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Abstract

We determine the quotient-side strictly semistable boundary for the natural G = SL(5)-
action on P(Sym5 C®), proving that it has exactly twenty-one irreducible components, of
dimensions between 1 and 24. Using the Hilbert—Mumford criterion and exact integer
linear algebra, we enumerate, up to coordinate permutation, thirty-eight maximal strictly
T-semistable monomial supports for the diagonal maximal torus T and prove that their
G-saturations cover the strictly semistable locus. Zero-weight reduction shows that reversing
a supporting half-space does not change its quotient image; the thirty-eight supports therefore
form seventeen pairs and four fixed cases.

For each support we construct a polystable weight-zero normal form and compute the
corresponding quotient dimension. Exact rank certificates identify the generic connected
projective stabilizers of the resulting twenty-one families as pairwise nonconjugate one-
dimensional tori. Luna’s étale slice theorem then excludes containments between distinct
families. Lakhani’s four first-level families give the four largest components; the other
seventeen are additional components.

For a general closed-orbit representative in every component, we determine the saturated
Jacobian scheme and local analytic stratification. The positive-dimensional singular loci are
explicit configurations of lines, smooth conics, cuspidal plane curves, planes, and smooth
quartic surfaces. The isolated singularities form exactly eleven weighted-homogeneous local
families whose normalized weights occur in Yonemura’s list. Every general representative
has global minimal exponent a(X) =1 = (4 + 1)/5, the critical value (n + 1)/d for quintic
hypersurfaces in P*.

1 Introduction

The problem and the complete boundary catalog

Let
V= H(P* Ops(1)) ~C°,  W:=Sym’V,  G:=SL(V)x~SL(5).

A nonzero form f € W defines a quintic threefold
Xp:=V(f) cP(VY) ~ P4

and a smooth such hypersurface is a Calabi—Yau threefold. The natural projective GIT quotient
is

MET . —Pp(W)*//a.
We denote the good quotient map by
w: P(W)* — MEIT

and write
Y3 =P(W)* \ P(W)?.

The object classified in this paper is the quotient of the strictly semistable locus,

OMET = 7 (5%).



Thus the term GIT boundary always means 7(P(W)* \ P(W)?®); it does not mean the entire
complement of the smooth-quintic locus in MS!T. For later reference, if r = (ro,...,r4) € Z°
satisfies Z?:o ri = 0, we write A, (t) := diag(t",...,t™), t € G,y, for the corresponding one-
parameter subgroup of the diagonal maximal torus, and put H, := \.(G,,).

The purpose of the present introduction is to record the complete output of the paper before
explaining the proofs. The twenty-one explicit normal-form families are given in Table 1; the
component classification is listed in Table 2; the singularities of a general closed orbit in every
component are listed in Table 3; and the defining equations, weights, and occurrences of the
isolated weighted-homogeneous local families are displayed in Table 4. These four catalogs use
the same component index a = 1, ..., 21, so that the equation, quotient-theoretic invariants, and
singularity data of each component can be read across the introduction. Throughout the catalogs,
general means after restriction to a fixed nonempty Zariski-open subset of the parameter space
in the corresponding row; all orbit-theoretic and singularity-theoretic assertions are made on
that open subset.

Theorem A (Complete classification of the strictly semistable boundary). For the natural
SL(5)-action on P(Sym® C®), the following statements hold.

1. Up to permutation of the coordinates, there are exactly thirty-eight mazimal strictly
semistable monomial supports for the diagonal maximal torus. Their G-saturations cover
358,

2. The thirty-eight support-indexed quotient families are identified by seventeen two-cycles
and four fized points under reversal of the supporting half-space. The resulting twenty-one
closed irreducible families are precisely the irreducible components

OIMET =0,U---UBOy.
There is no equality or containment between two distinct members of this list.

3. For everya=1,...,21, a general point of ©, is represented by a member of the explicit
polystable weight-zero normal-form family F, displayed in Table 1. The parameters are
restricted to the indicated nonempty Zariski-open generic loci; no uniqueness of the displayed
parameterizations is asserted. Its quotient dimension and generic connected projective
stabilizer are

dim©, =d,,  Stabg([Fa))° = Hy := Hy, = A, (),

where the complete list of O, rq, and d, is given in Table 2. The twenty-one tori H, are
pairwise nonconjugate in G.

4. For X, := V(F,) C P*, the support and local stratification of the saturated Jacobian scheme,
including its generic transverse structure and all isolated singular points, are summarized
in Tables 3 and 4. Ezactly eleven isolated weighted-homogeneous local normal-form families
occur. Their defining equations, integral weight systems, Milnor numbers, and component
occurrences are displayed in Table 4; the corresponding ordered normalized weights all
occur in Yonemura’s Table 2.2 [Yon90]. No other isolated local family occurs for a general
boundary representative.

5. Fvery general closed-orbit representative has global minimal exponent

41

a(Xy,) =1 E

Tables 1—4 form part of the statement of the theorem.



Logical architecture. The quotient-side component count is established in three distinct
stages. Proposition 3.1 first gives a cover by thirty-eight support-indexed quotient images.
Zero-weight reduction and reversal of the supporting half-space, formalized in Corollary 4.2 and
Proposition 4.4, reduce this to the twenty-one candidate images of Corollary 4.5. Corollary 5.2
proves that those candidates are nonempty, closed, and irreducible. Theorem 6.1 then uses the
generic stabilizers and Luna’s slice theorem to prove pairwise non-inclusion, so the candidates are
exactly the irreducible components. Appendices A and B provide, respectively, the support-by-
support normal-form constructions and the component-by-component singularity and minimal-
exponent calculations.

The twenty-one normal-form families

For the component numbering in Theorem A, we choose the support-case representatives
k(a) =1,2,3,4,5,6,7,8,9,10,11,12,13, 14, 15, 19, 20, 23, 29, 32, 36

in that order and set
Fai=¢Ray  Xai=V(F,) CP.

Thus k(a) = a for 1 < a < 15, whereas the component index and the chosen oriented-support
label differ for @ > 16. The column k(a) should therefore be retained when passing between the
twenty-one-row catalog and the thirty-eight support-by-support calculations. The following table
reproduces the complete equations rather than merely referring to the case-by-case construction
later in the paper. It is meant to be directly usable: a reader can recover a general closed-orbit
equation for any boundary component without consulting the thirty-eight-case table. The
displayed families are normal forms in the sense of explicit polystable representatives after a
change of projective coordinates; the parameterizations are not claimed to be unique.
We use

By (u,v) :=uv(u —v)(u — Av), By, (u,v) :=v(u —v)(u — ) (u — pv).

Symbols such as Ay, By, Cyq, Dy, Qq, Lg, M4 denote general forms of the indicated degree in the
displayed variables, and @22 denotes a bihomogeneous form of bidegree (2,2). A bold coefficient
vector parametrizes the binary form whose degree is forced by homogeneity. All parameters
are understood to lie in the relevant nonempty Zariski-open locus, in addition to the explicit
conditions in the last column.

Table 1: The twenty-one polystable weight-zero normal-form families. A general
point of O is represented by a member of the family F, in row a. The label k(a)
refers to the corresponding case among the thirty-eight oriented support cases.
All displayed parameters are restricted to the relevant nonempty Zariski-open
generic locus. This table forms part of Theorem A.

Oq k  Normal-form family Fg Parameters and genericity

O1 1 Fi = I%CL‘Q + xoxé + xoa:%:m aeC*

9
+ xox1T223T4 + axoxi

2 4
O 2 = x?mQ + zjz3 + :Boxgl’g + :onggm a,BeCx

2,3
+ azxoxiT223T4 + BTiTY

O3 3 F3 = Bs(z1,z2) + :c()xgxg Bs: general
+ x0 (a:% + x%)x3x4 + x%zi binary quintic
O4 4 Fy= x%x% + z?mgm + xox% + zoxlxg o, e C*

2
+ azorizaz3zzs + Bz
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Oq k  Normal-form family Fg Parameters and genericity
O5 5 Fy=alad +adal 4 2dzany + zoxdas o, B,y € C*
+ axoxlmg + Brorirox3Ty + Wxgmi
Og 6 Fg= x%zg + a:?xzxg + z‘ll;u + :cm:%:v% a, 3,7, 96,
+ azoz3z4 + Bror1ah + YroT1T22374 ceCx
+ dxoxa? + exdad
O7 7 Fr=ad +alades + ataes + zomiad a,BeCx
+ azozr1z2T3T4 + Brizsas
SH 8 Fy= z%z%xg + a:‘;’:vi + zox% + :coaslzvg a,B e Cx
+ azoziz2w374 + Brizsa]
O9 9  Fo =25+ 220kes + axtad + xtay a,f3,7v,0 € C*
+ zow2xs + Broxdrs + Yror1T2T3TA
+ 6&7313@21
O1p 10 Fio :I§Qq($2,1‘3)+z?$4+xoBA(I27$3) )\G(C\{O,l};
+ zox124 Re (z2, 23) + Broriad + x3zs qreC3 geC
O11 11 Fy1 = :Clx% + Oé:t%:tgxg + Bx:l)’xg + x?azg:m a, B,7, 96,
+ *yzoacga:g + :1:01314 + ngxla:g €,(eCx
+ exor1T2X3T4 + Cwocc%vz + w%zgwi
O12 12 Fi2 = acla:% + aacf:czx% + Bm%x%m + w‘;’xi a, B,7,6,
+ zoz3as + yToT1T3 + dToT1T2TITA ceCx
+ ex%x%m + m%zgwi
O13 13 Fi3 = mg + amlmgrg + Bm%mzxg + :p?xi a,B,7v,5 € CX
+ m0$ga;4 + yroxr1T2T3T4 + z%x%
+ dadwox?
O14 14 Fy4 = Ig + a:plx%xg + ﬁx%mgx% + x‘fa:4 + xomé a, fB,7y,5 € CX
+ yzorizs + SxoT1T22324 + TET22T
©15 15 Fis = x105 + 222as 1.BeC
2 .
+ 23 (y22 4 Braza + 23) + zoxdT4 R € Sym*(w3, x4);
3
+ zoz122 R(23, 24) + 22 B(23, 24) B € Sym”(zs, z4)
©16 19 Fig = a3 + azzizs + Brizex] + yaizias @, 8,7,6,
+ m?rgam; + Sxoxgmg + exoxgam + momlmg €¢,§,0cCx
+ Cmor1T2T3T4 + ET0TIT] + TGTFT4
+ 0xizoz?
O17 20 Fi7 = x0B)y (22, 23) + I%CC(IQ,Ig) + mi’xgm A, p distinct in
+ zoz124Qq(22, 23) +zox%xi C\{0,1};
4 3
+ 2222 M (z2, x3) ceC? qeC3,
m € C?
O18 23 Fig = voBa(z1, 22,23, 74) By: smooth quartic
surface in P3
©10 29 Fio = 23A4(z1,22) + £4Cy (1, x2) Ay, Cy: binary quartics;

+ 20Q2,2(21, T2; T3, x4) + xir3ra (23 — T4) Q2,2 of bidegree (2,2)

Fyo

T(Z)CO (2,23, x4) + wox1C1 (22, 23, T4) Cop, C1,C>: ternary cubics

+ 220 (w2, 3, T4)

F21 = Bs(x1,72,23) + zoxaC3 (21, T2, 23) Bs, C3: ternary forms

+ z%x3xi of degrees 5,3




The twenty-one irreducible components at a glance

For each oriented support case k, let ®;, denote the image in MST of the G-saturated family
determined by the k-th maximal support; the formal definition is given in Section 3. The
normal-form table chooses one of the thirty-eight support cases for each component and denotes
its label by k(a). The vector r, in the following table is primitive and defines both the supporting
hyperplane and the one-dimensional torus

H,=H,, =\, (Gp).

The equality in the second column records the complete orbit of the original support label
under reversal of the supporting half-space. In particular, the table simultaneously records the
reduction from thirty-eight oriented supports to twenty-one quotient components, the chosen
closed-orbit case, the generic connected stabilizer, and the quotient dimension.

Table 2: The complete quotient-side component catalog. For a general closed-
orbit representative in row a, one has Stabg ([Fa])® = Ar, (Gm).

a Quotient component O, k(a) Supporting normal rq da
1 ©1=>0; =g 1 (36,1, —4,—9, —24) 1
2 @y =Py = oy 2 (27,2, -3, —8,—18) 2
3 O3 =3 =P33 3 (3,0,0,—1,-2) 6
4 O4=2>4=">70 4 (24,9,—6,—11,—16) 2
5 O5 =5 =94 5 (21,6, —4,—9, —14) 3
6 O =Ps= Doy 6 (18,3,-2,-7,—12) 5
7T O7 =07 =P 7 (5,1,0,—2,—4) 2
8§ ©Og=dg=Dig 8 (4,2,—-1,-2,-3) 2
9 B9 =g =Py 9 (19,4, -1, -6, —16) 4
10 ©10 = P10 = P34 10 (12,2,-3,-3,-8) 8
11 O11 = P11 = P25 11 (14,4,-1,—6,—11) 6
12 ©O12 = P12 = Py7 12 (13,8,-2,—-7,—12) 5
13 ©13 = P13 13 (3,2,0,—2,-3) 4
14 ©14 = P14 14 (4,1,0,—1,—4) 4
15 O15 = 15 = P3p 15 (9,4,—1,—6,—6) 9
16 ©16 = P19 19 (2,1,0,—1,—2) 8
17 ©17 = P20 = P31 20 (8,3,—2,—2,-7) 11
18 ©O18 = P23 = P33 23 4,-1,-1,-1,-1) 19
19 ©19 = $29 = P35 29 (6,1,1,—4,—4) 15
20 Ogg = P32 = P37 32 (3,3,-2,-2,-2) 18
21 ©21 = &3¢ 36 (1,0,0,0,—1) 24

The unsigned permutation signatures of the twenty-one displayed vectors are pairwise distinct.
Hence the tori H, are pairwise nonconjugate. The largest component is G5, of dimension 24; the
next largest are ©1g, O9, and O1g, of dimensions 19, 18, and 15, respectively. The dimensions
are part of the classification, but the proof that the rows are distinct irreducible components
uses stabilizers rather than dimension comparisons.

The singularity catalog

We now summarize the geometry of a general X,. To align this catalog with the component-
indexed singular-locus table (Table 10), set

Py:=(1:0:0:0:0), Py:=(0:0:0:0:1).

Throughout the introduction, we use the fixed coordinate labels Py and Py, in place of case-local
labels such as P and @Q); the latter are retained when convenient in the case-by-case analysis of
Appendix B.



In Table 3, the symbols A,, and D,, refer to the generic transverse hypersurface singularity
along the indicated smooth stratum. Their indices also give the generic transverse Jacobian
length. More generally, by the generic transverse Jacobian length we mean the length obtained
from the full Jacobian ideal after localizing at the generic point of the stratum and passing to a
transverse local ring. It need not equal the Milnor number of a transverse polynomial obtained
by freezing the stratum parameter; this distinction is relevant in row 19. The phrase “special”
marks a nonisolated point at which the generic transverse model changes; every such point is
treated explicitly in Appendix B and has local minimal exponent one. For the few non-ADE
strata, the table records an analytic model or the generic Jacobian length. A dash in the last
column means that there is no isolated singular point.

