} =0,

where

a,p e C*,
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and
a® —20° + a* + 54038 — 378026 + 57608 + 72932 — 2563 # 0.

It is quasi-homogeneous of weighted degree 27 with respect to the weights
(le y WXy, 'l,UX3, wX4) = (57 67 77 9)
Its Milnor number is @ = 88, and its local minimal exponent is

a=1.

We abbreviate this singularity by
SéS (OZ, ﬂ) :

Definition 5.4. Let B;(X1, X3) be a binary quintic for which the hypersurface germ below is
isolated at the origin. We denote by

QH(3,3,4,5;15)s3(B5)
the isolated hypersurface singularity analytically equivalent to
Bs(X1, Xo) + Xo X3 + (XT + X3)X3X4 + X3 = 0.
It is quasi-homogeneous of weighted degree 15 with respect to the weights
(wx,, Wx,, Wxs, Wx,) = (3,3,4,5).
Its Milnor number is p = 88, and its local minimal exponent is
a=1.

We abbreviate this singularity by
S§s(Bs)-

Definition 5.5. Let By be a square-free binary quartic and let @2, R2 be binary quadratic
forms. Let

Réo(Ba, Q2, Rz, B)

denote the weighted discriminant condition for the weighted-homogeneous germ below to be
isolated at the origin. We denote by

QH(27 37 37 47 12)90(347 Q27 R27 B)
the isolated hypersurface singularity analytically equivalent to
Bu(X2, X3) + X7Q2(X2, X3) + X1 Xy + X1 X4 Ro(Xo, X3) + X7 X7 + X =0,

where
g eC, Rio(Ba, Q2, Ra, B) # 0.

It is quasi-homogeneous of weighted degree 12 with respect to the weights
(le y WXy, ng; U]X4) - (27 37 37 4)
Its Milnor number is p = 90, and its local minimal exponent is

a=1.

We abbreviate this singularity by
So0(Bs, Q2, Ra, ).
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Definition 5.6. Let
Rgl(a, 57 v, 57 6)

denote the bad-parameter equation for which the weighted-homogeneous germ below is not
isolated at the origin. We denote by

QH(37 4> 57 6a 18)91 (Oé, B? e 5a 6)
the isolated hypersurface singularity analytically equivalent to
X2X3 + X3 Xo X3+ XiXy + X2 X2 + aX3X, + BX1X5 + v X1 XoX3Xy +0X2X2 + X3 =0,

where

a7ﬁ7775)6€(c><7 R91(a7/85’y’576)?é0'
It is quasi-homogeneous of weighted degree 18 with respect to the weights
(le y WXo, WX3, U}X4) = (37 47 57 6)

Its Milnor number is p = 91, and its local minimal exponent is

a=1.

We abbreviate this singularity by
Sg)l (Oé, Ba 7> 57 €)~

Definition 5.7. Let
Rgﬁ(a,ﬁ)

denote the bad-parameter equation for which the weighted-homogeneous germ below is not
isolated at the origin. We denote by

QH(4,5,7,9;25)96(cv, B)
the isolated hypersurface singularity analytically equivalent to
X5+ X2X2X5 + XAX) + X1X3 + aXi Xo XXy + BX3X2 =0,

where

Oé,ﬁECX, RQG(OC,,B) 750
It is quasi-homogeneous of weighted degree 25 with respect to the weights
(le y WXy, WX3, U}X4) = (4, 5, 7, 9)

Its Milnor number is @ = 96, and its local minimal exponent is

a=1.

We abbreviate this singularity by
Sgﬁ (CY, 5) .

Definition 5.8. Let
Ros(a, 8,7, 0)

denote the bad-parameter equation for which the weighted-homogeneous germ below is not
isolated at the origin. We denote by

QH(37 47 57 7a 19)96(aa B) s 5)
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the isolated hypersurface singularity analytically equivalent to
X1 X5+ X?XE3X3 +aXPX3 + X1 Xy + Xo X3+ BX5 Xy
+ X1 X0 X3X, +0X3X7 =0,

where
a,B,7,6 €CX,  Rigla,B,7v,8) #0.

It is quasi-homogeneous of weighted degree 19 with respect to the weights
(wxl y WXy, WX3, UJX4) = (37 47 57 7)
Its Milnor number is p = 96, and its local minimal exponent is

a=1.

We abbreviate this singularity by
So6(ct; 8,7, 6).

Definition 5.9. Let Bj5 be a ternary quintic, let C3 be a ternary cubic, and let L be a nonzero
linear form in (X7, X9, X3). Let
RgﬁI(B5a 037 Ll)

denote the bad-parameter equation for which the weighted-homogeneous germ below is not
isolated at the origin. We denote by

QH(17 ]-7 ]-a 27 5)96(357 C3y Ll)
the isolated hypersurface singularity analytically equivalent to
Bs (X1, X2, X3) + X4C3(X1, Xa, X3) + X7 L1 (X1, X2, X3) = 0,

where

R (Bs, Cs, L) # 0.
It is quasi-homogeneous of weighted degree 5 with respect to the weights
(/wXUngu WXxs, U}X4) - (]—7 17 17 2)
Its Milnor number is ¢ = 96, and its local minimal exponent is

a=1.

We abbreviate this singularity by
S (Bs, C3, L1).

Definition 5.10. Let A4, C4 be binary quartics in (X7, X2), let Q22 be a bihomogeneous form
of bidegree (2,2) in (X1, X2) and (X3, X4), and let B3 be a binary cubic in (X3, X4). Let

Rl 0(As, Ci, Qa2, B3)

denote the bad-parameter equation for which the weighted-homogeneous germ below is not
isolated at the origin. We denote by

QH(1,1,2,2;6)100(A4, C1, Q2,2, B3)
the isolated hypersurface singularity analytically equivalent to

X3A4(X1, X2) + XuCu(X1, X2) + Q2,2(X1, Xo; X3, X4) + B3(X3,X4) =0,
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where

Rioo(As, Cs, Q2,2, Bs) # 0.
It is quasi-homogeneous of weighted degree 6 with respect to the weights
(wx,, wx,, WX3, wx,) = (1,1,2,2).

Its Milnor number is p = 100, and its local minimal exponent is

a=1.
We abbreviate this singularity by

St 00(As, Cs, Qa2, Bs).

Definition 5.11. Let
R%OZ(aa 57 v 5)

denote the bad-parameter equation for which the weighted-homogeneous germ below is not
isolated at the origin. We denote by

QH(Sa 47 57 87 20)102(0&, Ba Y, 5)
the isolated hypersurface singularity analytically equivalent to

X34 aX 1 X3X3 + BXIXo X2 + X1 Xy + X5 +7X3Xy
+ 06X 1 X0 X3 X4 + X0 X2 =0,

where

avﬁa’Yaéecxa RIIOQ(aaﬁar%é)?éO'

It is quasi-homogeneous of weighted degree 20 with respect to the weights

(Wxy, Wx,, Wxs, Wx,) = (3,4,5,8).
Its Milnor number is u = 102, and its local minimal exponent is
a=1.
We abbreviate this singularity by
51102(04,57%5)-
Isolated singular points for quintic threefolds

The table is ordered by increasing Milnor number u. All entries are for the same generic open
loci used in the case-by-case computations. We use

Py=(1:0:0:0:0), Po=(0:0:0:0:1).

In the “occurrences” column, the notation k : P means that the isolated point P occurs in Case
k. The local minimal exponent is & = 1 in every row.
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Table 4: Isolated analytic singularity types, ordered by Milnor number.

1 Analytic type Occurrences QH data Local normal form
81 SL (Ba) 23: P QH(1,1,1,1;4)81 By(X1, Xo, X3, X4) =0,
38 : Peo weights (1,1, 1,1) V(B4) C P2 smooth.
87 SL.(1) 1: Py QH(7,8,9,12; 36)s7 XXy 4 X5+ X3Xa
26 : Poo weights (7,8,9,12) +7X1X2X3X4 + X5 =0,
TeCx, 7 £ 256.
88 Sig(a,B) 2: P QH(5,6,7,9;2T)ss  XPXZ + X X3+ Xo X3+ X3X,4
27 : Poo weights (5,6,7,9) +aX1 XoX3X4 + X3 =0,
a,B € C*, Dig(a,B) # 0.
88 SLL(Bs) 3: P QH(3,3,4,5;15)ss Bs(X1, X2) + X2 X3
33: P weights (3,3,4,5) + (X2 + X2)X3X4 + X3 =0,
Bs general binary quintic.
90 S, 10: Py QH(2,3,3,4;12)90 Bi(X2,X3) + X$Qa(X2, X3) + X1 X4
(B4, Q2, Ra, ) 34 : Poo weights (2,3, 3,4) + X1X4Ro(Xo, X3) + BXEX2 + X3 =0,
Rbo(Ba, Q2, Ra, B) # 0.
91 Sy, 6: Po QH(3,4,5,6;18)91  X2X3 + X} XoX3 + X} X4 + X2X2
(o, B,7,9,¢€) 28 : Poo weights (3,4, 5, 6) +aX3Xy + BX1X5 + X1 X2X3X4
+0XEX2 +eX3 =0,
Rgl (OL, 6’ Y, 67 E) # 0.
96 Sgg(c, B) 7: PR QH(4,5,7,9;25)96 X5 + XZX2X3 + X1 X4+ X1 X3
18 : P weights (4,5,7,9) +aX1X2X3X4 + 5)(3)(2 =0,
Rga(a, ﬂ) # 0.
96 Sl 9: Py QH(3,4,5,7;19)9s  X1X5 + X2X2X3+aX3X2 + X1X
96 ) Ey 9y 0y 2 12243 1“*3 14
(e, 8,7,6) 22: Poo weights (3,4,5,7) + Xo X35 4+ BX3 X4 +vX1X2X3X,
+0X3X2 =0,
RgIG(a7 57 77 6) # 0'
96 SIU 36 : Py QH(1,1,1,2;5)96 Bs(X1, X2, X3) + X403(X1, X2, X3)
(B5,03,L1) 36 : Poo weights (1717172) +X2L1(X17X27X3):Oz
RI(Bs,C3, L1) # 0.
100 SIIOO 29: Py QH(1,1,2,2;6)100 X3A4(X1,X2)+X4C4(X1,X2)
(A4,C4,Q2,2,B3)  35: P weights (1,1,2,2) + Q2,2(X1, X2; X3, X4) + B3(X3,X4) =0,
Rigo(A4, Ca, Q2.2, Bs) # 0.
102 Sl 14: Py QH(3,4,5,8;20)102 X5 + aX1X53X3 + BXIXo X2
(a, B,7,0) 14: Py weights (3,4, 5,8) + X Xa+ X3 4+7X3X,y

+6X1X2X3Xy 4+ X2X3 =0,
Rioa(, B,7,08) #0.

Singular loci for quintic threefolds

All rows are for general parameters in the nonempty Zariski-open locus specified in the case-by-
case computations. We use

Py=(1:0:0:0:0),

For the line arrangements,

By (u,v) :=uv(u —v)(u — \v),

Py=(0:0:0:0:1).

By, (u,v) :=v(u —v)(u— \v)(u — pv).
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The column “isolated type” records only isolated singular points; special points lying on positive-
dimensional components are described in the geometry column. In Case 29, B§29) = x3x4(T3—124).

Table 5: Singular loci of the 38 quintic-threefold boundary families.

k Singular locus

Geometry / incidences

Isolated type

1Sing(X1) = CU{Py}

C = V(xo,xl,xé + xgw4)

rational plane quartic;

cusp at Peo

Py Sé7(7')

2 Sing(XQ) =LUCuU {Po}
L =V(zg,z1,22)

C= V(xo,xl,xg + x%az4)

L line; C cuspidal cubic;
LNC={Px}

Py: Ség(a, B8)

3 Sing(Xg) =LU {PO}
L =V(xo,z1,22)

L line; special point Pso

Py: SIL(Bs)

4 Sing(X4)=NUL two disjoint lines %}
N = V(z2,73,74)
L =V(xo,x1,%2)
5Sing(X5) = NULUM three lines; LN M = {Px}; %}
N =V (x2,z3,24) NNL=NNM=o
L =V (zo0,z1,22)
M =V (zo,z1,23)
6 Sing(X6) = LUCU{Pp} L line; C smooth conic; Py: S,
L =V(zg,z1,x2) LNC={Px} (e, By, 0, €)

C = V(xo,xl,xg + azoxy)

7 Sing(X7) =LU {PO}
L =V(xo,z1,%2)

L line; special point P

PO . S{)G(avﬁ)

8 Sing(Xg) = NUL
N =V (z2,z3,24)
L=V (zo,z1,22)

two disjoint lines

9 Sing(Xg) =LU {Po}
L =V (zo,z1,22)

L line; special point Py

PO : SQI)IG(avﬁa'Yv 6)

10 Sing(X10) = Cx U{Po} Cy =LoULo UL ULy; Py: Sk,
C\ =V (zo,x1, Bx(x2,23)) four lines through Py (Bx,Qq, Rr, B)
11 Sing(X11) = NUL two disjoint lines 1]
N =V(x2,23,24)
L=V (zo,z1,22)
12 Sing(X12) = NUL two disjoint lines o
N =V (z2,z3,24)
L =V (zo,z1,22)
13 Sing(X13) = NUL two disjoint lines %)
N =V(x2,23,24)
L =V(xo,x1,22)
14 Sing(X14) = {Po, P } two isolated points Py, P :
SIIOQ(av /61 Y 6)
15 Sing(X15) = NUL two disjoint lines 1)