Table 3: Generic singularity catalog for the twenty-one boundary components.
In every row, a(X,) = 1.

a Reduced singular support of X, Generic transverse structure and special strata  Isolated local family

1 rational plane quartic C' with a A3z on C'\ {Px}; P special Py: Sg’752
(3,4)-cusp at Pwo; isolated point Pp

2 line L and cuspidal plane cubic C, Az on L\ {Pso}; A2 on C\ {Psc}; Poo special Py : S¥S4
LN C = {Px}; isolated point Py

3 line L with distinguished point Poo; A4 on L\ {Px}; Pso special Py ngsls
isolated point Py

4 two disjoint lines M LI L Ao on the general point of M; Ajp on the general —
point of L; special points Py € M and P € L
5 three lines N U (LU M), A1 on general points of N and M; Ag on —
LNM={Px} L\ {Px}; distinguished Py € N and intersection
Poo special
6 line L and smooth conic C, As on L\ {Pso}; A1 on C\ {Psc}; Poo special ~ Py: SIP3
LN C = {Px}; isolated point Py
7 line L with distinguished point Poo; A4 on L\ {Px}; Pso special Py : Sgé%

isolated point Py

8 two disjoint lines N LI L on general N: suspension of an ordinary triple  —
plane-curve point (Jacobian length 4); on general
L: Ag; special points Py € N, Poc € L

9 line L with distinguished point Poo; Az on L\ {Px}; Pso special Py : 83/694
isolated point Py

10 four lines C'\ through the common Ag away from the common vertex; Pso special Py : SgOQ
vertex Poo; isolated point Py

11 two disjoint lines N LI L A1 on general N; As on general L; special points —
PoeEN, Pc €L

12 two disjoint lines N LI L Ds on general N; Ag on general L; special points —
Pye N, Px €L

13 two disjoint lines N L L Dg on the general point of each line; special —
points Pp € N, P« € L

14 two isolated points Py and Pao — Py, P : S¥0622

15 two disjoint lines N U L Az on N\ {Po}; Py special; along L: relative —
weighted cone of normal type (3,2,1;6), Jacobian
length 9

16 two disjoint lines N LI L Ay on the general point of each line; special —

points Pp € N, P € L

17 line N disjoint from four lines C} , Ao on general N; A; on each of the four other —
through the common vertex Poo lines away from P ; distinguished Py € N and
vertex Poo special

18 smooth quartic surface S; isolated simple normal crossing along S Py : Sgll
point Py

continued on the next page



a Reduced singular support of X, Generic transverse structure and special strata  Isolated local family

19 line L; isolated point Py generic transverse model U2 + G4 (V,W), where Py : S}’(?O
G4 is square-free binary quartic; generic Jacobian
length 8

20 disjoint union of a line N and a plane on IT\ Apy: U? 4 V2; on the smooth discriminant —
II curve Ar: U2 4 2V2; along N: a cubic-cone
family C¢(y2,ys,y4) = 0, Jacobian length 7

21 two isolated points Py and P — Py, Px : 83(621

The notation in the last column is decoded completely in the following table, which also
displays a defining equation for each local normal-form family. If a family is written as SEN ,
then f is its Milnor number and N is the row of Yonemura’s Table 2.2 [Yon90] containing its
ordered normalized weight. The precise nonempty Zariski-open genericity conditions on the
displayed parameters are given in Definitions 8.1- 8.11. Every displayed integral weight system
(w1, wa, ws, wq; D) satisfies

wy +wy + w3z +wg =D,

so every isolated germ in the table has local minimal exponent one.

Table 4: The eleven isolated weighted-homogeneous local normal-form families.
The second column displays a defining equation for each family. All parameters
are restricted to the nonempty Zariski-open generic loci specified in Defini-
tions 8.1-8.11. The integral weights determine the ordered normalized weights
used to identify the corresponding rows of Yonemura’s Table 2.2 [Yon90]. This
table forms part of Theorem A.

Integral Yon. C ¢
Local family = Local normal form weights o on. Component /
No. point
(w; D)
S (Bys) B4(X1,X2,X3,X4)=0 (1,1,1,1;4) 81 1 ©15: P
SY52(r) XiXo + X5+ X3X, (7,8,9,12;36) 87 52 ©O1: P
+7X1 X2 X3X4 + X5 =0
Sy84(a, B) X3X2 4+ X{ X3 + Xo X3 + X5X4 (5,6,7,9;27) 88 84 O: Py
+aX1X2X3Xa +BX; =0
SXi°(Bs) Bs(X1, X2) + X2 X3 (3,3,4,5;15) 88 15 ©O3: Py
+ (X2 4+ XDHX3Xa+ X5 =0
Ssc Bi(X2, X3) + X}Q2(X2, X3) + X1 X4 (2,3,3,4;12) 90 2 Oy : Py
(B4,Q2,R2,B) 4 X1X4Ro(X2, X3) +BX2X2+ X} =0
SyP8 X2X3 4+ X3Xo X5+ X1 Xa + X2X2 (3,4,5,6;18) 91 53 Og: Py
(o, B,7,0,€) 4+ aX3Xy+BX1X5 +vX1X2X3X4
+OXIXE+eXE=0
S8 (a, B) X5+ XPX2X3 + XiXa 4+ X1 X3 (4,5,7,9;25) 96 86 O7: P
+aX1 X2 X3X, +X3X2 =0

Sy X1X5 + X2X2X5 4+ aX3X2 4+ XXy (3,4,5,7;19) 96 94 Og: Py
(o, B,7,9) + Xo X3 + BX3 X4 + 7 X1X2X3X4

+6X3X2=0
83(621 B5(X1,X2,X3)+X4C3(X1,X2,X3) (1,1,1,2;5) 96 21 ©Og;: Po,
(Bs,C3,L1) + X2L1(X1,X2,X3) =0 Peo
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Integral
Yon. Component /

Local family  Local normal form weights © .

No. point
(w; D)

sY3 X3A4(X1, X2) + XaCu(X1, X2) (1,1,2,2:6) 100 3 ©19: Py

(A4,C4, + Q2,2(X1, X2; X3, X4) + B3(X3,X4) =0

Q2,2, B3)

Sios X3+ aX1 X3 X3 + BXTX2X3 (3,4,5,8,20) 102 62 ©O14: Py,

(e, B,7,6) + XX+ X5+ X5Xy Poo

+0X1X2X3Xs 4+ X2X2 =0

Parameter notation. The arguments displayed in each equation specify the variables of the auxiliary forms. Thus
B4(X1, X2, X3, X4) is a homogeneous quartic whose projectivization in P® is smooth, whereas By(X2, X3) is a
square-free binary quartic. The symbols Bs(X1, X2) and Bs(X1, X2, X3) denote, respectively, a binary and a
ternary quintic. The forms Q2, Rz are binary quadratics in (X2, X3); C3 and L1 are, respectively, a ternary cubic
and a nonzero ternary linear form in (X1, X2, X3); A4, C4 are binary quartics in (X1, X2); Q2,2 is bihomogeneous of
bidegree (2,2) in (X1, X2) and (X3, X4); and Bs is a binary cubic in (X3, X4). Greek letters denote complex scalar
parameters. The precise smoothness, square-freeness, nonvanishing, isolatedness, and discriminant conditions
defining the relevant nonempty Zariski-open loci are given in Definitions 8.1 8.11.

The Yonemura assertion is deliberately an assertion about normalized weight systems. A row
of Yonemura’s list [Yon90] gives a weight system and one particular nondegenerate realization.
We do not claim that every parameter value in one of the families above is analytically equivalent
to the polynomial displayed in that row. The term Yonemura-type means exactly that the
normalized weight system occurs in Yonemura’s list. What is proved here is an occurrence-and-
exhaustion statement on the quintic GIT boundary: the eleven families in Table 4 occur, and
no other isolated weighted-homogeneous local family occurs for a general closed orbit in any
boundary component.

Proof map for Theorem A

Theorem A is a synthesis of the structural results in the body and the case-by-case verifications
in the appendices. Item (1) is Proposition 2.5 together with Proposition 3.1. Item (2) is proved
in three stages. Corollary 4.2 and Proposition 4.4 identify the seventeen opposite-support pairs
and the four fixed cases, while Corollary 4.5 reduces the thirty-eight-family cover to twenty-one
candidate quotient images. Corollary 5.2 proves that the candidates are nonempty, closed, and
irreducible, and Theorem 6.1 proves pairwise non-inclusion and hence the irreducible-component
decomposition. The normal forms and quotient dimensions in item (3) are organized in Section 5
and proved support by support in Appendix A; its stabilizer assertions are Proposition 6.3 and
Corollary 6.6. Item (4) is stated in Section 8 and proved by the component-by-component local
calculations in Appendix B. Item (5) is proved in the same appendix. Thus Tables 1-4 are both
a statement of the classification and a row-by-row index to its proofs.

Why thirty-eight supports give twenty-one components

Fix the diagonal maximal torus T' C G, and let
I:= {u:(uo,...,U4) 62520 ’ u0+..._|_u4:5}
be the exponent set of quintic monomials. Its barycenter is
n=(1,1,1,1,1).

For a nonzero vector

r=(ro,...,r4) € Z°, Zr,:o,



put
I(r)so:=={uel|r -u>0}

The convex-geometric Hilbert—Mumford criterion identifies T-semistability with the condition
that the convex hull of the support contain 7, and strict T-semistability with the case in which
7 lies on a supporting hyperplane. Exact integer linear algebra, inclusion tests, and reduction by
the Weyl group S5 yield exactly thirty-eight maximal supports

Sp=1I(ri)s0, k=1,...,38

For
Vi := Spang{z" | u € S}, Y i=G-P(V),
one has
38 38
$88 _ U (Yk N Zss)’ BMGIT - U Dy,
k=1 k=1
where

Py = W(Yk N ESS).

This is a support-indexed cover, not yet a component decomposition.
For an arbitrary r, write

W = @ Wi (7)), Vir) = @ Wi (1), Z(r) = Wo(r) = Wi,

meZ m>0

Set
Y(r):=G-P(V(r)) Cc P(W), O(r) == m (Y (r) NP(W)*).

The central quotient-theoretic statement of the paper is the supporting-hyperplane principle

o(r) = w(B(V(r)) NBW)**) = (P(Z(r)) NP(W)*).

Indeed, if f = fo+ fso € V(r) is semistable, then the one-parameter-subgroup limit is fy € Z(r),
the limit remains semistable, and

m([f]) = 7 ([fo))-

Consequently
O(r) = O(—r).

Thus the quotient remembers the supporting hyperplane but not the orientation of its normal.
Returning the opposite normal to the dominant chamber gives the involution

u(ro,r1,72,73,74) 1= (—T4, —T3, —T2, —T1, —T0).
On the thirty-eight dominant normals it has seventeen two-cycles,

(1,26), (2,27), (3,33), (4,21), (5, 24), (6, 28),
(7,18),(8,16), (9,22), (10, 34), (11, 25), (12, 17),
(15, 30), (20, 31), (23, 38), (29, 35), (32, 37),

and four fixed points 13,14, 19, 36. Hence
38=17-24+4

counts thirty-eight oriented maximal half-spaces but only twenty-one supporting hyperplanes
up to coordinate permutation and reversal. This is exactly the identification displayed in the
second column of Table 2.



Closed orbits, stabilizers, and non-inclusion

For a general form fj, € Vi, the limit
Gk = i A, (1) - fi

is its weight-zero part and lies in W%, Luna’s centralizer reduction turns the closedness problem
for the G-orbit of ¢ into a closed-orbit problem for

Cq(Hy)/Hy,

on WHk_ For torus centralizers we use a relative-interior criterion for the character polytope; for
centralizers with nontrivial linear blocks we combine discriminant and resultant conditions with
the Casimiro—Florentino criterion [CF12]. This produces an explicit polystable normal form qﬁzf
for every k =1,...,38, together with the quotient dimensions used in Table 2. The twenty-one
quotient-side representatives selected from these forms are reproduced in Table 1.

After the supporting-hyperplane identifications, it remains to prove that the twenty-one
closed irreducible families are not further identified and that none is contained in another. For a
nonzero quintic F', consider

Dp:slsC — W, (A,¢) —> A-F — CF.
This is represented by a 126 x 25 matrix and satisfies
dim Stabg([F]) = 25 — rank Dp.

The torus H, is always contained in the stabilizer of the normal form in row a, so rank Dp, < 24.
Exact integral specializations and nonzero 24 x 24 minors prove that the generic rank is exactly
24. Therefore

Stabg([Fa])° = H,.

The twenty-one unsigned weight signatures are distinct, hence these tori are pairwise nonconju-
gate.

Finally, Luna’s étale slice theorem gives the closure obstruction used in the component
theorem: if O, C Oy, then a conjugate of the generic connected stabilizer of ©p must be contained
in the generic connected stabilizer of ©,. Since both are connected one-dimensional tori, this
inclusion would be an equality, contradicting nonconjugacy. Thus all ordered containments
between distinct rows of Table 2 are excluded simultaneously.

Singularities and the extremal minimal exponent

The adjective extremal refers here to the equality between the global minimal exponent and the
critical value (n + 1)/d: every general boundary representative attains that value, and none of
its singular strata forces a smaller one.

For every row of the component catalog, the saturated Jacobian ideal

JF, 0F,
F,) = e T €7 TR 7 R
IE) = (G 5ot ) s o)

is computed explicitly. This determines the scheme structure along the positive-dimensional
singular components and gives the stratification summarized in Table 3. The local analysis
uses the holomorphic splitting lemma, transverse A- and D-type models, Newton nondegener-
acy, weighted blow-ups and log canonical thresholds, Thom—Sebastiani formulas, and Saito’s
rationality criterion.

At an isolated point, the local equation belongs to one of the eleven weighted-homogeneous
families in Table 4. Since the sum of the weights equals the weighted degree, its local minimal
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exponent is one. At a positive-dimensional stratum, the generic transverse models have local
minimal exponent greater than or equal to one, and every distinguished point at which the
transverse type changes has local minimal exponent exactly one. Consequently no singular
stratum lowers the global value below one, while at least one stratum in every component realizes
one. This proves
a(X,) =1 (a=1,...,21).
The value is the critical quantity
n+1l 4+1
d 5

for degree-five hypersurfaces in P4 in the minimal-exponent approach to GIT stability [MP20,
Par25].

1

Relation to earlier work and organization of the paper

The GIT compactification of quintic threefolds was studied by Lakhani [Lak10]. His four first-level
minimal-orbit families become, in the present quotient-side classification, the four components
of largest dimension, namely ©O1g, ©19, 99, O21; the remaining seventeen components are not
contained in their union. The precise dictionary, the comparison of the polystability arguments,
and the separation between Lakhani’s second-level degeneration loci and the new irreducible
components are given in Section 7.