N =V (x2,x3,24)
L =V(zo,z1,72)
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k Singular locus

Geometry / incidences

Isolated type

16 Sing(X16) = NUL two disjoint lines %)
N = V(z2, 73, 74)
L =V (xo,z1,22)

17 Sing(X17) = NUL two disjoint lines %)

N =V (x2,x3,74)
L =V(xo,z1,x2)

18 Sing(X18) = N U {Poo}
N =V (x2,x3,24)

N line; special point Py € N

Poo : Sé{i(aa/@)

19 Sing(X19) = NUL two disjoint lines 1)
N =V(x2,x3,4)
L = V(.r(), Ty, J;Q)
20 Sing(X20) = NUC) N line; C) , four lines %]
N =V (z2,z3,24) through P ; disjoint from N
Ci,u = V(20, %1, Bx u(x2,23))
21 Sing(X21) = NUL two disjoint lines 1]
N =V(x2,23,24)
L=V (xo,z1,22)
22 Sing(X22) = NU{Px} N line Py : Sg6
N:V(127I37x4) (avﬁv'Yva)

23 Sing(X23) = SU{Py}

S smooth quartic surface

Py: SL,(Ba)

S =V (xo, Ba)
24 Sing(X24) = NUMUL three lines; NN M = {Po}; %)
N =V (x2,x3,24) L disjoint from N U M
M =V(x1,z3,%4)
L =V(xo,z1,x2)
25 Sing(X25) = NUL two disjoint lines %)
N =V (x2,x3,24)
L =V(zo,21,22)
26 Sing(X26) = C U {Pxo} C irreducible plane quartic Pyt Sk ()

C =V (x3, 24,2} + 2oz

27 Sing(Xo7) = NUC U {Px}
N =V (x2,x3,24)

C = V(z3, x4, 25 + zox3)

N line; C' cuspidal plane cubic;
cusp Po

Py : Ség(aalg)

28 Sing(X2g) = NUC U {Ps} N line; C smooth conic P S,
N = V(z2,23,24) (o, 8,7,6,¢€)
C = V(z3, x4, 2% + azora)

29 Sing(X29) = LU {Po} L line Py: Sty

L= V(wo,xl,xg)

(A4, C4,Qa,2, BS?)

30 Sing(X30) = NUL two disjoint lines %}
N = V(22,23,24)
L =V(zo,z1,72)

31 Sing(X31) =Cy\ UL C four lines through Ppy; %}

Cy = V(z3, x4, Bx(x1,22))

L =V (zo,z1,22)

L line; CxNL =g
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k Singular locus

Geometry / incidences

Isolated type

32 Sing(ng) =NUII

N =V(x2,23,%4)

IT = V(xo,z1)

N line; II ~ P2;
NNIl=o

I

33 Sing(X33) = N U {Px}

N =V(x2,x3,24)

N line; special point Py € N

Pso : SIL(Bs)

34 Sing(X34) =C\U {Poo}
Cy = V(x3,24, Bx(z1,72))

C'y four lines through Py

Poo : SL(Bx,Q2, R2, B)

35 Sing(X35) = N U {Px} N line Pyt Sy
N = V(z2, 73, 74) (A4,C4,Q2,2, B3)
36 Sing(X36) = {Po, P } two isolated points Py, Py :

St (Bs, Cs, X3)

37 Sing(X37) =TU L
II=V(x3,24)

L =V(xo,z1,x2)

IT ~ P?; L line;
IINL=go

%)

38 Sing(X3s) = SU{Poo }

S smooth quartic surface

Pyt SL,(Ba)
S = V(x4, Ba)

6 Pairwise non-inclusion of the boundary families

In this announcement we record the structure and the numerical output of the non-inclusion
verification. The certified version of the computation, including exact specializations and
reproducibility scripts, will be given in the forthcoming full-length paper.

The goal of this section is to summarize the verification of the non-inclusion statement for
the thirty-eight boundary families constructed in Section 3. We use the following convention
throughout this section. A candidate inclusion means a possible specialization relation

so that a general point of ®; would arise as a specialization of a general point of ®,. This is
slightly stronger than what is needed for Theorem 3.3: if no such closure containment exists,
then a fortiori no ordinary containment ®; C ®, exists.
There are
38 - 37 = 1406

ordered pairs (k, /), k # £, to exclude. Rather than treating these pairs one by one, we apply a
sequence of monotone necessary conditions. Each filter is designed so that, if ®, C ®, were true,
then the invariant of the special family ®; would have to be compatible with the corresponding
invariant of the more general family ®,. A violation of this compatibility rules out the ordered
pair. The filters become progressively finer:

filter invariant used number of candidates left
0 all ordered pairs 1406
1 dimension 759
2 | apolar Hilbert functions and Betti tables 450
3 Hilbert functions of singular schemes 22
4 singular one-cycles and Hessian ranks 4
5 generic connected stabilizer tori 0.

The point of presenting the argument in this filtered form is that each step has a clear geometric
meaning: dimension gives the coarsest obstruction, apolar algebras record the projective form
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algebraically, singular schemes record the geometry of the hypersurface, singular one-cycles
retain the curve-theoretic part of that geometry, and stabilizer tori distinguish the final few
highly special cases.

6.1 Filter 1: dimension

The first obstruction is purely dimensional. If one irreducible family lies in the closure of another,
its dimension cannot be larger. This filter is coarse, but it removes all ordered pairs in which the
proposed special family is already too large to occur as a specialization of the proposed general
family.

For each boundary family @y, let

dy, := dim §y,.

From the closed-orbit family dimension table, the values of dj are as follows:

d | {k|dy=d}
1 141,26}
2 | {2,4,7,8,16,18,21,27}
3 | {5,24}
4 149,13,14,22}
5 |{6,12,17,28}
6 |{3,11,25,33}
8 | {10,19,34}
9 | {15,30}
11 | {20,31}
15 | {29, 35}
18 | {32,37}
19 | {23, 38}
24 | {36}
If there is a candidate inclusion
Dy, C Py,
then necessarily
di, < dp.

Therefore the dimension filter only rules out the ordered pairs (k, ¢) satisfying
d, > dy.

Equivalently, define
Rl :{(k7£) | 1§k,£§38, k7é£7 dk>d€}

For every (k,?) € R1, we conclude
Oy ¢ By

This filter gives
|R1| = 647, 3837 — |R1| = 759.

When dj, = dy, Filter 1 makes no conclusion.

For each k, put
Di(k) == {£] (k,0) € Ry }.

The complete list of pairs excluded by Filter 1 is as follows.
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Table 6: Ordered pairs (k, ¢) ruled out by Filter 1.

k | Di(k)

1| o

2 | {1,26)

3| {1,2,4,5,6,7,8,9,12,13, 14,16, 17, 18, 21, 22, 24, 26, 27, 28}

4| {1,26)

5| {1,2,4,7,8,16,18,21,26, 27}

6 | {1,2,4,5,7.8,9,13, 14, 16, 18, 21, 22, 24, 26, 27}

7| 11,26

8 | 11,26

9 | {1,2,4,5,7,8,16,18,21, 24, 26,27}

10 | {1,2,3,4,5,6,7,8,9,11, 12,13, 14, 16, 17, 18, 21,22, 24, 25, 26, 27, 28, 33}
11 | {1,2,4,5,6,7,8,9,12,13,14, 16, 17, 18, 21, 22, 24, 26, 27, 28}

12 | {1,2,4,5,7,8,9,13, 14, 16, 18, 21, 22, 24, 26, 27}

13 | {1,2,4,5,7,8,16, 18, 21, 24, 26, 27}

14 | {1,2,4,5,7,8, 16,18, 21, 24, 26, 27}

15 | {1,2,3,4,5,6,7,8,9,10, 11,12, 13, 14, 16, 17, 18, 19, 21, 22, 24, 25, 26, 27, 28, 33, 34}
16 | {1,26}

17 | {1,2,4,5,7,8,9,13, 14, 16, 18, 21, 22, 24, 26,27}

18 | {1,26})

19 | {1,2,3,4,5,6,7,8,9,11,12, 13, 14, 16, 17, 18, 21, 22, 24, 25, 26, 27, 28, 33}
20 | {1,2,3,4,5,6,7,8,9,10,11,12, 13, 14, 15, 16,17, 18, 19, 21, 22, 24, 25, 26, 27, 28, 30, 33, 34}
21 | {1,26}

22 | {1,2,4,5,7,8,16,18,21,24, 26,27}

23 | {1,2,3,4,5,6,7,8,9,10,11,12,13, 14, 15,16, 17, 18, 19, 20, 21, 22, 24, 25, 26, 27, 28, 29, 30, 31,
32,33,34,35,37}

24 | {1,2,4,7,8,16,18,21,26,27}

25 | {1,2,4,5,6,7,8,9,12,13,14,16,17, 18,21, 22, 24, 26, 27, 28}

2 | @

27 | {1,26}

28 | {1,2,4,5,7,8,9,13,14, 16, 18, 21,22, 24, 26, 27}

29 | {1,2,3,4,5,6,7,8,9,10,11,12,13,14, 15,16, 17, 18, 19, 20, 21, 22, 24, 25, 26, 27, 28, 30, 31, 33,
34}

30 | {1,2,3,4,5,6,7,8,9,10,11,12, 13,14, 16,17, 18, 19, 21, 22, 24, 25, 26, 27, 28, 33, 34}

31 | {1,2,3,4,5,6,7,8,9,10,11,12, 13,14, 15,16, 17, 18, 19, 21, 22, 24, 25, 26, 27, 28, 30, 33, 34}

32 | {1,2,3,4,5,6,7,8,9,10,11,12,13, 14, 15,16, 17, 18, 19, 20, 21, 22, 24, 25, 26, 27, 28, 29, 30, 31,
33,34, 35}

33 | {1,2,4,5,6,7,8,9,12,13,14,16,17,18,21, 22, 24, 26, 27, 28}

34 | {1,2,3,4,5,6,7,8,9,11,12,13, 14, 16, 17, 18,21, 22, 24, 25, 26, 27, 28, 33}

35 | {1,2,3,4,5,6,7,8,9,10,11,12, 13,14, 15,16, 17, 18, 19, 20, 21, 22, 24, 25, 26, 27, 28, 30, 31, 33,
34}

36 | {1,2,3,4,5,6,7,8,9,10,11,12,13, 14, 15,16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30,
31,32,33, 34, 35,37, 38}

37 | {1,2,3,4,5,6,7,8,9,10,11,12, 13, 14, 15,16, 17, 18, 19, 20, 21, 22, 24, 25, 26, 27, 28, 29, 30, 31,
33,34,35}

38 | {1,2,3,4,5,6,7,8,9,10,11,12,13, 14, 15,16, 17, 18, 19, 20, 21, 22, 24, 25, 26, 27, 28, 29, 30, 31,
32,33,34, 35,37}

6.2 Filter 2: apolar Hilbert functions and Betti numbers

Dimension leaves many possible pairs, so we next use an invariant of the form itself: the apolar
algebra. The Hilbert function of the apolar algebra is controlled by the ranks of the catalecticant
maps, and these ranks cannot increase under specialization. Once the Hilbert function is fixed,
the graded Betti numbers of the apolar algebra are upper semicontinuous. Thus apolar data
provides a coordinate-free algebraic obstruction to a candidate inclusion.
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Let
R = C[J}O, e ,.234],

S = C[dy, . ..

764]7

where S acts on R by differentiation. For a quintic form f € Rj, set

Ay =5/ Ann(f).

For each boundary family ®j, we take a general form fj with support contained in I(r)>o, and

compute the apolar algebra

The computation was carried out by random sampling. For every k, the trials were repeated
until a block of four consecutive trials gave the same Hilbert function, the same length, and the
same graded Betti table of Ax. The common output in such a stable block was then adopted as

the apolar invariant of the general member of ®.

The adopted Hilbert functions are

Hyu () = (1,5,15,15,5,1)

and

(1<k<37),

Ha,(t) = (1,5,14,14,5,1).

Equivalently,

deg A, =42 (1 <k <37),
The adopted Betti tables fall into the following types.

For m > 0, define

deg A38 = 40.

0 1 2 3 4 5
total |1 20 35+m 35+m 20 1
0 1
1 . . )
Brm = 2 20 35 m .
3 m 35 20
4 .
5 1
We also use the two special types
1 2 3 4
total | 1 21 40 40 21
0 1
1 . . . .
¢i= 2 20 36 4 1 ’
3 1 4 36 20
4
5
and
1 2 3 4
total [1 17 30 30 17
0 1 .
1 1 .
D= 2 16 30 . .
3 30 16
4 1
5
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The adopted classification is

Betti type | k£
By {19}
B, {17,31,35}
By {12,13, 14, 20, 22, 25,29, 30}
B3 {11, 15, 16,18,32,37}
By {9}
Bs {2,4,5,6,7,8,10,36}
BS {173}
By {23}
C {21,24,26,27,28,33,34}
D {38}.

We use the following semicontinuity test. Suppose that a candidate inclusion
P, C @

holds. Then the apolar Hilbert function cannot increase under the corresponding specialization;
hence a necessary condition is

Hy,(q) < Ha,(g)  forall g.