We use the standard GIT framework of [MFK94, Dol03, Kir84], Luna’s results on closed
orbits and étale slices [Lun73, Lun75], and the convex-geometric form of the Hilbert—-Mumford
criterion. The finite support enumeration is in the spirit of the effective procedures developed
in [GMMS26].

Section 2 fixes the action convention, recalls the Hilbert—Mumford criterion, and classifies the
thirty-eight maximal strictly T-semistable supports. Section 3 passes to the full SL(5)-action,
defines the prequotient and quotient-side families, and proves the boundary covering. Section 4
proves zero-weight reduction and supporting-hyperplane invariance, reducing the thirty-eight
oriented support labels to twenty-one candidate quotient images. Section 5 develops the general
closed-orbit criteria and records one polystable representative for each of the twenty-one quotient
families. Section 6 computes the generic connected stabilizers and applies Luna’s slice theorem to
prove pairwise non-inclusion and the component theorem. Section 7 then compares the resulting
classification with Lakhani’s. Section 8 states the component-indexed singularity catalog and
the minimal-exponent conclusion.

Appendix A contains the thirty-eight support-by-support constructions of the polystable
normal forms, while Appendix B contains the twenty-one component-by-component calculations
of singular schemes, local analytic types, and minimal exponents.

2 Numerical criterion and maximal strictly semistable supports

2.1 Numerical criterion

Let
V = HO (]P)4, O]p4(1)) = <a:0, I1,x2,T3, :IJ4>(c,
and put
W:=S8ym’V, G:=SL(V)~SL(5), P(W)=PSym’V).
Thus an element 0 # f € W is a quintic form in the variables g, ..., x4, and its projective class

defines the quintic threefold
Xp=V(f) cP(VY) ~PL

Let T' C G be the diagonal maximal torus with respect to the ordered basis g, ..., x4.
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Action convention. Throughout the paper, G acts on W = Sym®V through the fifth
symmetric power of its standard representation on V. More explicitly, if g = (g;;) € G, then

4

g-x; ZZZgz‘sz‘, j=0,....,4, (1)
i=0

and this action is extended multiplicatively and linearly to Sym® V. Via the contragredient action
on P(VV), this is the usual projective change-of-coordinates action on quintic hypersurfaces.
If one instead writes the action on equations in the pullback form

(9% () = f(g~ ),
then, under the above basis identification,
gxf=("")f

Since g — ¢~ is an automorphism of G, the two conventions have the same orbits, invariant
ring, stable and semistable loci, and projective GIT quotient. We use only the action - in (1)
below.

For a vector u = (uo, . ..,us) € Q°, set

wt(u) = ug + - - + ug.
‘We use the notation
Z°(d) = {u e Z° | wt(u) =d},  Z2,:={u€Z’|u; >0 for all i},

and
I :=7Z°(5) N Z2,.

Thus I is the set of exponent vectors of degree-five monomials. For u € I, write
"= xplat aytestayt.
The barycenter of the degree-five simplex is
n:=(1,1,1,1,1) € I.
For r € Q°, define
I(r)so:={uel|r-u>0}, I(r)so:=={uel|r u>0},

and
I(r)=p:={uel|r -u=0}

A nonzero vector r € Z? is called reduced if
ged(ro, r1,72,73,74) = 1.

Let
f= Zaua:“ e Ww.

uel

Its support is
Supp(f) :={u €I |a, #0}.

A one-parameter subgroup of T' is written as

A (t) = diag(t7, ¢" ¢72 173 {71), r=(ro,...,r4) € Z°(0).
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By the action convention above,
Ar(t) - ="z, (2)

Accordingly, if

f:Zfrr(r:)y fg)GSpanC{x“]uel,r-u:mh
meZ

then

At) - f= D0 "

meZ
In particular, if Supp(f) C I(r)>0, then the affine limit exists and equals the weight-zero part:

A () f=f57 = Y awt. (3)

u€l(r)=o

Thus, with our convention, the zero-weight projection is obtained by A, (t) itself, rather than by
Ar(t) 7L

Definition 2.1. Let s C I. We say that s is not stable with respect to T if
s C I(r)>o

for some nonzero r € Z%(0). We say that s is unstable with respect to T if
s C I(r)so

for some nonzero r € Z5(0).
For 0 £ f € W, we say that f is not stable, respectively unstable, with respect to T if
Supp(f) has the corresponding property.

We now record the equivalent convex-geometric formulation. Let
Hs = {u € R® | wt(u) = 5}.
Translation by —» identifies Hs with the real character space of T', represented by the hyperplane
R°(0) := {v € R® | vy + -+~ + vy = 0}.
Indeed, the character of the monomial z* is represented by v — 1, and
r-(u—m)=r-u
for every r € Z5(0). The Hilbert-Mumford numerical criterion gives
f is T-semistable <= 17 € Conv(Supp(f)),

and
fis T-stable <= 7 € Inty, Conv(Supp(f)),

where Inty;, denotes the interior in the full affine hyperplane Hs. By contrast, polystability is an
orbit-closure condition. The affine torus orbit-closure criterion (see, for example, [Dol03, PV94])
gives

[f] is T-polystable <= T - fisclosedin W <= 7 € relint Conv(Supp(f)),

where the relative interior is taken in the affine hull of Conv(Supp(f)). Consequently, f is
strictly T-semistable precisely when

n € Conv(Supp(f)) but n ¢ Inty, Conv(Supp(f)).

The distinction between relative interior and ambient interior will be important later: a polystable
form may have a positive-dimensional torus stabilizer and hence fail to be stable.
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Theorem 2.2 (Hilbert-Mumford numerical criterion). Let 0 # f € W = Sym® V. The point
[f] € P(W), or equivalently the quintic threefold Xy C P4, is not stable for the G-action if and
only if there exist o € G and a nonzero vector r € Z°(0) such that

Supp(c - f) C I(r)>o0.

It is unstable for the G-action if and only if there exist o € G and a nonzero r € Z°(0) such that

Supp(c - f) C I(r)>o.
In particular, [f] is strictly semistable for G if and only if
1. there exists o € G such that o - f is not stable with respect to the fized torus T'; and
2. for every o € G, the form o - f is semistable with respect to T.

Proof. Every one-parameter subgroup of G is conjugate to one contained in the fixed maximal
torus T'. After the corresponding change of basis, it is therefore enough to test the subgroups
A, with 0 # r € Z5(0). By (2), the \,-weights of the nonzero monomials of o - f are exactly
the integers r - u. The Hilbert—Mumford inequalities are consequently equivalent to the two
displayed support containments. The final statement is the conjunction of nonstability and
semistability. O

2.2 Maximal strictly semistable supports for the fixed torus

We now enumerate the inclusion-maximal supports that can occur for strictly semistable quintics
with respect to the fixed maximal torus. Let

S:={I(r)s0 | 0#1r€Z°0)},

ordered by inclusion. Although the set of vectors r is infinite, S is finite because [ is finite.
For every r € Z°(0), one has
r-n=0.

Hence
n e I(T‘)zo C I(T)ZQ.

It follows that a form whose support is exactly I(r)>¢ is T-semistable, while the defining half-
space shows that it is not T-stable. Thus the maximal elements of S are precisely the maximal
full supports of strictly T-semistable quintics.

Different vectors may define the same subset of I. The following lemma reduces the
classification to finitely many supporting hyperplanes through the barycenter.

Lemma 2.3. Let I(r)>0 be a mazimal element of S. Then there exist three exponent vectors
Uy, U2, uz € I
and a reduced vector r' € Z5(0) such that
1. the Q-vector subspace of Q° spanned by uy,us,us,n has dimension 4;

2. 1’ is orthogonal to that subspace; and

3.
I(’I“)zo = I(T‘/)Zo.
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Proof. Put
S:=1(r)>0

and work in the four-dimensional rational vector space
E:=Q(0)={geQ’|¢-n=0}.

Consider the rational polyhedral cone

o g-u>0 (ues),
K“—{QEE‘q-vgo (wells) (-

The original vector r belongs to Kg, so this cone is nonzero. Moreover, if 0 # ¢ € Kg and
q-v =0 for some v € I\ S, then
5 S I(g)>0

contradicting the maximality of S. Hence every nonzero q € Kg satisfies
qg-v<0 (vell\bs),
and therefore defines exactly the same support:
I(q)>0 = S.

The cone Ky is pointed. Indeed, if both ¢ and —g belonged to Kg, then ¢ would vanish on
every point of I; since I affinely spans Hs, this would force ¢ = 0. Choose an extremal ray of
Kg, and let 7' € Z5(0) be its primitive integral generator. Since E has dimension 4, this ray is
cut out by at least three linearly independent active inequalities. No inequality indexed by I\ S
can be active, by the strict inequality above. Consequently, there exist uy, uo,us € S such that

rour =1 us =1 u3=0

and the three vectors
uy —n, uz — 1, us —n

are linearly independent in Q®(0). Equivalently, w1, us, u3,n span a four-dimensional subspace
of Q°. Finally, the preceding argument gives

I(r')>0 = S = I(r)>o0,
as required. ]

The lemma leads to the following finite enumeration.

Enumeration algorithm. Let F be the finite set of three-element subsets
u = {uy,u,uz} C I.
Initialize a provisional collection of supports by M’ := &, and perform the following steps.
Step 1. For each u € F, let U, C Q° be the subspace spanned by
U, U2, U3, 1.

If dimg Uy, # 4, discard the triple. If dimg U, = 4, compute a primitive integral normal
vector

0+#r € Z5(0)

to Uy, determined up to sign.
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Step 2. For each normal vector obtained in Step 1, add both supports
I(T)ZO and I(—T‘)Zo
to M'.

Step 3. Replace M’ by its closure under the Weyl group S5, acting by permutation of the coordi-
nates, and delete repeated supports. Thus all possible containments

S C (9, S, 8"e M, weSs,
are represented as ordinary containments inside the resulting collection.

Step 4. Delete every support in M’ that is properly contained in another support in M’. Decompose
the remaining maximal supports into Sz-orbits, choose one representative from each orbit,
and choose its reduced defining normal vector in the dominant Weyl chamber

TO > T1 =T > T3> Ty

Lemma 2.3 proves that every maximal element of S occurs in this enumeration. No additional
barycenter test is needed in the quintic case, because n € I(r)—q for every r € Z°(0).

Remark 2.4. The computation may be accelerated by pruning the three-element subsets under
the Weyl group, or by deleting duplicate normal hyperplanes before constructing their supports.
These modifications change only the running time. The exhaustive calculation itself uses exact
integer linear algebra, the two choices of sign of every normal vector, all coordinate permutations,
and exact inclusion tests among subsets of the finite set I.

Proposition 2.5. For (dimV,d) = (5,5), the maximal T-strictly semistable supports are, up to
permutation of the coordinates, the thirty-eight supports

Sk = I(Tk)ZO (k:1,...,38)
listed in Table 5. Fach ry is reduced and is written in the dominant Weyl chamber

TR0 2= Tkl = Tk2 2 Tk3 = TkA-

<1§6> = 325,500

three-element subsets of I. Exact integer row reduction shows that 309,150 of them satisfy

Proof. There are

dimg Spang{u1, ug, uz, n} = 4.

Taking primitive normal vectors, both choices of sign, and all coordinate permutations produces
29,760 distinct supports of the form I(r)>o. Exact inclusion comparison in this Ss-closed
collection leaves 3,350 maximal supports, which decompose into exactly 38 orbits under .Ss.

The vectors displayed in Table 5 are the reduced dominant representatives of these 38 orbits.
For every row, direct computation verifies

4
Z Tki = O) ng(Tk,07 v )Tk,4) = 17
=0

the stated dominant ordering, and the listed value of |I(rg)>0|. Maximality is checked against
every coordinate translate of every candidate support; hence no displayed support is properly
contained in another element of S. Since

n e I(’r‘k):o C Sk,
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a form with support exactly S is T-semistable, while the nonzero one-parameter subgroup A,
shows that it is not T-stable. Thus every Sy is a maximal strictly semistable support. Conversely,
Lemma 2.3 shows that every maximal element of S occurs in the exhaustive enumeration, up to
coordinate permutation. O

Table 5: The thirty-eight maximal strictly T-semistable monomial
supports, represented by their reduced dominant normal vectors.

k Tk | Sk

1 (36,1, —4,—-9, —24) 58

2 (27,2,-3,-8,—18) 59

3 (3,0,0,—1,-2) 62

4 (24,9,—6,—11,—-16) 62

5 (21,6, —4,—-9,—14) 62

6 (18,3, —-2,—-7,—-12) 62

7 (5,1,0,—2,—4) 63

8 (4,2,-1,—-2,-3) 63

9 (19,4,-1,-6,-16) 64
10 (12,2,-3,-3,-8) 64
11 (14,4,-1,-6,—11) 65
12 (13,8, —-2,—-7,—-12) 66
13 (3,2,0,—2,-3) 67
14 (4,1,0,-1,-4) 67
15 (9,4,-1,—6,—6) 68
16 (3,2,1,—-2,—4) 69
17 (12,7,2,-8,—13) 69
18 (4,2,0,—1,-5) 69
19 (2,1,0,-1,-2) 69
20 (8,3,—2,—2,-7) 69
21 (16,11,6,—9, —24) 70
22 (16,6,1,—4,—-19) 70
23 (4,-1,-1,-1,-1) 70
24 (14,9,4, -6, —21) 71
25 (11,6,1,—4,—14) 71
26 (24,9,4,—1,-36) 73
27 (18,8,3,—2,—27) 73
28 (12,7,2,-3,—18) 73
29 (6,1,1,—4,—4) 73
30 (6,6,1,—4,-9) 73
31 (7,2,2,—-3,-8) 74
32 (3,3,-2,—2,-2) 75
33 (2,1,0,0,—-3) 76
34 (8,3,3,—2,-12) 76
35 (4,4,—-1,—1,—-6) 76
36 (1,0,0,0,—1) 80
37 (2,2,2,-3,-3) 81
38 (1,1,1,1,—4) 91
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3 Boundary families for the full SL(5)-action

In this section we pass from the maximal T-strictly semistable supports
Sk:I(Tk)Z(), k‘ZI,...,38,

enumerated in Proposition 2.5 to boundary families for the full SL(5)-action. We keep the
distinction between prequotient loci and quotient-side boundary families throughout the section.
Let
G =SL(5), W=Sym’°C®>  MCT=pw)*//G,

and let
m: P(W)* — MEIT

be the good quotient map. We write
S = B(W)* \ B(W)*
for the strictly semistable locus before taking the quotient, and
OMCIT . 7(25%) ¢ MEIT

for the GIT boundary in the quotient.

3.1 The prequotient and quotient-side families

For each maximal support S, set
Vi := Spanc{z" |u € Sp} C W.
We also use the notation

P(Vi)° :=={[f] € P(Vk) | Supp(f) = Sk}

Thus P(V%)° is the open locus in the support family on which all monomials in Sy occur with
nonzero coefficient. When we speak of a general quintic supported on Sk, we mean a point of a
nonempty Zariski-open subset of P(V})°.