Moreover, after restricting to a fixed Hilbert-function stratum, graded Betti numbers are upper
semicontinuous. Therefore a necessary condition is

Bij(Ak) > Bij(Ar) for all 4, 5.
Consequently, after Filter 1, we exclude an ordered pair (k, ) if either
Ha, (q) > Ha,(q) for some g,

or, when Hy, = Hy,,
Bij(Ag) < Bij(Ag) for some 4, j.

Let
Pri={(k0)| 1<k <38 k#L dy <dy}

be the set of ordered pairs surviving Filter 1. Define
Ry = {(k,0) € P1 | 3¢, Ha,(q) > Ha,(a)},

and
RE .= {(k,0) € Py | Ha, = Ha, and 3i, 3, Bi;(Ar) < Bij(Ae)}.

Then
Rz := Ry" U R

is the set of ordered pairs excluded by Filter 2.
The number of pairs excluded by this filter is

IR =273, |REF| = 36,

and hence
|R2| = 300.

Since Filter 1 leaves 759 ordered pairs, Filter 1 and Filter 2 together leave

759 — 309 = 450

33



ordered pairs.
For each k, put
Da(k) == {£] (k,0) € Ry }.

The complete list of ordered pairs excluded by Filter 2 is as follows.

Table 7: Ordered pairs (k, £) ruled out by Filter 2.

D5 (k)

121, 23,24, 26,27, 28,33, 34, 38]
(3,21,23, 24,27, 28, 33, 34, 38}
(23,33, 34, 38)

(3,21, 23,24, 27,28, 33, 34, 38}
(3,23, 24, 28,33, 34, 38}

(3,23,28,33,34, 38}
(3,21,23,24,27, 28, 33, 34, 38}

(3,21, 23, 24,27, 28, 33, 34, 38}
{3,6,10,23, 28, 33,34, 36, 38}

10 | {23,34,38)

11 | {3,10,23,33,34,36,38)

12 | {3,6,10,11,15,23,28, 32,33, 34, 36, 37, 38}
13 | {3,6,9,10,11,15, 23, 28, 32, 33, 34, 36, 37, 38}
14 | {3,6,9,10,11,15, 23, 28, 32, 33, 34, 36, 37, 38}
15 | {23,36,38)

16 | {2,3,4,5,6,7,8,9,10,21,23, 24,27, 28, 33, 34, 36, 38}
17 | {3,6,10,11,12, 15,20, 23, 25, 28, 29, 30, 32, 33, 34, 36, 37, 38}
18 | {2,3,4,5,6,7,8,9,10,21,23,24, 27,28, 33, 34, 36, 38}
19 | {10,15,20,23,29,30, 31,32, 34, 35, 36, 37, 38}
20 | {23,32.36,37,38)

21 | {2,3,4,5,6,7,8, 10,23, 36, 38}

22 | {3,6,9,10,11,15,23, 28, 32, 33, 34, 36, 37, 38}
23 | {38}

24 | {3,5,6,10,23,36,38}

25 | {3,10,11,15, 23,32, 33, 34, 36, 37, 38}

26 | {1,2,3,4,5,6,7,8, 10,23, 36, 38}

27 | {2,3,4,5,6,7,8, 10,23, 36, 38}

28 | {3,6,10,23,36,38)

29 | {23,32,36,37,38)

30 | {15,23,32, 36,37, 38}

31 | {20,23,29,32, 36,37, 38}

32 | {23,36,38)

33 | {3,10,23,36,38)

34 | {10,23,36,38)

35 | {23,29,32,36,37, 38}

36 | @

37 | {23,36,38)

38 | @

0~ O Tt W N &

Ne)

6.3 Filter 3: Hilbert functions of singular loci

Apolar data still does not see enough of the geometry of the hypersurface. The next filter
uses the singular scheme itself. If a family of hypersurfaces specializes, the singular scheme
can acquire new components or embedded structure, but its Hilbert function in each degree is
constrained by semicontinuity. Hence the Hilbert function of the saturated Jacobian scheme
gives a sharper geometric test for non-inclusion.
Let
S:(C[xo,...,x4], m:(xo,...,x4).

34



For a quintic form f € S5, define the saturated Jacobian ideal

sy (20,20 08 0 0y,

8%07 85111’ 83:27 81’3’ 8.%4

We regard
Z(f) = Proj(s/J(f)) C P*

as the singular scheme of the hypersurface X; = V' (f).
For each boundary family ®;, we choose a general form

Jr € (& [ w e I(rr)>0)
by random sampling and compute the Hilbert function
hi(q) == dimg(S/J(fk))g, 0= g < 30.

The computation was carried out with the saturated Jacobian ideal. For every k, the random
trials were repeated until four consecutive trials gave the same Hilbert function hg(0), ..., hi(30),
the same dimension dim(S/J(fx)), and the same degree deg(S/J(fx)). The common output in
such a stable block was then adopted as the singular-locus Hilbert function of a general member
of q)k

The semicontinuity principle used here is as follows. If

@kcﬁv

then a general member of ®;, is a specialization of a general member of ®,. Since the singular
scheme can only jump up under specialization, we must have

hi(q) = he(q)  for all q.
Therefore, if there exists ¢ such that

hi(q) < he(q),

then we conclude that
Q) 7 Dy
Let P12 be the set of ordered pairs surviving Filters 1 and 2. Thus
|P12| = 450.

Define
Ra:={(k,£) € P12 | 3¢, 0 < q <30, he(q) < he(q)} -

For every (k,¢) € Ra, Filter 3 gives
Oy ¢ By

The computation gives
|R3| = 428.

Hence the number of ordered pairs surviving Filters 1, 2, and 3 is
|Pra| — |R3| = 450 — 428 = 22.
Equivalently, starting from all ordered pairs (k,¥), k # ¢, we have

38 - 37 = 1406
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and

Filter 1 Filter 2 Filter 3
_—

1406 759 450 22.

The remaining ordered pairs are not asserted to give inclusions; they are only the pairs not
ruled out by Filters 1-3.

Explicitly,

(28,33)}.

For convenience, we also record the same list source-wise.

Table 8: Ordered pairs surviving Filters 1-3.

k| {¢] (k,¢) survives Filters 1-3}
1] {4,5,8,15,29}
2 | {5.6,8,15,29}
4| {15}

5 | {15,290}

6 | {20}

7| {16}

8 | {15,29}

10 | {29}

18 | {22}

21 | {27}

24 | {33}

28 | {331

6.4 Filter 4: singular one-cycle capacity and Hessian rank

After the singular-scheme Hilbert-function test, only twenty-two ordered pairs remain. At this
stage the coarse Hilbert function is not enough; we must look at how the one-dimensional part of
the singular scheme could specialize. The curve part of the singular scheme defines an effective
singular one-cycle. A candidate inclusion forces the singular one-cycle of the general family to
limit to an effective subcycle of the singular one-cycle of the special family. We combine this
cycle-capacity constraint with the semicontinuity of the Hessian rank: along a specialization,
the generic transverse Hessian rank on a matched component cannot increase.

We now refine the singular-locus Hilbert-function filter by using the curve part of the singular
scheme of the closed-orbit representative.

Let

S = Clxo, ..., z4], m = (xg,...,T4).
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For the closed-orbit normal form ¢2f, set
Xt =V(ey) c P

and define the saturated Jacobian ideal

nf nf
Jp = <8¢k . 09 ) :m®,

Oxg’ 7 Oxy

Let
Sing(X2) = Proj(S/J).

We take a primary decomposition
Ji = ﬂQk,ia P =/ Q-
i
For every component with

dim Proj(S/Py;) = 1,

we record the following data:
di,; = deg(S/Py,i)

S deg(S/ Qi)
kit deg(S/Py;)’

and
pri := rank(Hess(¢p!))  at a general point of V(P ).

Thus the curve part of the singular scheme gives an effective singular one-cycle

Fk = ka,iok,i7 Ck,i = PI'OJ(S/Pk,Z)

For convenience, we use the notation
(p)
Cd,m

for a curve component of degree d, singular-cycle multiplicity m, and generic Hessian rank p.
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The cases appearing in the pairs surviving Filters 1-3 have the following curve packages:
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Suppose that
P C Py

Then a general closed-orbit representative of ®; is a specialization of a general closed-orbit
representative of ®,. Hence the curve part of the singular scheme of Xélf must be able to
specialize to an effective subcycle of the curve part of Sing(X2t).

We use the following two necessary conditions.

First, a line component in the singular one-cycle of X g‘f must specialize to a line component
in the singular one-cycle of X ,?f. Moreover, the total multiplicity assigned to a line component of
X }Sf cannot exceed its multiplicity in I'y,. We call this the singular one-cycle capacity condition.

Second, along a matched component, Hessian rank cannot increase under specialization.
Therefore, if a component of X élf with generic Hessian rank p, specializes to a component of
X ff with generic Hessian rank py, then necessarily

Pk < pe-
If this inequality fails for every possible capacity-compatible matching, then we conclude
Dy & Dy
Let Pi23 be the set of ordered pairs surviving Filters 1-3. From Filter 3 we have
|Pra3| = 22.

Define Ry™ to be the set of pairs in P23 excluded by the singular one-cycle capacity condition,
and define R  to be the set of remaining pairs excluded by the Hessian-rank condition. Then

ca k
Ry = RSP U REk,
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The capacity condition excludes the following 15 pairs:
RyP ={(1,4),(1,5),(1,8),(1,15),(1,29),
2,5),(2,6),(2,8),(2,15),(2,29),

4,15),
5,15),
)

)

—_ =

I

(=)
\Y]
Ne)

)

7,16),
(10,29)}.

A~ N N /N /S

The Hessian-rank condition further excludes the following 3 pairs:
Ry = {(5,29), (8,15), (8,29)}.

For example, in the pair (5,29), the line component of ¢ = 29 has type

The only line component of k = 5 with sufficient multiplicity has type
2
c?.

)

Thus the matching would force Hessian rank to increase from 1 to 2 under specialization, which
is impossible. The same argument excludes (8,15) and (8, 29).

Consequently,
REPI=15,  |RE™| =3,
and hence
|R4| = 18.
Since
|Pras| = 22,

the number of ordered pairs surviving Filters 14 is
|Pi23] — |R4| =22 — 18 = 4.

Thus the cumulative count is

38 - 37 = 1406
and
1406 Fiter 1, oo Filter2 o Filter 3, oo Filterd
Equivalently, Filters 1-4 exclude
1406 — 4 = 1402

ordered pairs.
For reference, the complete list of ordered pairs excluded by Filter 4 is

39



The ordered pairs surviving Filters 1-4 are therefore
Praza = {(18,22),(21,27), (24, 33), (28, 33) }.
For convenience, we also record the same list source-wise.

Table 9: Ordered pairs surviving Filters 1-4.

k| {¢| (k,¢) survives Filters 1-4}
13 | {22}
21 | {27}
24 | {33}
28 | {33}

6.5 Filter 5: generic stabilizer tori

The first four filters reduce the problem to four ordered pairs. These pairs are not separated
by the preceding numerical and singular-locus data, so we use a GIT-theoretic invariant: the
generic connected stabilizer. Stabilizers can only increase under specialization. Therefore, if
both the special and the general families have a one-dimensional generic stabilizer torus, a
candidate inclusion forces these tori to be conjugate in SL(5). For diagonal tori this is equivalent
to equality of the corresponding weight multisets, up to simultaneous sign.
Let
G =SL(5), W =Sym®°C’.

For a boundary family &, let
Tk = (Tk0s- - Tha)

be the corresponding one-parameter subgroup weight vector, and put
Hy =\, (Gy,) C G, A, (t) = diag(t™ 0, ... "),
After Filters 14, the only remaining ordered pairs are
Prasa = {(18,22),(21,27), (24, 33), (28,33)}.
Thus only the following indices are relevant:
K ={18,21,22,24,27,28,33}.
We use the following general stabilizer obstruction. Suppose
&, C Dy

Then a general point of & is a specialization of a general point of ®,. Hence the connected
stabilizer can only increase under this specialization. Therefore, if the general connected
stabilizers of both ®; and ®, are one-dimensional tori, then they must be conjugate in G. In
particular, if

Stabg (®5™") = Hy, Stabg (9F™") = Hy,

then a necessary condition for
P C Py

is
Hy, ~¢ Hy.
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For diagonal one-dimensional subtori of SL(5), conjugacy is equivalent to equality of the
weight multisets, after primitive normalization and up to simultaneous sign. Since

)\T(Gm) = )\—T(Gm))

we allow simultaneous sign change in comparing weight multisets.
We first record the generic stabilizer check for the seven relevant families. Let

WHr .= {F e W |h-F=F forall h € Hy}.

Equivalently, W is spanned by the degree-five monomials of r,-weight zero. The table below
records the dimension check on the normal-form slice, together with the infinitesimal stabilizer
computation.

k Tk #1(r)=o | dimP(WHr) | dim @, | dim C(Hy)/Hy | dim Stabg (®5™)
18| (4,2,0,—1,-5) 6 5 2 3 1
22| (16,6,1, -4, —19) 8 7 4 3 1
21| (16,11,6, —9, —24) 6 5 2 3 1
27 | (18,8,3, -2, —27) 6 5 2 3 1
24 | (14,9,4,—6,—21) 7 6 3 3 1
28 | (12,7,2,—3, —18) 9 8 5 3 1
33| (2,1,0,0,-3) 12 11 6 5 1

For each k € K, the normal-form slice gives
dim P(WHr) — dim &, = dim Cg(Hy)/Hy.