Define

Y, :=G-P(V) C P(W),
where the closure is taken in P(W). Since
Sk = 1(rk)>o0,

every point of P(V}) is not stable with respect to the one-parameter subgroup A,,. Hence every
point of G - P(V}) is not stable for the G-action. As the stable locus is open, the closure Y}, is
still contained in the non-stable locus:

Yi € (W) \ B(W)5.

Consequently,
Y NP(W)*° =Y, N X%,

We define the k-th prequotient boundary family by

B =Y, NY* =G -P(Vy) N T C P(W)*.
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The corresponding quotient-side boundary family is
By, := (D) € OMET,

Thus &Dk is the G-saturated prequotient locus associated with the support Sk, whereas @, is its
image in the GIT quotient.
All inclusions among the symbols ®;, are henceforth inclusions inside the quotient MSIT. In
particular, a statement such as
P, C Py

is a quotient-side statement. Similarly, the notation

always denotes the dimension of the quotient-side family, not the dimension of the prequotient
locus @y, inside P(W)**.

3.2 Covering of the strictly semistable locus

The maximal supports from Proposition 2.5 cover all strictly semistable quintics after allowing
an SL(5)-change of coordinates. This gives the prequotient covering statement.

Proposition 3.1 (Covering by the maximal-support families). For the natural action of
G = SL(5) on P(W), one has B N
Y =01 U UDss.

Consequently,
8MGIT =P U---UDsg.

Proof. The inclusion N N
P U---Udgg C X%

is immediate from the definition of the prequotient families.
Conversely, let [f] € X%, Since [f] is not stable, the Hilbert—Mumford numerical criterion
gives an element o € G and a nonzero one-parameter subgroup

Ar(t) = diag(t", ..., t"), r=(ro,...,r4) € Z°(0),
such that
Supp(o - f) C I(r)>o.

Because [f] is semistable for G, the point o - [f] is semistable for the fixed maximal torus 7.
Equivalently,
n= (17 L,1,1, 1) € CODV(SUpp(O’ : f))

Choose a maximal element of the finite collection
{I(s)>0]0# s €Z(0)}

which contains Supp(o - f). Since this maximal support contains the support of a T-semistable
form, its convex hull contains 7. Hence, by Proposition 2.5, it is a coordinate permutation of
one of the thirty-eight supports

Sl, cey Ssg.

After composing ¢ with the corresponding coordinate change, we obtain some g € G and some
k such that

g-[f] € P(Vy).
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Therefore N
[f] € G-P(V}) NX% C Dy

This proves _ N
YT P U UPss.

Applying the quotient map 7 gives

BMGIT = 77(288) =P U UPsgs.

4 Quotient-side identifications from supporting hyperplanes
The thirty-eight labels
Sp=1I(ry)s0, k=1,...,38,

record oriented half-space supports for the fixed diagonal torus. The orientation is relevant
before taking the quotient: replacing r, by —r; exchanges the two sides of the supporting
hyperplane. The good quotient, however, retains only the weight-zero degeneration on the
supporting hyperplane. We make this precise below and then apply it to the thirty-eight normal
vectors of Proposition 2.5.

Throughout this section, put

X =P(W), X :=PW)*,

and let
T X% — MOIT

be the good quotient map. We use the standard facts that a good quotient maps closed G-invariant
subsets to closed subsets and is constant on G-orbits; see, for example, [MFK94, Dol03].
4.1 The quotient image is determined by the weight-zero subspace

Let
0 #7" = (7"0,...,7"4) € Z5(0)7

and write the corresponding weight decomposition as

W = GB Wi (), Wi (r) :== Spanc{z" | 7 - u = m}.

meZ
Set
Vir) = @ Wi (r) = Spang{z" | r - u > 0}
m>0
and
Z(r) .= Wy(r) = Spanc{z" | r - u = 0}.
If
Hr = Ar(Gm)7
then
Z(r)=whr

Finally, define
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and
O(r) :=7(Y(r)n X*%) ¢ MET,

Every point of P(V (r)) is non-stable with respect to A,. Hence Y (r) is contained in the non-stable
locus, and
Y(r)nX** =Y (r)nx%.

For the normals in Proposition 2.5, one has
V(T‘k) = Vk, Y(Tk) = Yk, (I)(Tk) = (I)k.

Lemma 4.1 (Zero-weight reduction in the good quotient). For every nonzero r € Z>(0), one
has

O(r) = n(P(V(r)) N Xss) = n(P(Z(r)) N X*9), (4)
where the closures are taken in MSGIT,

Proof. Set
A(r) =PV (r)) n X*.
We first prove
O(r) = mw(A(r)). (5)

If A(r) = @, then P(V(r)) is contained in the unstable locus, which is closed and G-invariant.
Therefore Y (r) N X* = @, and (5) is immediate.

Assume now that A(r) # @. Since X* is open in X, the subset A(r) is a nonempty open,
hence dense, subset of the projective space P(V(r)). Consequently,

Y(r)NX* =G A(r)

Indeed, G x A(r) is dense in G x P(V(r)), so the action morphism shows that G - P(V (r)) is
contained in the closure of G - A(r).

The subset Y (r) N X*% is closed and G-invariant in X**. Hence its image under the good
quotient is closed. Since it contains A(r), we obtain

7(A(r)) C 7(Y(r) N X*%).
Conversely, continuity of 7, together with its G-invariance, gives
(Y (r) N X*%) C 7(G - A(r))
(A(r))-

Il
3

This proves (5).
It remains to replace V (r) by its weight-zero subspace. Let [f] € A(r), and write

f=fo+ f>o, foe Z(r), f>o0 € @Wm(ﬂ

m>0

By (3),
lim A (t) - f = fo

in the affine space W. Since [f] is semistable, there exists a homogeneous invariant
FecCw)®
of positive degree such that F'(f) # 0. The invariance of F' gives

F(fo) =l FOM(1) - ) = F(f) #0.
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Thus fo # 0 and [fy] € X*%.
The morphism
G — X%, t— A(2) - [f],

extends to A! with value [fy] at 0. Its composition with 7 is constant on G,,. Since MEIT is
separated, the composition is constant on A', and therefore

m([f]) = =([fo])-

It follows that

T(P(V(r)) N X*) Cx(P(Z(r)) N X>).
The reverse inclusion follows from Z(r) C V(r). Hence the two images are equal. Combining
this equality with (5) proves (4). O

Corollary 4.2 (Supporting-hyperplane invariance). Let 0 # r,s € Z5(0). If there exists g € G
such that

Z(s) = gZ(r),
then
®(s) = @(r)
In particular:
1. one has
q)(r) = @(—T),
2. if
Hs = gHrg_l
for some g € G, then
B(s) = @(r)

Thus the quotient-side family is determined by the zero-weight monomial subspace, up to the
G-action.

Proof. The element g preserves the semistable locus, and the quotient map satisfies 7(g-x) = ().
Hence
m(P(Z(s)) N X*%) = n(P(Z(r)) N X*%).

Taking closures and applying Lemma 4.1 gives ®(s) = ®(r).
For the first special case, one has

For the second, conjugacy of the one-dimensional subtori gives
Z(s) = W = gWwHr = gZ(r).
Both assertions therefore follow from the general statement. O

Remark 4.3. Lemma 4.1 applies to every semistable point of P(V(r)), not only to a general
full-support form or to a chosen normal-form locus. Thus the quotient-side identifications below
do not require a case-by-case comparison of the closed-orbit normal forms.
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4.2 The involution on the thirty-eight normal vectors

Let
p: ToFH——> T4, X1 +H——> XT3, TQ+H——> T2, T3+H——>T1, IT4+—> XQ.

The underlying permutation is (04)(13), so

det(p) =1
and hence p € G = SL(5).
For
r= (T()) r,re,r3, T4),
define

L(T) = (—?”4, —r3,—re,—T1, —7'0).

Conjugation by p reverses the entries of the weight vector:

p)\r(t)pfl = >‘(7’4,7’3,7’2,7’1ﬂ’0)(t)‘
Since a one-parameter subgroup and its inverse have the same image,

H( :HL(T‘)'

74,73,72,71,70)
Consequently,

O(r) = @(u(r)) (6)
by Corollary 4.2.

For the dominant normal vectors in Proposition 2.5, the involution ¢ has the seventeen
two-cycles displayed in Table 6.

Table 6: The seventeen opposite-half-space pairs.

pair (k, k') Tk o(ry) =1y

(1,26) (36,1, -4, —9, —24) (24,9,4, 1, —36)
(2,27) (27,2,-3, -8, -18) (18,8,3, 2, —27)
(3,33) (3,0,0, -1, —2) (2,1,0,0,—3)
(4,21) (24,9, -6, —11, —16) (16,11,6, —9, —24)
(5,24) (21,6, 4, -9, —14) (14,9,4, —6, —21)
(6,28) (18,3, -2, -7, 12) (12,7,2, -3, —18)
(7,18) (5,1,0, -2, —4) (4,2,0,—1,-5)
(8,16) (4,2,~1,-2,—3) (3,2,1,-2, —4)
(9,22) (19,4, —1, -6, —16) (16,6,1, —4, —19)
(10, 34) (12,2, -3, -3, -8) (8,3,3,-2,—12)
(11,25) (14,4, -1, -6, —11) (11,6,1, —4, —14)
(12,17) (13,8,-2,-7,-12) (12,7,2, -8, —13)
(15, 30) (9,4, -1, -6, —6) (6,6,1, —4, —9)
(20,31) (8,3,-2,-2,—7) (7,2,2,-3,-8)
(23, 38) (4,-1,-1,-1,-1) (1,1,1,1,—4)
(29,35) (6,1,1, -4, —4) (4,4, 1,1, 6)
(32,37) (3,3,-2,-2,-2) (2,2,2,-3,-3)

For every row (k,k’) of Table 6, equation (6) gives
Dp = O(r) = P(u(rg)) = @(rpr) = Py (7)

We record all seventeen equalities in one proposition.
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Proposition 4.4 (Opposite-half-space identifications). One has
D = Pgg, Po = Doy, B3 =0>P33, Py= Dy, P5=Doy, Pg=Pog,
G7 = D1z, Pg= P15, Pg= Doy, P1g=P3y, D11 = D25, P12 = Py,
P15 = P3g, Pog = P31, Pog = P3g, Pog = P35, P32 = P37.
Proof. Apply (7) to the seventeen rows of Table 6. O

The four remaining dominant normals are fixed by ¢:
ri3 = (3,2,0,-2,-3), ri4 = (4,1,0,—1,—4),
r9 = (2,1,0,—1,-2), r36 = (1,0,0,0, —1).
Thus the involution on the thirty-eight dominant half-space labels has seventeen two-cycles

and four fixed points. Equivalently, the thirty-eight oriented half-space supports arise from
twenty-one supporting hyperplanes up to coordinate permutation and reversal of the normal.

Corollary 4.5 (Reduction to twenty-one candidate quotient images). The GIT boundary is
covered by the following twenty-one quotient images:
D1, ®o, ..., P15, P19, P20, P23, Pag, P32, Pse-
FEquivalently,
8MGIT:Q>1U<I>2U---U<I>15U<I>19UQ>20
U P93 U Pog U P39 U Pgg.

(8)

Proof. Proposition 3.1 gives the cover by all thirty-eight support-indexed images. Replacing the
second member of each two-cycle in Table 6 by the first member and applying Proposition 4.4
gives (8). O

Remark 4.6. At this stage the twenty-one entries are quotient images selected from the support-
indexed cover. Section 5 constructs a nonempty polystable locus in each entry and proves
that these images are closed and irreducible. Section 6 then excludes all further equalities and
containments.

5 The twenty-one closed-orbit families

The preceding section reduces the boundary cover from thirty-eight oriented support labels to
twenty-one quotient images. From this point through the end of the main body we use the
component index a = 1,...,21. We choose

k(a) =1,2,3,4,5,6,7,8,9,10,11,12, 13, 14, 15, 19, 20, 23, 29, 32, 36
in that order, and put
Ou = Py, Fai= ey, Xa:=V(F,) CPL
Let k' be the partner of k(a) in a two-cycle, and let
p(xo, 21, T2, x3,4) = (x4, X3, T2, T1, T0).
Then p identifies the zero-weight spaces,
Z(ryr) = pZ(Ti(a));

and Corollary 4.2 gives ®p = Pp,) = O,. Thus one selected support label suffices at the
level of quotient images. This statement does not assert that p carries the two displayed
normal-form formulas coefficientwise into one another: residual centralizer normalization and
a reparametrization may still be required after applying p. The relation between the paired
normal-form loci and the general closed orbit of ©, is recorded precisely after Corollary 5.2.

24



5.1 Centralizer reduction and closed-orbit criteria

For an original support case k, let f; be a general quintic supported on Sy = I(rg)>0, and set
Gk = Hm Ar, () - fs Hy := X\ (Ga), Ck = Cg(Hy,).

The limit ¢y, is the weight-zero part of f; and belongs to the fixed space WHk. Since H}, is a
torus, C}, is reductive; since H}, acts trivially on W ¥ the action factors through Cj, /Hy. Affine
Luna reduction gives

G-¢pisclosedin W <« Cj - ¢y is closed in Wk, (9)

When the effective centralizer C}/Hj, is a torus, we use the standard relative-interior criterion:
for a torus acting linearly on a vector space, the orbit of a vector is closed if and only if the
origin lies in the relative interior of the convex hull of the characters occurring with nonzero
coefficient. We abbreviate this test by C-H.

For the non-toric centralizers we use the following criterion. Let R be a complex reductive
algebraic group acting on an affine variety X, and write

Y (R) := Homag grp (G, R).

For n € Y(R), put
Pr(n) = {g €R

. -1 . .
%g% n(t)gn(t)™" exists in R} .

Two one-parameter subgroups 7,1’ € Y (R) are called opposite if Pr(n) N Pr(n’) is a Levi
subgroup of both parabolic subgroups. For x € X, define

Al = {nev(r)

I ' e
tl_rg%n(t) x exists in }

A subset of Y'(R) is symmetric if every member has an opposite member in the subset.

Theorem 5.1 (Casimiro—Florentino criterion). Let R be a complex reductive algebraic group
acting on an affine variety X, and let x € X. Then

R-zis closed in X <= AR is symmetric.

This is [CF12, Theorem 4.9]. The inverse one-parameter subgroup 7~ (t) = ()~ is opposite
to 7, because
Pr(n) N Pr(n™") = Cr(n(Gm))

is a Levi subgroup of both parabolics. Hence invariance of A® under n + 5! is sufficient
for closedness. We abbreviate this test by C-F. In the support calculations of Appendix A,
generic nonvanishing, discriminant, resultant, and residual-stability conditions combine with
linear balancing identities to prove the required inversion symmetry.

More precisely, in a non-toric support case we start with an arbitrary

1

C
nei ¢: ,

diagonalize 7 inside the repeated-weight blocks of Cf, and translate existence of the affine limit

into nonnegativity conditions on the weights of the monomials occurring in ¢. The genericity

conditions, the determinant-one relation, and the resulting balancing identities force 7 to lie in

the distinguished torus Hj, which acts trivially on W#*. In each non-toric case the conclusion

has the form
C, m
A¢: ={\, (") | m e Z}.
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This set is invariant under m + —m, hence symmetric. It follows that Cj, - ¢y, is closed in WHk,
and (9) then gives that G - ¢y is closed in W.

After closedness has been established, the residual action of Cy, together with projective
rescaling, is used to eliminate redundant coefficients and obtain an explicit normal form QSEf.
Thus every support calculation in Appendix A has three steps: extraction of the weight-zero
limit, proof of polystability, and reduction to normal form. The support-by-support organization
is retained in that appendix because these operations depend on the original thirty-eight maximal
supports; the main body records only one representative for each quotient component.

5.2 Component representatives and dimensions

Table 7 records one general polystable weight-zero representative for each quotient image, the
closed-orbit test, and its quotient dimension. The full support-indexed list and every case-by-case
verification are given in Appendix A.

Let us put

By (u,v) :=uv(u —v)(u — \v), By, (u,v) :=v(u —v)(u — \)(u — pv).

Here Bg,Cq,Q4, Lq, My denote general forms of the indicated degree, and ()22 denotes a
bihomogeneous form of bidegree (2,2). All parameters are understood to lie in the relevant
nonempty Zariski-open generic locus.

Table 7: Closed-orbit representatives for the twenty-one quotient components.
The second column records the orbit of the oriented support label under reversal
of the supporting half-space; a singleton is a fixed case. The displayed normal
form is attached to the selected representative label, and no coefficientwise
identification of paired displayed formulas by coordinate reversal is asserted.
The tests C-H and C-F are the relative-interior and Casimiro—Florentino criteria
described in this section.

a support Test Representative F, = d)',;fa) Parameters da
orbit
1 1+ 26 C-H Fy = :c‘llxg + xoa:g + xoxgx4 a € CX 1

2
+ zox1T2T3T4 + axozi

2 227 C-H ;= z“fx% + :E‘llxg + zoxga:g + $0$SI4 a,3 e Cx 2

2.3
+ axorizow3Ts + BryTy

3 333 C-F F3= Bs(z1,72) + zox223 Bs: general 6
+ xo (oc% + z%)x3x4 + 1’(2)5’32 binary quintic
4 421 C-H Fy = z%xg + xi’azg:u + xox% + xoazlxg a,B e Cx 2

2
+ azorizoz3Ts + BT

5 5424 C-H Fy=a2zd + 323 + adzoxy + xoxdas a, B,y € C* 3

+ oea:ga:la;g + Broxir2r3Ts + 'ym%a:z

6 628 C-H Fs=alad +2dmoxs + atey + zozdad o, 3,7,6, 5
+ axorizs + BromiTd + YToT1T2TITA €€ Cx

2.2 2
+ dwoxiad 4 exdal

7 718 C-H F; = a:g + x%m%xg, + 13411564 + xomlzg a,3 e Cx 2

+ azoz1zaT3Ts + friTsas

8 816 C-H Fg=az2aizs + 2322 + zoxs + xom123 o, e Cx 2

2 2
+ azoxix2w3Ts + Prir3ay

continued on the next page
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a support Test Representative F, = d)'];fa) Parameters da

orbit
9 922 CH Fy=axz125 + 222323 + axda? + ziazg a,,7,8 € CX 4
+ xoxzzg + ,onzgm + YroT1T2T3T4
+ 5.73(2).’17393421
10 10+ 34 C-F Fio =x‘%Qq(mQ,zS)+z‘11x4+xoB>\(x2,a:3) )\E(C\{O,l}; 8
+ zox124 Re (2, 23) + Broxiz? 4+ xda) qreC? gecC
11 11425 C-H Fi1 = 2125 + aziedzs + fricl + adxozy a, B3,7,9, 6
+ 'yxoazgccg + xoxgzu; + 5x0r1:c§ 6, €Cx
+ exor1ToT3T4 + Cxox%xﬁ + 1(2)3”333421
12 12+ 17 C-H Fi2 = xlzv% + ax%:pgx% + B:p%x%m;l + z‘faﬁ a, ,7,9, 5
+ xoz§z3 + 'y:voa:lwg + dzor1X2T3T4 €€ C~
+ ex%x%:u + x%zQJci
_ .5 3 2.2 3.2 x
13 13 C-H Fi3 = x5 + axixsx3 + frizexs + xixy a,B,7,6€C 4
+ xowgfm + yxox1x203%4 + w%ﬂcg
+ 63:%332@21
_ .5 3 2 .2 4 4 x
14 14 C-H Fi4 = 25 + ax1z523 + frizers + 724 + ToT3 a,B,v,6 € C 4
+ 'yxoa:g:m; + dxor1T2T3T4 + x%xzxz
15 15430 C-F Fi5 = z1205 + a2x3z3 v, B €C; 9
+ :v‘f('y:vg + Bxrsxy + xﬁ) + xomgml R € Sym?(z3, 24);
3 e
+ zox1aR(x3, 24) + 25 B(w3, T4) B € Sym*(z3, z4)
_ .5 3 2 2 2 2
16 19 C-H Fig = v5 + ax1w523 + Brizrers + yrirses a, 3,7, 6, 8
+ x?x3r4 + Jxoxgxg —+ erox‘;’am + xoxlxg 6, &0 € cx
+ oz waw3Ta + Exoria] + adaiay
+ Hm(%a:gxi
17 20431 C-F Fi7 = 2B u(22,23) + 27Ce (22, 23) + 22274 A, p distinct in 11
+ zox124Qq (%2, T3) + Tox2? C\{0,1};
4 3
+x8x3Mm(zg,x3) ceChaqel,
m € C?
18 234+ 38 C-F Fig =x0Bs(z1,22,73,24) By: smooth quartic 19
surface in P3
19 29435 C-F Fig =xz3A4(z1,22) + 24Ca(z1,22) Ay, Cy: binary quartics; 15
+ 20Qa2,2(x1, w25 T3, T4) + Tq3T4 (T3 — T4) Q2,2 of bidegree (2,2)
20 32437 C-F Fa = x2Co(w2,23,24) + zo21C1 (T2, T3, T4) Co,C1,Ca: ternary cubics 18
+ 23 Ca (22, 3, 24)
21 36 C-F Fy1 = Bs(z1,x2,23) + zoraCs(z1, 22, 23) Bs,Cs: ternary forms 24

+ xgx:),aci of degrees 5,3

Corollary 5.2 (Twenty-one closed irreducible quotient-side families). The twenty-one quotient
images listed in Table 7 are nonempty closed irreducible subvarieties and cover the GIT boundary:

OMET =0, U UBOy,

The subvarieties are indexed by Oy = Py(y), as fized above, and their dimensions are the numbers
dg in the last column of the table.

Proof. Appendix A constructs, for every oriented support case, a nonempty open family of
weight-zero limits with closed G-orbit and reduces it to the displayed normal form. Thus every
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selected @y (,) is nonempty. The variety Yj(,) N X*° is a nonempty irreducible closed G-invariant
subset of X%%; its image under the good quotient is therefore closed and irreducible. The covering
statement is Corollary 4.5, and the dimension calculations are those in Appendix A. ]

Remark 5.3 (Paired normal-form loci). Let k' be paired with k(a). The constructions in
Appendix A start from nonempty open full-support loci for both labels and reduce their weight-
zero limits to the respective displayed normal forms. The quotient images of these normal-form
loci are therefore dense constructible subsets of @ = @) = O,. Since every fiber of a good
quotient contains a unique closed orbit, a general point of ©, has that closed orbit represented,
up to projective equivalence, by a general member of the selected family F,. No coefficientwise
identification of the two displayed formulas by p is asserted or needed.

Remark 5.4. This corollary is still a covering statement. Pairwise non-inclusion, and therefore
the assertion that the ©, are exactly the irreducible components, is proved in the next section.

6 Generic stabilizers, non-inclusion, and the component theorem

Table 7 fixes the representative label k(a) and records the dimension d, = dim ©, for every
component. The dimensions are retained as part of the classification, but they are not needed
for pairwise non-inclusion: the stabilizer argument below treats all ordered pairs simultaneously.
By Corollary 5.2,

8MGIT =0O1U---UB9. (10)
We prove that this cover is already the irreducible-component decomposition.
Theorem 6.1 (Pairwise non-inclusion and boundary components). For any two distinct indices
a,be {1,...,21}, one has

O4 Z Oy

inside MSTT . Consequently, ©1, ..., 091 are precisely the irreducible components of IMEIT; in

particular, the strictly semistable GIT boundary has exactly twenty-one irreducible components.

The proof has three ingredients. First, the generic connected stabilizer along ©, is the
one-dimensional torus defined by its supporting hyperplane. Second, these twenty-one tori are
pairwise nonconjugate in G. Third, Luna’s étale slice theorem implies that an inclusion ©, C Oy
would force a conjugate of the generic connected stabilizer of © to be contained in that of O,.
Since both are connected one-dimensional tori, such an inclusion is an equality, yielding the
required contradiction.

6.1 Generic connected stabilizers

For the representative case k(a) fixed in Table 7, set
Ta = Tk(a) H, =), (Gm) C @G. (11)

Every monomial occurring in the Case k(a) normal form has r,-weight zero. Hence H, fixes
every member of that normal-form family as a vector, not merely projectively.
Let g := sl5. For a nonzero quintic F' € W = Sym® C?, consider the linear map

Drp:gdC— W, (A,c) —> A-F —cF, (12)

where A - F' is the infinitesimal action associated with the action convention in (1). We use the
following basis of g:

o . 0 o)
szai% (¢ # 7)), xif)isci_maim

and append the projective-scaling column —F. With respect to the 126 degree-five monomials,
Dr is represented by a 126 x 25 matrix.

(0<i<3),
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Lemma 6.2. For every nonzero quintic F', projection to the first factor induces an isomorphism
ker(Dp) — Lie(Stabg([F])) .

Consequently,
dim Stabg([F]) = 25 — rank(Dp). (13)

Proof. An element A € g is tangent to the projective stabilizer of [F] precisely when A-F € CF.
This is equivalent to the existence of ¢ € C such that Dp(A,c) = 0. Since F' # 0, the scalar ¢ is
uniquely determined by A, so projection to g is an isomorphism onto the projective stabilizer
Lie algebra. Over C, the stabilizer is a smooth algebraic group, and its dimension equals the
dimension of its Lie algebra, giving (13). O

For a primitive vector r € Z5(0), define its unsigned permutation signature by

v(r) := min{sort(r),sort(—r)}, (14)

lex

where sort denotes increasing rearrangement.

Proposition 6.3 (Generic connected stabilizers). For a general closed-orbit normal form
representing O, one has
Stabg([F])° = H, (1<a<2l).

FEquivalently, the generic connected stabilizer along O, is the conjugacy class of H,.

Proof. Let P, be the irreducible coefficient space of the displayed Case k(a) normal form before
deleting the genericity discriminants, and let Fj,(u) denote the corresponding universal form.
Because all monomials of F,(u) have r,-weight zero, the infinitesimal generator

R, = diag(rq0,...,7q4) € sl5
satisfies R, - F,(u) = 0 identically on P,. Thus
rank D, (y) < 24 for every u € P,. (15)
We now certify that equality occurs. Fix
p = 1,000,003.
For each a, the ancillary file filter2_certificates. json records the following exact data:
1. an integral specialization F* of the Case k(a) normal form;
2. twenty-four row indices and twenty-four column indices in the integer matrix of Dgs; and
3. the determinant §, of the selected 24 x 24 submatrix, reduced modulo p.

The residues d, are listed in Table 8, and all are nonzero. Since the selected submatrices have
integer entries,

0o Z0 (mod p) = det(C,) #0in Z.

Therefore the corresponding 24 x 24 minor of the universal matrix Dr, (y) is a nonzero polynomial
on P,. Hence rank D, () > 24 on a nonempty Zariski-open subset of F,. Together with (15),
this gives

rank Dp, (q) = 24

for general u € P,.
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The integral test point F} need not itself satisfy every genericity condition imposed in the
normal-form table. Indeed, the rank-24 locus is a nonempty open subset of the irreducible space
P,, while the general closed-orbit locus constructed case by case in Appendix A and summarized
in Section 5 is another nonempty open subset of P,; the two open subsets therefore intersect.

By Lemma 6.2, the general projective stabilizer has dimension one. It contains the connected
one-dimensional torus H,, so its identity component is exactly H,. Finally, the quotient image
of the general normal-form locus is a dense constructible subset of ©,, hence contains a dense
open subset; this proves the assertion about the generic connected stabilizer along ©,. U

Table 8: Exact modular certificates for the generic projective stabilizer com-
putation. Here C, is the selected 24 x 24 integer submatrix of Dpy, and

p = 1,000,003.
a k(a) v(ra) det(Cq) mod p
1 1 (—36,—-1,4,9,24) 28050
2 2 (-27,-2,3,8,18) 818759
3 3 (-3,0,0,1,2) 341126
4 4 (- 24 -9,6,11,16) 749212
5 5 (—21,-6,4,9,14) 871295
6 6 (— 18,73 2,7,12) 515005
77T (=5,-1,0,2,4) 419273
8 8 (- 4,—2,1,2,3) 226555
9 9 (-19,—4,1,6,16) 925602
10 10 (—-12,-2,3,3,8) 658896
11 11 (—14,-4,1,6,11) 266577
12 12 (—13,-8,2,7,12) 910121
13 13 (—3,-2,0,2,3) 157960
14 14 (—4,-1,0,1,4) 506192
15 15 (-9,-4,1,6,6) 882759
16 19 (-2,-1,0,1,2) 843397
17 20 (-8,-3,2,2,7) 538703
18 23 (—4,1,1,1,1) 247964
19 29 (—6,—1,—1,4,4) 133397
20 32 (—3,-3,2,2,2) 392541
21 36 (—1,0,0,0,1) 206888

Remark 6.4 (Verification of the certificates). The script filter2_stabilizer.py reconstructs
every specialized normal form and every 126 x 25 matrix from the data in filter2_certificates.
json. It verifies the weight-zero condition, the infinitesimal kernel vector, each displayed
nonzero modular determinant, and the pairwise distinct signatures. The independent script
independent_sympy_check.py reconstructs the matrices by symbolic differentiation and verifies
rankg Dpx = 24 for all twenty-one cases. No floating-point rank computation is used.