Thus the residual stabilizer for the action of Cq(Hy)/H}) on the normal-form slice is finite
at a general point. The infinitesimal stabilizer calculation gives a one-dimensional connected
stabilizer in GG, and this one-dimensional stabilizer contains Hj. Hence

Stabg, (®5™") = Hy, (k € K).
We now compare the diagonal torus weights. Write

M,

for the sorted weight multiset of Hy. The relevant multisets are

k M,

18| {-5,-1,0,2,4}
22 | {~19,-4,1,6,16}
21 | {—24,-9,6,11,16}
27 | {-27,-2,3,8,18}
24 | {—21,-6,4,9,14}
28 | {—18,-3,2,7,12}
33| {-=3,0,0,1,2}.

The four remaining ordered pairs are checked as follows:

(k,?) M;, ‘ M, ‘ comparison
(18,22) | {-5,-1,0,2,4] | {19, 4,1,6,16} | Mys % +£Ma
(21,27) | {-24,-9,6,11,16} | {27, ~2,3,8,18} | Moy # £ Moy
(24,33) | {-21,-6,4,9,14} | {-3,0,0,1,2} | Moy # +£Mss
(28,33) | {-18,-3,2,7,12} | {-3,0,0,1,2) | Mg # +Mss.
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Therefore, in each of the four cases, the generic connected stabilizer tori are not conjugate in
G = SL(5). Hence none of the four inclusions can hold. Thus Filter 5 excludes

Rs = {(18,22), (21,27), (24, 33), (28, 33)}.

Since
Pi2sa = {(18,22),(21,27),(24,33), (28, 33)},
we have
Rs5 = Pr23a-
Consequently,

Pr23as = Pr234 \ Rs = 2.

The cumulative count is therefore
38 - 37 = 1406

and

Filter 1 Filter 2 Filter 3 Filter 4 Filter 5

1406 759 450 22 4 0.

Thus Filters 1-5 exclude all ordered pairs
(k,0), 1<k, <38, k#L.
Equivalently, for every distinct pair k # ¢,

Dy & Py

For reference, the list of ordered pairs surviving Filters 1-5 is @.

Conclusion

Outline of the verification of Theorem 8.3. The five filters above eliminate every ordered pair
(k,0), 1 < k,¢ <38, k # (. Equivalently, there is no candidate closure containment

(I)kC@ (k;ﬁf)

In particular, there is no ordinary containment ®;, C ®, for k # ¢. Hence the thirty-eight
boundary families ®4, ..., ®3g are pairwise non-contained. ]

7 Adjacency

In this section we study the codimension-one adjacency relation among the 38 boundary
components of the GIT compactification of quintic threefolds. The computation is carried out by
the same slice-matching method as in the cubic fivefold case, using the maximal states rq,...,73g
obtained in the classification of the strictly semistable locus.

For each k, let f be a general quintic with support I(r)>0, and let ®; denote the corre-
sponding closed boundary component. For a codimension-one slice W C I(r;)—g, we say that
there is a directed slice-matching from ®; to ®; if, after replacing r; by £7; when necessary, the
slice W is realized by

W = I(:l:T‘j)Zo N I(Ti):O‘

Definition 7.1. For 1 <i,j < 38, we write ®; ~» ®; if there is a directed slice-matching from
®; to ®; in codimension one. We say that ®; and ®; are codimension-one adjacent, and write
D, ~ (I)j, if both ®; ~ (I)j and (I)j ~» @, occur.
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Thus the codimension-one adjacency graph is the mutual graph associated with the directed
slice-matching relation. One-sided arrows are recorded separately, but they are not counted as
codimension-one wall adjacencies.

Theorem 7.2. The codimension-one adjacency graph of the 38 boundary components has 38
vertices and 184 edges. It is connected, has no isolated vertices, and its diameter is 4.

Proof. The statement follows from the output of the codimension-one slice-matching computation.
The mutual graph is obtained by retaining exactly those pairs (i, j) for which both directed
arrows ®; ~» ®; and ®; ~» ®; occur. Counting the resulting undirected edges yields 184 edges on
38 vertices. A direct inspection of the neighbour sets shows that every vertex has positive degree,
hence there are no isolated vertices, and a standard graph-theoretic check gives connectedness
and diameter 4. O

The complete list of neighbour sets is recorded in Table 10.

Table 10: Neighbour sets for the codimension-one adjacency graph of the
boundary components.

k N(k)

1 {2,14, 18,22, 26, 27}

2 {1,3,9,10, 14,22, 24, 26, 27}

3 {2,4,5,6,10,32}

4 {3,5,6,8,18,21,24, 32}

5 {3,4,6,10,15,18,21,22, 24, 27, 32}

6 {3,4,5,10,11, 19, 23,29, 30, 32}

7 {8,9,18,21,24, 26}

8 (4,7}

9 {2,7,11,14, 15, 22, 24, 26, 27, 36}

10 {2,3,5,6,15,20,23,29, 35}

11 {6,9,15,19,20,23,29, 30, 36}

12 {13,15, 19,31, 32,35}

13 {12,14,15,17,30}

14 {1,2,9,13,22,26,27}

15 {5,9,10, 11,12, 13, 19,20, 25, 28, 29, 30, 32, 35, 36, 38}
16 {18,21}

17 {13,19,20,29, 30, 37}

18 {1,4,5,7,16,22}

19 {6,11,12,15,17, 20,23, 25, 28,29, 30, 31, 32, 35, 37, 38}
20 {10,11,15,17,19, 23,29, 31, 32, 35, 36, 37}

21 {4,5,7,16, 24,28, 33,37}

22 {1,2,5,9,14, 18,25, 27,30, 36}

23 {6,10,11,19,20, 29, 30, 32, 35, 36, 37, 38}

24 {2,4,5,7,9,21,28,30, 33, 34, 37}

25 {15,19,22, 28, 30, 31, 35, 36, 38}

26 {1,2,7,9,14,27}

27 {1,2,5,9,14,22,26, 33, 34}

28 {15,19,21,24, 25, 33, 34, 35, 37, 38}

29 {6,10,11,15,17, 19, 20, 23, 30, 31, 32, 34, 35, 36, 37, 38}
30 {6,11,13,15,17, 19,22, 23,24, 25, 29, 31, 34, 35, 36, 37}
31 {12,19, 20,25, 29, 30, 32, 34, 35, 36, 37, 38}

32 {3,4,5,6,12,15,19,20,23,29, 31, 35, 36, 37, 38}

33 {21,24,27,28, 34,37}

34 {24,27,28,29, 30, 31, 33, 35, 38}

35 {10,12, 15,19, 20, 23, 25, 28,29, 30, 31, 32, 34, 36, 37, 38}
36 {9,11, 15,20, 22, 23,25, 29, 30, 31, 32, 35, 37, 38}

37 {17,19,20, 21, 23, 24, 28,29, 30, 31, 32, 33, 35, 36, 38}
38 {15,19,23,25, 28,29, 31, 32, 34, 35, 36, 37}

For convenience, we record the vertices of highest and lowest degree:

deg(<I>15) = deg(<1>19) = deg(<1>29) = deg(q)go) = deg(<I>35) = 16,
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Figure 1: Codimension-one wall-adjacency graph of the boundary components @1, ..., ®35 for
quintic threefolds. Two vertices are joined exactly when the corresponding components are
mutually adjacent. The size of each vertex is proportional to its degree in the wall-adjacency
graph.

whereas

deg(Pg) = deg(P16) = 2.
Hence the codimension-one wall-adjacency graph has a dense core centered around
@15, P19, P29, P30, P35,

while &g and ®14 lie near the periphery.

Remark 7.3. The same computation also produces 244 one-sided arrows. These are useful as
auxiliary incidence data, but in the present paper we do not count them as codimension-one
adjacencies.

8 Outline of the computational verification

This section is the computational core of the paper. The preceding Sections 1-7 contain the
complete statements needed for most applications: the enumeration of the maximal strictly
semistable supports, the construction of the thirty-eight boundary families, the closed-orbit
normal forms, the singular-locus and minimal-exponent tables, the pairwise non-inclusion
theorem, and the codimension-one adjacency graph. Thus a reader whose main purpose is to
use the classification and its consequences may read Sections 1-7 independently of the present
section.

The purpose of this section is to record the computational framework used in the verification
of the announced results. The complete case-by-case implementation of this framework will
appear in the forthcoming full-length paper. For each & = 1,..., 38, starting from the witness
vector 1, we compute the associated one-parameter-subgroup limit

O 1= lim Ay, (£) - fi.
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We then describe the stabilizing torus
Hk = )\Tk(Gm)v

the centralizer Cg(H}), and the fixed subspace W+, The closedness of the resulting orbit is
checked by Luna’s centralizer reduction: in the toric centralizer cases we use the convex-hull
criterion, while in the non-toric centralizer cases we use the Casimiro—Florentino criterion. This
produces the closed-orbit normal forms ¢}€1f recorded in Table 3, together with the corresponding
parameter counts.

We next compute the singular locus of

X =V cP?

by solving the saturated Jacobian equations. These computations identify the positive-dimensional
components of Sing(X}), the isolated singular points, and the genericity conditions imposed
on the parameters of the normal forms. At each relevant point of the singular locus, we then
choose local coordinates and reduce the local equation to an explicit quasi-homogeneous or split
normal form. These local calculations give the minimal exponents used in Section 5 and justify
the global equality

for the general closed-orbit representative in every boundary component.

All computations below are carried out on the same nonempty Zariski-open loci of parameters
used in the preceding tables. Conditions such as the non-vanishing of a discriminant or resultant
simply exclude proper closed subsets where additional singular points appear or where the
analytic type changes. In this way, the case-by-case calculations below provide the detailed
computational foundation for the results stated in Sections 1-7, while those earlier sections
remain a concise reference for the final classification.

Closed-Orbit Criterion and the Toric/Non-Toric Dichotomy

The closed-orbit verification is always made after passing to the one-parameter-subgroup limit.
Let
A: G, — G =SL(5)

be the chosen one-parameter subgroup, let
H:=XG,,), W' ={FeW|h -F=FforalhecH},

and let
1 . H
p=lmA(t) - feWw

be the weight-zero limit. Luna’s centralizer reduction replaces the closed-orbit question for the
original G-action by the residual closed-orbit question for the centralizer

Cc(H)

acting on the fixed vector space W# . In the computations below, H acts trivially on W#, so
the effective residual group is Co(H)/H.
There are two different closed-orbit tests, depending on the structure of Cq(H).
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Toric centralizer. If the H-weights on (xg,...,x4) are pairwise distinct, then
Co(H) =T

is the diagonal torus. In this case the effective group is the torus 7'/H, and the closed-orbit test
is the convex-hull criterion. For a vector

p= Z ayx®
with nonzero coefficients on the displayed monomials, the relevant characters are the images of
uw—1, 77:(171717171)7

in the real character space of T'/H. The torus orbit is closed if and only if the origin lies in the
relative interior of the convex hull of these characters. In practice we certify this by writing a
positive affine relation among the exponent vectors and checking that the same vectors have the
expected affine rank. This is the method used in the toric-centralizer cases below.

Non-toric centralizer. If some H-weight has multiplicity greater than one, then Cg(H)
contains a non-abelian block, for example a GL(2)-block. In this situation the convex-hull
criterion for a torus is not the closed-orbit criterion for the full residual group Cq(H). It only
checks diagonal one-parameter subgroups after a fixed choice of basis and therefore does not by
itself control one-parameter subgroups obtained by conjugating inside the non-abelian blocks.

For non-toric centralizers we use the Casimiro—Florentino criterion. For a reductive group R
acting on an affine variety and a point z, let Y (R) be the set of one-parameter subgroups of R,
and set

A, ={ eY(R)| %g% A(t) - = exists}.

For A € Y(R), put
P\):={g€R| }g% At)gA(t) ™! exists}.

The criterion says that x is polystable if and only if A, is symmetric: for every A € A, there is
N € A, such that
PA) NP

is a Levi subgroup of both parabolic subgroups.

The computations use the following concrete form of this criterion. After conjugating inside
the non-abelian blocks of Cg(H ), every one-parameter subgroup can be written diagonally. For
such a subgroup, write w(m) for the weight of an occurring monomial m, and write

S=0
for the determinant-one condition on Cg(H). We exhibit a positive linear identity

> cjw(my)=CS, ¢ >0,  C>0,
J

using monomials m; that occur with nonzero coefficient in . If A € A, then all the weights
w(m;) are nonnegative. Since S = 0, the positive identity forces all of these weights to be zero.
Solving the resulting linear equations gives

Ay = {u(t™) | m € 7}

for a single one-parameter subgroup p. This set is symmetric, because p(t™) and p(t~") define
opposite parabolic subgroups and their intersection is the associated Levi subgroup. Hence ¢ is
polystable for the residual Cq(H )-action. This is the method used in the non-toric-centralizer
cases in the full case-by-case verification.

This paper is an announcement of our results. The detailed proofs and the complete
case-by-case computations will appear in a forthcoming full-length paper.
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