6.2 Conjugacy classes of the generic tori

Lemma 6.5. Let r,s € Z°(0) be primitive. The one-dimensional subtori \.(G,,) and \s(G,,)
of SL(5) are conjugate if and only if

Proof. Because r and s are primitive, the cocharacters A, : G, = A\ (Gy,) and g : G, = As(Gypy)
are isomorphisms onto their images. A conjugacy between the two image tori therefore induces
an algebraic-group automorphism of G,,, necessarily ¢ ~— t or t — t~!. The restrictions of
the standard five-dimensional representation to the two tori must consequently have the same
multiset of weights, up to a common sign. This is precisely the equality v(r) = v(s).
Conversely, equality of the signatures gives a permutation of the coordinate weight spaces
carrying the weights of r to those of s, possibly after replacing s by —s. A permutation matrix
realizes this conjugacy in GL(5); if its determinant is not one, multiply it by a diagonal matrix
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centralizing the torus and having the inverse determinant. The resulting conjugating matrix lies
in SL(5). O

Corollary 6.6. The tori Hy, ..., Ho1 are pairwise nonconjugate in G.

Proof. The twenty-one signatures in Table 8 are pairwise distinct, so the claim follows from
Lemma 6.5. O
6.3 The Luna closure obstruction

We now isolate the specialization statement needed for the component proof. The saturation
step below ensures that the stabilizer-subgroup property holds over an actual open neighborhood
in the quotient, rather than only on a chosen slice chart.

Lemma 6.7 (Luna closure obstruction). Let Z1, Zs C MECIT pe irreducible closed subvarieties.
Suppose that there are dense open subsets U; C Z; and connected reductive subgroups K; C G
such that, for every z € U;, the identity component of the stabilizer of the unique closed orbit
over z is conjugate to K;. If Z1 C Zs, then a conjugate of Ko is contained in K.

Proof. Choose z € Uy, let G - [F] be the unique closed orbit over z, and put
S := Stabg([F)).
After conjugating K7, we may assume that
S° = Kj.
Choose a homogeneous invariant I € C[W]% of positive degree with I(F) # 0, and set
Xp = {[f] € POW)™ | 1(f) #0}.
This is a G-invariant affine neighborhood of [F]. Its good quotient
w1 X — Qr:=X1//G

is an open neighborhood of z in MSIT,

Apply Luna’s étale slice theorem at the closed orbit G - [F] [Lun73]; compare also [Lun75].
After shrinking the slice, the strongly étale local model G x° V gives a G-invariant open
neighborhood O C X of G - [F] such that, for every y € O, the stabilizer G, is conjugate to a
subgroup of S. In the slice tube, this is the identity

Glgu] = 9509+ C gSg "

We pass from this equivariant neighborhood to a saturated neighborhood over the quotient.
Put
C:=Xr\O.

Then C is closed and G-invariant, so 7;(C) is closed in ;. Moreover,
z ¢ > ](C )

Indeed, if y € C satisfied 77(y) = z, then the closure of G - y would contain the unique closed
orbit G - [F] in that fibre. Since C' is closed and G-invariant, this would imply [F] € C, contrary
to [F] € O. Therefore

Q:=Qr\m(C)
is an open neighborhood of z, and

Q) C O. (16)

31



Because Z; C Z3, the point z lies in Z5. Hence Q) N Z3 is a nonempty open subset of the
irreducible variety Zs, and it meets the dense open subset Us. Choose

qeQNUs

and let G - [E] be the unique closed orbit over ¢q. By (16), one has [E] € O, so a conjugate of
Stabg([E]) is contained in S. Since ¢ € Us, the identity component Stabg([E])° is conjugate to
K5. Consequently, a conjugate of K5 is contained in S. Since K5 is connected, that conjugate is
contained in

S° = Kj.
This proves the claim. ]

Proof of Theorem 6.1. Suppose that ©, C 0, for distinct indices a and b. By Proposition 6.3
and Lemma 6.7, there exists g € GG such that

gHbg_l c Ha-

Both sides are connected one-dimensional tori. A proper closed subgroup of an irreducible
one-dimensional algebraic group has dimension zero, so this inclusion must be an equality. Thus
H, and H, are conjugate, contradicting Corollary 6.6. Hence

SPRVAIC)) (a#b)

It remains to identify the irreducible components. Let C' be an irreducible component of
OMEIT | Since the boundary is the finite union in (10), the irreducible set C is contained in some
©;. Since ©; is itself an irreducible closed subset of the boundary, the maximality of C' gives
C = ;. Conversely, every ©; is contained in an irreducible component C;, and the preceding
argument gives C; = O; for some j. Thus ©; C ©;, so pairwise non-inclusion forces ¢ = j and
hence C; = ©;. Therefore Oq,..., 05 are exactly the twenty-one irreducible components of

aMGIT‘ O
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7 Comparison with Lakhani’s classification

Having proved the complete component theorem, we now compare it with the earlier study
of the GIT compactification of quintic threefolds by Lakhani [Lak10]. Since the two papers
organize the boundary in rather different ways, we record the precise dictionary between their
families and separate the results already obtained in [Lak10] from the additional results proved
here. Lakhani uses non-stable for the union of the unstable and strictly semistable loci. He
first isolates seven families SS1,...,SS7, then takes their one-parameter-subgroup limits to
four families MO—A,...,MO—D, which he calls the first level of minimal orbits, and finally
studies ten further families MO2—1,... MO2—X arising from special degenerations of those
four families. The present paper instead takes as its primary object the quotient-side boundary

OMET = m(B(W)** \ B(W)?)

and distinguishes throughout between a maximal monomial-support family before taking the
quotient and its image in MS!T. This distinction is essential for comparing the two classifications.

The dictionary between the two classifications. There is first a sign convention to take
into account. If r = (rg,...,r4) is one of Lakhani’s normalized one-parameter subgroups, then
his associated non-stable monomial family is M<q(r). With the action convention used here,

M<o(r) = I(=7)>0.

After returning —r to the dominant Weyl chamber by reversing the coordinates, its dominant
representative is
L(T> = (—T4, —r3, —re,—T1, _TO)'

We retain Lakhani’s notation ¢, (U | V') for a general bihomogeneous form of bidegree (a,b) in
the indicated blocks. With this convention, the correspondence is the following. The equality in
the fourth column is an equality of the closures of the quotient images of the general closed-orbit
loci; it is not a literal equality of the displayed parameter spaces before coordinate changes and
residual centralizer normalization.

Lakhani First-level form Lakhani type / present Present quotient dim
family support component
MO—A  go23(xo,21 | 22,23, 24) SS1 <+ Saz Oz = P32 = P37 18
SS3 <« S3r normal form Fhg
MO-B g5 + Toxaqs + x%l‘i(ﬁ SS5 < Ssg Or1 = P3g 24
(the g; are in z1, z2, x3) normal form Fby
MO—C qi4+ Tago,2 + T2q3 SS6 <+ Sag O19 = Pgg = P35 15
(blocks (zo,z1) | (z2,z3)) SST > S35 normal form Fig
MO-D zoqa(z1, T2, T3, 24) SS2 <+ Sos O18 = Po3 = B33 19
SS4 <+ Ssg normal form Fig

The normal-form match is immediate for MO—A and MO—D. For MO—B, a general
nonzero linear form ¢; is sent to a coordinate by the residual linear action. For MO —C, after
the coordinate permutation dictated by ¢, a general square-free binary cubic is normalized to
uv(u — v). These are the normalizations appearing in F»; and Fig, respectively. Consequently,
the seven support types occurring in [Lak10] correspond to

Sa3, S29, S32, S35, S36, S37, S38.
Under reversal of the supporting half-space they form the three pairs

(23,38),  (29,35),  (32,37),
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together with the fixed case 36. They therefore give four quotient-side families. In the complete
component catalog these are exactly the four components of largest dimension:

dim @21 = 24, dim 618 = 19, dim @20 = 18, dim @19 = 15,

whereas dim©, < 11 for 1 < a < 17.

Results already obtained in [Lak10]. The following parts of the boundary analysis precede
the present paper.

1. Lakhani developed a monomial-poset and linear-programming analysis of the Hilbert—
Mumford criterion, exhibited the seven families SS1,...,SS7, and computed their desta-
bilizing one-parameter subgroups and associated bad flags. He also characterized these
families geometrically by, respectively: a double plane; a hyperplane component; a triple
line; a quadruple point; a special triple point whose tangent cone is the union of a double
plane and another hyperplane, together with a contact-order-five condition; a double line
with constant double-plane tangent cone, together with a contact-order-four condition;
and a triple point on a plane with the incidence and quartic-intersection conditions stated
in his Theorem 2.

2. By taking the corresponding one-parameter-subgroup limits, Lakhani obtained the four
explicit invariant families MO—A, ..., MO—D displayed above. Their centralizer repre-
sentations have block types 2+ 3, 1+3+ 1,2+ 2+ 1, and 1 4 4, respectively. Lakhani
applied Luna’s criterion to these representations, proved that a general member of each
family has closed SL(5)-orbit, and separated the unstable members from those that admit
a further degeneration. Thus the equations of these four large families and their generic
closed-orbit property are prior to the present work.

3. Lakhani introduced the ten second-level families MO2—1, ..., MO2—X, repeated the closed-
orbit analysis on those families, and described a degeneration diagram inside the union of
the four first-level families. In particular, he showed that the nonclosed orbits occurring in
this recursive analysis eventually degenerate to

LToX1T2X374,

the terminal normal-crossing orbit in his diagram. He also gave several partial criteria for
the stable locus, which are not used in the present paper.

Comparison of the polystability arguments. Both papers use the same basic reduction:
a non-stable form is first replaced by its weight-zero one-parameter-subgroup limit, and Luna’s
criterion then reduces closedness of the SL(5)-orbit to closedness for a centralizer action on
the fixed subspace. Since the original one-parameter subgroup H acts trivially on that fixed
subspace, closedness depends on the effective quotient Co(H)/H. Accordingly, Lakhani’s phrase
“stable with respect to the centralizer” is naturally read as stability for this effective centralizer
action. At the level of G, the resulting limit is not stable, because its stabilizer contains H; when
its orbit is closed, it is the polystable representative of the corresponding S-equivalence class.
The proof presented in [Lakl10] is a recursive Hilbert—-Mumford calculation. For MO—A,
Lakhani writes a normalized one-parameter subgroup of the SL(2) x SL(3)-type centralizer in
block-diagonal form, orders the coefficient monomials by their centralizer weights, and uses a
poset calculation to list five maximal semistable nonclosed subfamilies and eighteen unstable
subfamilies. His Proposition 24 states that the former degenerate to second-level families, that
the latter are unstable, and that every remaining member has closed orbit. For MO—-B, MO—C,
and MO —D, the same procedure yields, respectively, four semistable nonclosed and four unstable
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subfamilies, one of each, and four semistable nonclosed and three unstable subfamilies. Lakhani
also applies analogous calculations to the non-toric second-level centralizers. Thus his proof of
generic closedness proceeds by classifying the exceptional centralizer-nonstable support loci and
iterating the construction on their limits. An important additional output of this method is the
explicit further-degeneration stratification inside the four large families.

The present paper organizes the closed-orbit step differently. For each of the thirty-eight
maximal supports it first extracts the full weight-zero limit ¢ and then proves directly that a
specified general limit is polystable. If the effective centralizer is a torus, closedness is checked
by the relative-interior criterion for the character polytope. If the effective centralizer has
a nontrivial linear block, the paper uses the Casimiro—Florentino criterion [CF12]. Writing
Cy = Cg(Hy), the relevant set is

Aif = {)\ : G — Gy, %g% A(t) - ox exists} )

On an explicit nonempty open locus, nonvanishing coefficient, discriminant, and resultant
conditions are combined with linear balancing identities for the one-parameter-subgroup weights.
The case-by-case analysis proves that Ag: is invariant under A — A~!, which gives closedness
by the Casimiro—Florentino criterion. The residual centralizer action is then used to obtain an
explicit normal form and compute the quotient dimension. In particular, the four representatives
in the table are the non-toric cases k = 23,29, 32, 36, so this gives an alternative direct proof of
their generic polystability, together with explicit genericity conditions.

These two approaches should be viewed as complementary rather than as competing claims
of priority. Lakhani’s centralizer Hilbert—Mumford analysis already establishes the generic
closedness of the four first-level families and, because it classifies their exceptional loci, records
many special degenerations. The present argument instead gives a uniform direct polystability
certificate for a general weight-zero limit in every one of the thirty-eight maximal-support
cases and retains the parameters needed for the quotient-side normal forms and dimension
calculations. Conversely, the present paper does not attempt to reconstruct the full internal
centralizer-stratification diagram for all thirty-eight support families.

The non-exhaustiveness of the four-family picture. The difference between the two
classifications is therefore not the validity of Lakhani’s four first-level families, but their exhaus-
tiveness. The exhaustive calculation in Proposition 2.5 produces thirty-eight maximal T-strictly
semistable supports, and Proposition 3.1 proves that their G-saturations cover the entire strictly
semistable locus. The seven Lakhani support types account for three opposite-half-space pairs
and one fixed point. The remaining thirty-one supports account for fourteen further pairs and
three further fixed points. Equivalently,

38=(3-2+1)+ (14-243), 21 =4+17.

Thus the exhaustive computation here shows that the seven-family list does not exhaust the
maximal strictly semistable supports and that the four first-level quotient families do not exhaust
o MGIT.

The second-level families MO2—1, ..., MO2—X should in particular not be confused with
the additional components O1,...,017. The former are special further-degeneration loci arising
inside the union of the four first-level families. The latter are additional irreducible components
which, by Theorem 6.1, are not contained in any of ©g,...,B091.

Additional results of the present paper. Beyond the four-family picture and its internal
degeneration analysis, the present paper proves the following.
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1. The Hilbert—-Mumford support calculation is made exhaustive: exact integer linear algebra,
both orientations of each candidate supporting hyperplane, all coordinate permutations,
and exact inclusion tests give precisely the thirty-eight maximal T-strictly semistable
supports. Their G-saturations cover the whole strictly semistable locus. This yields
thirty-one additional oriented maximal supports to the seven support types occurring in
[Lak10].

2. The S-equivalences among support-indexed families are explained by the uniform zero-
weight principle

o(r) = w(P(V(r)) NB(W)**) = (P(Z(r)) NB(W)*) = &(—r),

proved in Lemma 4.1 and Corollary 4.2. Hence the quotient remembers the supporting
hyperplane but not the orientation of its normal. The thirty-eight oriented supports
decompose into seventeen two-cycles and four fixed points, giving the twenty-one closed
irreducible quotient-side families of Corollary 5.2. The three pairs and one fixed point
visible in Lakhani’s list are exactly the restriction of this general involution to his seven
support types.

3. For all thirty-eight support cases, the present paper constructs explicit polystable weight-
zero normal forms and computes the corresponding quotient-side dimensions. For the
resulting twenty-one quotient families, it determines the generic connected projective
stabilizers and proves that they are pairwise nonconjugate one-dimensional tori. The exact
rank certificates of Proposition 6.3, together with Luna’s étale slice theorem, exclude every
containment

@a - @b (a#b)

Theorem 6.1 therefore proves that the boundary has exactly twenty-one irreducible com-
ponents. In particular, it proves that the four Lakhani families are genuine irreducible
components in the complete quotient-side decomposition and that there are seventeen
further components, none of which is contained in one of those four components.

4. Finally, the present paper gives a component-by-component scheme-theoretic and local
analytic study of the general closed-orbit representatives. It determines the saturated
Jacobian scheme and the local analytic stratification in every component, identifies the
generic transverse structures along the positive-dimensional singular loci, proves that
precisely eleven isolated weighted-homogeneous local normal-form families occur, and
identifies their normalized weight systems with eleven rows of Yonemura’s list. It also

proves

441
a(Xa):1:% (a=1,...,21).

These scheme-theoretic singularity calculations, the occurrence-and- exhaustion statement

for the eleven weight systems, and the minimal-exponent calculation do not appear in
[Lak10].

In summary, Lakhani first found the four families that become the four largest components
in the present classification and carried out a substantial recursive closed-orbit and degeneration
analysis within their union. The present paper places those families in the complete quotient-side
picture: it gives a uniform polystability construction for all maximal supports, identifies seventeen
additional irreducible components, proves that the resulting twenty-one families are exactly
the boundary components, and determines the generic orbit-theoretic and singularity-theoretic
structure of every component.
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8 Singular schemes, local types, and minimal exponents
For each a = 1,...,21, let k(a) be the representative selected in Table 7, let
Fai= ¢y Xai=V(F.) CP,

and restrict the parameters to the fixed nonempty Zariski-open generic locus specified for that
row. We determine the saturated Jacobian scheme

Sing(Xa) = V(J(F),  J(Fa) = (gfogi) (o, 20)

The analysis is now indexed only by quotient components. If £’ is the partner of k(a) in
a two-cycle, then p identifies Z(ry(,)) with Z(rp), while Corollary 4.2 identifies the quotient
images @y (,) and ®p. By Remark 5.3, the fiber over a general point of their common quotient
family contains a unique closed orbit, represented up to projective equivalence by a general
member of F,. This does not assert that the two displayed normal-form formulas are carried
into one another by p alone; residual normalization and reparametrization may be needed. Since
saturated Jacobian schemes, local analytic types, and minimal exponents are invariant under
projective coordinate changes, the single calculation for F, covers both oriented support labels.
The correspondence is recorded in the support-orbit column of Table 7.

The reduced positive-dimensional singular supports are explicit low-degree configurations:
lines and line arrangements, smooth conics, cuspidal plane curves, planes, and smooth quartic
surfaces. Some components also contain isolated singular points. Exactly eleven weighted-
homogeneous local normal-form families occur at those isolated points. Their defining equations,
integral weights, Milnor numbers, Yonemura numbers, and component occurrences are collected
in Table 4. We first place the weight systems in Yonemura’s classification and record the precise
genericity conditions, then give the component-indexed singular-support catalog. The complete
local calculations are deferred to Appendix B.

Relation with Yonemura’s list of hypersurface simple K3 weights

Recall first the class of singularities to which Yonemura’s result applies. Following [Yon90,
Definition—Proposition 1.4], a three-dimensional singularity is called a simple K3 singularity if it
is a Gorenstein purely elliptic singularity of (0, 2)-type; equivalently, the exceptional divisor on
any minimal resolution is a normal K3 surface. In the hypersurface setting, Yonemura considers
isolated singularities defined by nondegenerate polynomials. For a nondegenerate hypersurface
simple K3 singularity, the defining polynomial is quasi-homogeneous with a uniquely determined
rational weight
a = (ay,az,as,as) 6@10, a1+ as + as + aqg = 1;

see [Yon90, Theorem 1.6 and Section 2].
For such a rational weight a, put

T(a):={veZi|a-v=1}, Cla):= ) Rsov C R
veT (a)

Yonemura considers the set

W4 = {a € Qio

a1+ +ag =1, a; > ag > as > ay,
(1,1,1,1) € Int C(a) '

Yonemura proves in [Yon90, Proposition 2.1] that W, has cardinality 95, and Table 2.2 of

the same paper gives the complete list of these weights together with one quasi-homogeneous
polynomial realizing each weight as a nondegenerate hypersurface simple K3 singularity.
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For an integral weight system
(w1, we, w3, wy; D), w1 +wg +ws +wy = D,

let

w w w w

a(w; D) = ( Clr)(l), 37(2)’ ;)(3), ;)(4)) ,
be its ordered normalized weight. Whenever a(w; D) occurs in Yonemura’s Table 2.2, we call
the corresponding row index the Yonemura number of the weight system. We write SEN for a
weighted-homogeneous local normal-form family with Milnor number p whose weight system
has Yonemura number N. Thus the subscript records the Milnor number, while the superscript
records the corresponding row of Yonemura’s table. The eleven weight systems that occur at
isolated points of the quintic GIT boundary have the following correspondence.

wa(l) > 2> wa(4)7

Local family Integral weight system Ordered normalized weight Yonemura No.

sy (1,1,1,1;4) i) 1

Sy52 (7,8,9,12; 36) 34125 52
Sys4 (5,6,7,9;27) 352, 2) 84
st @) ) 15
sl @asan) L) :

Syp3 (3,4,5,6;18) 15.243) 53
Syss (4,5,7,9;25) s E ) 86
Syo4 (3,4,5,7;19) 53 1) 94
Sgt (1,1,1,2;5) 2,148 21
ST (1,1,2,2;6) é’%’%’% 3

SYg62 (3,4,5, 8;20) 2,1L43) 62

Table 9: The eleven isolated local normal-form families and their Yonemura numbers. In the
notation SEN , the subscript is the Milnor number and the superscript records row N of Table 2.2
of [Yon90].

This correspondence is deliberately stated at the level of weight systems. Yonemura’s
classification is a classification, in terms of weights, of nondegenerate hypersurface simple K3
singularities, and the polynomial in each row of his table is an example realizing that weight.
The row number does not assert that all parameter values in one of the local families below
are mutually analytically equivalent, or that they are analytically equivalent to Yonemura’s
displayed example. Accordingly, the result of the present paper is not a new classification of
isolated hypersurface singularities. It is instead an occurrence-and-exhaustion statement for the
quintic GIT boundary: precisely the following eleven weighted-homogeneous local normal-form
families occur at the isolated singular points of general closed-orbit representatives.

Every defining equation below is weighted homogeneous of degree D for positive weights
(w1, wa, w3, wy) satisfying

w1 + wg + wg +wy = D.

Once the indicated genericity condition guarantees that the critical point is isolated, the standard
weighted-homogeneous formulas give

~ w1 + wg + w3z + wy 4 (D )
ap = =1 pu= ;
D
i=1
see [Sai7l, Sai94]. This is the critical value

n+1_4—|—1_
d 5
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for quintic hypersurfaces in P* in the minimal-exponent approach to GIT stability; see [Par25].
We therefore use the paper-specific term extremal quintic threefold singularities for these eleven
local normal-form families. This terminology refers to their occurrence on the quintic GIT
boundary and to the equality cp = 1, not to a claim that their weight systems lie outside the
classical Yonemura list.

Definition 8.1. Let B4(Xi, X9, X3, X4) be a homogeneous quartic whose projectivization
V(By4) C P? is smooth. We denote by

QH(1,1,1,1;4)s1(Ba)
the weighted-homogeneous family of isolated hypersurface germs represented by
By(X1, X9, X3,Xy) =0.
It is quasi-homogeneous of weighted degree 4 with respect to the weights

(levwX27 ngu wX4) - (17 17 17 1)

(1 11 1)
4°4°4°4)°

and hence its Yonemura number is 1. Its Milnor number is g = 81, and its local minimal
exponent is

Its ordered normalized weight is

a=1.
We abbreviate this weighted-homogeneous local normal-form family by
St (Ba)-

Definition 8.2. We denote by
QH(7,8,9,12;36)s7(7)

the weighted-homogeneous family of isolated hypersurface germs represented by
X1 Xo + X5+ X9X4 + 7X1 X2 X3Xy + X3 =0,

where

T e CX, ™ £ 256.

It is quasi-homogeneous of weighted degree 36 with respect to the weights

(le,wXZ,wX3,wX4) = (7, 8, 9, 12).

(1 12 7)
34°9'36)°

and hence its Yonemura number is 52. Its Milnor number is p = 87, and its local minimal
exponent is

Its ordered normalized weight is

a=1.

We abbreviate this weighted-homogeneous local normal-form family by

Y (7).
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Definition 8.3. We denote by
QH(5,6,7,9;27)ss(cv, B)
the weighted-homogeneous family of isolated hypersurface germs represented by
X3X3 4+ X1 X3+ Xo X3+ X5 X, +aX1 X2 X3X, + X3 =0,

where
a,BeC”,

and
a® — 207 + a* + 54038 — 37802 + 57608 + T7295% — 2563 # 0.

It is quasi-homogeneous of weighted degree 27 with respect to the weights

(wx,, Wx,, Wxy, Wx,) = (5,6,7,9).

(1 T2 5)
327°9'27)"

and hence its Yonemura number is 84. Its Milnor number is ¢ = 88, and its local minimal
exponent is

Its ordered normalized weight is

a=1.

We abbreviate this weighted-homogeneous local normal-form family by
Sss (0. ).

Definition 8.4. Let B5(X1, X3) be a binary quintic for which the hypersurface germ below is
isolated at the origin. We denote by

QH(3,3,4,5;15)ss(Bs)
the weighted-homogeneous family of isolated hypersurface germs represented by
Bs(X1, Xo) + Xo X3 + (X7 4+ X2)X3X, + X3 = 0.
It is quasi-homogeneous of weighted degree 15 with respect to the weights

(wxlﬂwXQ’ Wxs, U}X4) = (3, 3, 4, 5)

(1 4 1 1)
3715’55/

and hence its Yonemura number is 15. Its Milnor number is 4 = 88, and its local minimal
exponent is

Its ordered normalized weight is

a=1.

We abbreviate this weighted-homogeneous local normal-form family by

Saa” (Bs).
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Definition 8.5. Let By be a square-free binary quartic and let Q)2, Ry be binary quadratic
forms. Let

Réo(Ba, Q2, Rz, B)

denote the weighted discriminant condition for the weighted-homogeneous germ below to be
isolated at the origin. We denote by

QH(27 37 37 47 12)90(347 Q27 R27 /8>
the weighted-homogeneous family of isolated hypersurface germs represented by
By(X2, X3) + X$Qo( X2, X3) + X{ X4 + X1 X4Ro (X2, X3) + SX7XE + X} =0,

where
B eC, Rio(Ba, Q2, Ra, B) # 0.

It is quasi-homogeneous of weighted degree 12 with respect to the weights

(le y WXy, nga wX4) - (27 37 37 4)

(1 11 1)
374°4°6)"

and hence its Yonemura number is 2. Its Milnor number is ¢ = 90, and its local minimal
exponent is

Its ordered normalized weight is

a=1.
We abbreviate this weighted-homogeneous local normal-form family by
SQYO2(B47 Q27 R27 /8)

Definition 8.6. Let
RQI (a7 57 v, 5’ 6)

denote the bad-parameter equation for which the weighted-homogeneous germ below is not
isolated at the origin. We denote by

QH(37 47 57 6) 18)91 (au ﬁ) Y, 57 6)
the weighted-homogeneous family of isolated hypersurface germs represented by
X2X5 4+ X3Xo X3 + X1 Xy + Xa X2 + aXa Xy + X1 X5+ v X1 X0 X3Xy + 6X3XE + X5 =0,

where
OZ,B,’}/,(S,GECX, Rgl(()é,,@,’}/,(s,ﬁ)#o.

It is quasi-homogeneous of weighted degree 18 with respect to the weights

(wX17wX27 Wxs, wX4) = (3, 47 57 6)

(1 52 1)
318'9°6)"

and hence its Yonemura number is 53. Its Milnor number is u = 91, and its local minimal
exponent is

Its ordered normalized weight is

a=1.

We abbreviate this weighted-homogeneous local normal-form family by

83(153(01, 57 v 67 6)-
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Definition 8.7. Let
Ros (v, 3)

denote the bad-parameter equation for which the weighted-homogeneous germ below is not
isolated at the origin. We denote by

QH(4,5,7,9;25)96(cx, 8)
the weighted-homogeneous family of isolated hypersurface germs represented by
X5+ X2X2X5 + XAX) + X1X3 + aX1 Xo X3 Xy + BX3X2 =0,

where
OZ,BECX, Rgﬁ(a,,@)#o-

It is quasi-homogeneous of weighted degree 25 with respect to the weights

(/wXUngu WXs, U}X4) = (4, 5, 7, 9)

(9 71 4)
25725"5725) "

and hence its Yonemura number is 86. Its Milnor number is 4 = 96, and its local minimal
exponent is

Its ordered normalized weight is

a=1.
We abbreviate this weighted-homogeneous local normal-form family by
So6"(cx. ).

Definition 8.8. Let
REs(c, B,7,9)

denote the bad-parameter equation for which the weighted-homogeneous germ below is not
isolated at the origin. We denote by

QH(37 47 5> 7a 19)96(a7 67 s 5)
the weighted-homogeneous family of isolated hypersurface germs represented by

X1 X5+ X?XE3X3 +aXPX3 + X1 Xy + Xo X3 + BX5 Xy
+ X1 X2 X3X4 + 0X3X; =0,

where
a757775€CX7 R})IG(CK?/B”-%(S)#O

It is quasi-homogeneous of weighted degree 19 with respect to the weights

(leanza WXs, wX4) = (37 47 57 7)

(7 o4 3)
19°19°19° 19

and hence its Yonemura number is 94. Its Milnor number is © = 96, and its local minimal
exponent is

Its ordered normalized weight is

a=1.
We abbreviate this weighted-homogeneous local normal-form family by

Sg694 (Oé, ﬂv e 6)
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Definition 8.9. Let Bs be a ternary quintic, let C3 be a ternary cubic, and let L; be a nonzero
linear form in (X1, X, X3). Let
Rog (Bs, Cs, Ly)

denote the bad-parameter equation for which the weighted-homogeneous germ below is not
isolated at the origin. We denote by

QH(1,1,1,2;5)96(B5, Cs3, L1)
the weighted-homogeneous family of isolated hypersurface germs represented by
B5(X1, Xo, Xg) + X4C3(X1, Xo, Xg) + XZLI (Xl, Xo, Xg) =0,

where

Ro(Bs, C3, Ly) # 0.

It is quasi-homogeneous of weighted degree 5 with respect to the weights

(leanga WXs, wX4) = (17 17 17 2)

(2 11 1)
55’55/

and hence its Yonemura number is 21. Its Milnor number is ¢ = 96, and its local minimal
exponent is

Its ordered normalized weight is

a=1.
We abbreviate this weighted-homogeneous local normal-form family by
So¢ (Bs, Cs, L1).

Definition 8.10. Let A4, C4 be binary quartics in (X, X2), let Q22 be a bihomogeneous form
of bidegree (2,2) in (X1, X2) and (X3, X4), and let B3 be a binary cubic in (X3, X4). Let

Rlgo(Ad, Ca, Q22, Bs)

denote the bad-parameter equation for which the weighted-homogeneous germ below is not
isolated at the origin. We denote by

QH(1,1,2,2;6)100(A4, Cs, Q2.2, B3)
the weighted-homogeneous family of isolated hypersurface germs represented by
X3A4(X1, Xo) + X4Cy (X1, X2) + Q22(X1, Xo; X3, X4) + B3(X3, X4) =0,

where
Rioo(A4, C1,Q2p2, Bs) # 0.

It is quasi-homogeneous of weighted degree 6 with respect to the weights

(wx,, Wxs, WXs, wx,) = (1,1,2,2).

(1 11 1)
3'3'6°6)

and hence its Yonemura number is 3. Its Milnor number is ¢ = 100, and its local minimal
exponent is

Its ordered normalized weight is

a=1.
We abbreviate this weighted-homogeneous local normal-form family by

SY3 (A4, Cy, Qa2, Bs).
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Definition 8.11. Let
RIlOZ(aa 67 Vs 5)

denote the bad-parameter equation for which the weighted-homogeneous germ below is not
isolated at the origin. We denote by

QH(37 47 57 87 20)102(0&, 61 Vs 5)
the weighted-homogeneous family of isolated hypersurface germs represented by

X34 aX1 X3X3 + BXIXo X2 + X1 Xy + X5 +vX5Xy
+0X1 X2 X3X4 + X2 X3 =0,

where

a,B,7,6 €C*,  Rigla,B,7,6) #0.

It is quasi-homogeneous of weighted degree 20 with respect to the weights

(wXUwXQa Wxs, U}X4) = (3, 4, 5, 8)

(2 11 3)
5475720/

and hence its Yonemura number is 62. Its Milnor number is y = 102, and its local minimal
exponent is

Its ordered normalized weight is

a=1.

We abbreviate this weighted-homogeneous local normal-form family by
S}L)GZZ (Oé, 67 Y, 6)

Equation-level catalog. The defining equations, integral weights, Milnor numbers, Yone-
mura numbers, and component occurrences of the eleven families are summarized in Table 4.
Definitions 8.1- 8.11 record the exact nonempty Zariski-open genericity conditions.

The component-indexed singular-support catalog
All rows are for general parameters. We use
Py=(1:0:0:0:0), Py=(0:0:0:0:1),
and
By (u,v) :=uv(u —v)(u — Av), By, (u,v) :=v(u —v)(u — ) (u — pv).

The last column records only isolated singular points; distinguished points on positive-dimensional
strata and their transverse analytic types are listed in Table 3 and proved in Appendix B. In
the notation S}:N , 1 is the Milnor number and N the Yonemura number. In the row a = 19,

B§29) = x3x4(x3 — X4).
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Table 10: Reduced singular supports of the twenty-one quotient-component
representatives. Here k = k(a) is the selected oriented support case. For
a paired label, coordinate reversal identifies the zero-weight spaces and the
quotient images agree, but it need not identify the displayed normal forms
coefficientwise. The general singularity data therefore agree up to projective

equivalence.

a k(a) Singular locus

Geometry / incidences

Isolated local family

1 1Sing(X1) =CU{Py} rational plane quartic; Py: SY52(r)
C = V(xo, 1,25 + 2524) cusp at P
2 28Sing(X2) = LUCU{Py} L line; C cuspidal cubic; Py: 8384, B)
L:V(xo,ml,ZQ) LﬁC:{POO}
C = V(xo,x1,73 + 2324)
3 3Sing(X3)=LU{P} L line; special point P Py: SYL5(Bs)
L =V(zo,z1,22)
4 4Sing(X4)=MUL two disjoint lines &
M =V (z2,23,74)
L =V(xo,21,22)
5 5Sing(X5)=NULUM three lines; LN M = {Px}; %}
N:V(wz,mg,m4) NNL=NNM=92
L =V(xo,21,22)
M =V (zo,z1,3)
6 6Sing(Xe) =LUCU{Py} L line; C smooth conic; Py : 83/153
L =V(xo,z1,72) LNC={Ps} (o, B,7,6,¢)
C= V(wo,xl,mg + azroza)
7  7Sing(X7)=LU{P} L line; special point Psg Py 53’686(0(, B)
L =V(xo,21,22)
8 8Sing(Xsg)=NUL two disjoint lines %)
N = V(x2,23,24)
L =V (zo,r1,22)
9  9Sing(X9)=LU{P} L line; special point Psg Py 83’694(01, B,7,9)
L =V(zo,21,22)
10 10Sing(X10) = Cx\ U{Po} Cyx=LoULowULjULy; Py: SY2
Cy\ =V (zo,x1, Bx(z2,23)) four lines through P (B, Qq, Re, B)
11 11 Sing(X11)=NUL two disjoint lines o]
N = V(z2,73,74)
L =V(zo0,71,72)
12 12Sing(X12) =NUL two disjoint lines %]
N = V(z2, 3, 74)
L =V(zo,z1,22)
13 13Sing(X13) =NUL two disjoint lines &
N = V(z2,73,74)
L =V (xo,r1,72)
14 14 Sing(X14) = {Po, Poo} two isolated points Py, P :
s}’0622 (a7 59 v 6)
15 15Sing(X15) =NUL two disjoint lines 1%}

N =V (x2,z3,24)
L=V (zo,z1,22)
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a k(a) Singular locus Geometry / incidences Isolated local family

16 19 Sing(X16) =NUL two disjoint lines 1)

N =V (x2,z3,24)

L =V(xo,x1,%2)
17 208Sing(X17) = NUC) N line; C) , four lines 1%}

N =V (x2,z3,24) through Pso; disjoint from N

C)\,/A = V(Z’O, T1, B)\,/A(x27 Cl?,j))

18 23 Sing(X18) = SU{FPo} S smooth quartic surface Py: SYl(Ba)

S =V(xo, Ba)
19 298ing(X19) = LU {Po} L line Py: SYE

L = V(zo,z1,22) (A4,C4,Q2,2, Bg(fg))
20 32Sing(X20) = NUITI N line; T ~ P?; o

N:V(x2,$3,$4) NNIl=o

I =V(zo,z1)
21 36 Sing(X21) = {Po, P} two isolated points Py, P :

Sg¢ ! (Bs, Cs, X3)

Theorem 8.12 (Component-indexed singularity and minimal-exponent catalog). For a general
closed-orbit representative X, of every component O, the reduced singular support is the one
in Table 10, and the full local analytic stratification is the one in Table 3. The isolated points
belong to precisely the eleven weighted-homogeneous families of Table 4; no other isolated local
family occurs for a general boundary representative. Moreover,
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a(X,) =1 5

a=1,...,21.

Proof. The saturated-Jacobian, local analytic, and minimal-exponent calculations are carried
out component by component in Appendix B. For every paired support label &', coordinate
reversal identifies its zero-weight space with that of the chosen representative, and Corollary 4.2
identifies their quotient images. Remark 5.3 therefore shows that the paired normal-form loci
represent the same general closed orbit up to projective equivalence. Hence the twenty-one
calculations cover all thirty-eight original oriented support labels; no coefficientwise identification
of the displayed normal forms by p is used. O
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A Support-by-support construction of the closed-orbit normal
forms

This appendix supplies the thirty-eight support-indexed calculations underlying Section 5. For
each maximal strictly T-semistable support

Sk:I(Tk)Zo, k:1,...,38,

we extract the weight-zero limit ¢y, apply the centralizer reduction and the C-H or C-F criterion
developed in Section 5, and use the residual centralizer action to obtain the explicit normal
form gb};f. The calculations are necessarily indexed by all thirty-eight oriented supports; the
quotient-side reduction to twenty-one representatives has already been carried out in Sections 4
and 5.

For reference, the full support-indexed catalog is reproduced first. Its paired rows determine
the same quotient component, but are retained here so that every case calculation can be checked
directly against its original support label.

Let us put

By(u,v) := wv(u —v)(u — A\v), By u(u,v) :==v(u —v)(u — M) (u — pw).

Here Bg,Cq,Q4, Lq, My denote general forms of the indicated degree, and Q22 denotes a
bihomogeneous form of bidegree (2,2). All parameters are understood to lie in the relevant
nonempty Zariski-open generic locus.

Table 11: Closed-orbit normal forms for the 38 quintic-threefold boundary
families.

k Test Normal form Parameters Dim

1 C-H ¢ =ates + 2023 + zoxdas ae€CX 1
+ zox1T2T3T4 + ax%xz

2 C-H 65 =afa? + atas + zowand + zoxday o, feC* 2
+ azorizozsTs + BT

3 C-F ¢§f = Bs(z1,22) + mozzxg Bs: general 6
+ xo (x% + x%)x3z4 + x?)mz binary quintic

4 CH o3 =223 + adazws + worh + zox1 23 o, eC* 2
+ axorir2x3Ts + 5903952

5 C-H ¢ =22l + 2322 4+ 2zozy + zozdas a, B,y € C* 3

2

+ owo:clcvg + Broxir2r3Ts + 'y:cocvi

6 C-H o3 =223 +aduoxs + ates + zoaa? a,8,7,4, 5

X

+ azozira + Bror1Ts + YToT1T2T3TY ecC
+ dwox?a? + exdad

7 C-H ¢ =13+ 2222as5 4+ atey + zoziad o, eCx 2
+ axoriTox3T4 + B:vgx3zi

8 C-H ¢ =a223ws + ala? + xozxh + zox123 a,f € C* 2
+ azozriramsTs + BriTac?

9 C-H ¢ =z2d +a22ades + axla? + alzy o, B,7,6 € C* 4

+ zoz22} + Brozhrs + YTOT1T2T3TA

2 2
+ dxpr3xy
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k Test Normal form Parameters Dim
10 C-F ¢r1’(f) :xi’Qq(xQ,xg)er‘llm + 20 By (z2,23) AeC\{0,1} 8
+ zox124 Re (22, 23) + Bmox%xi + z%zi q,reC3? BeC
11 C-H ¢ =z25 + ar?ales + Badal + adasny a, B,7,9, 6
+ 'ya:():c%:cg + xowgfm + (Sxocclxg 6,(eCx
+ expriToT3Ts + (xox%mi + x%xgxi

12 C-H ¢% = z1a3 + ac?asa? + Balalay + 23a? o, B3,7,9, 5
+ zozixs + yrozr12s + dToT1T2T3TY e€Cx
+ eachgm + I%xgazi

13 C-H qﬁrl’g = zg + ocwla:g:c:; + ﬂw%xzxg + xi‘xi a, B,v,6 € C* 4
—+ :1:01‘314 + Yyror1X223T4 + xgxg
+ dxdzoxd

14 C-H ¢ =25+ aziadas + falaaa? + 2ias + zoxh o, B,7v,6 € C* 4
+ 20T T4 + 6T0T1T2T3T4 + TFT2TS

15 C-F ¢§‘é = xlxé + x%x%xg v, B € C; 9
+ 23 (a2 + Brazs 4 22) + woxdas R € Sym®(x3, 24);

3

+ zoz122R(23,24) + 133(13,14) B € Sym®(x3, x4)

16 C-H ¢ =aidzy + 212322 + 232324 + zoz1227374 a,peC* 2
+ axdzs + Brdzia?

17 C-H ¢% =a2l2s + m12dzs + aa?eon? + 232324 o, B,7,96, 5
+ Brox3w3 + yrow1warats + dvonins ceCx
+ z%x% + ex%xgzi

18 C-H i’g = zg + wm:%:c% + x?z3$4 + moasg a,BeCx 2
+ azoriz2w374 + Brizia]

19 C-H ¢ =25 + azadaes + Belaoa? + yaalay o, B,7,96, 8
+ :E?l’g([;l + ngxgxg + ezoxgam + :rgmlzg €¢,§,0cCx
+ Cmor1@oT3T4 + ETOTIT] + TGTFT4
+ Ox%xgxi

20 C-F ¢3f = x0Bx, (2, 73) + 22Cc (w2, z3) + w24 A, p distinet in 11
+ zoz124Qq(z2, 23) +moz§zi C\{0,1}

4 3
+ 232 Mm (22, 23) ceC? qeC’
m € C?

21 C-H ¢4 =ada? + ahas + 232324 + mom123 a,BeCx 2
+ amoz1z233T4 + Brox]

22 C-H ¢5b = adas + x102a? + ax?ad + adaomy o, B,7,0 € C* 4
+ zoxs + Brordrs + YToT1T2T32L4
+ dxdzy 23

23 C-F ¢§‘§ = x0Ba(z1,22,73,24) By: smooth quartic 19

surface in P3

24 C-H ¢ = 2322 + 122y + ax?ad + 2fzszs a, B,y € C* 3
+ zozox3 + frorizozszs + YTiT]

25 C-H ¢4 = ahas + axqada? + Balad + 22x3xg o, 3,7,0, 6
+ x?x3x4 + xoxzxg + 'yxoxgam 6,{€Cx

2 2 2 2
+ dxoxr12223%4 + €xgrirs + (THT1T]
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k Test Normal form Parameters Dim
nf __ 4 4 3 X

26 C-H ¢5g = z2x3 + 2724 + ToTH24 aeC 1
+ axoxri1Tr2T3T4 + x%xi

27 C-H 5‘; = m%zg + :c1:v§ + :17:131‘21‘4 + a:oatgu a,3 e Cx 2
+ azoriz2z3T4 + BTiT]

28 C-H ¢ = ada? + ziwend + 222204 + Badasay o, B8,7,6, 5
+ zozh + azoriza + yroT1T2T3TL e€Cx
+ 6181%14 + emgzi

29 C-F ¢§§ = x3A4(z1,22) + £4Cs (21, T2) Ay, Cy: binary quartics; 15
+ onzg(xl,xQ; T3, 1‘4) + x8x3x4 (CC3 — x4) Q2,2 of bidegree (27 2)

30 C-F ¢§’6 = x%:r};g + x%x%[q (zo,x1) + x%x4L2(a:o,x1) L1, Lo: binary linear; 9
+ :E%Ql(wo, :Bl) —+ :B2£E3:E4Q2(:E0, xl) Q1,Q2: binary quadratic
+ zoz1 (o — :cl);ri

31 C-F ¢§§ :z4B)\(x1,x2)+x§C3(z1,x2)+xosz1($1,z2) AeC\{0,1}; 11
+ 20w374Q2 (71, 72) + T3T3T4 Cs,L1,Q2, M
+x3xiM1(z1,x2) of degrees 3,1,2,1

32 C-F ¢ = 22C0(x2, 23, x4) + 20x1C1 (22, T3, 24) Co,C1,Ca: ternary cubics 18
+ 23Ca (22, 23, 24)

33 C-F qﬁgg = Bs(z2,23) + m?x2x4 Bs: general 6
+ ToT1Ta (:cg + xg) + 96890421 binary quintic

34 C-F ¢§£ = x4B)(z1,z2) + x%Qg(ml,zg) + zomé AeC\{0,1} 8
+ zoxsza Ra(x1,22) + Brgxggm + x‘gmi Q2, Ro: binary quadratic;

pseC

35 C-F ¢§§ = xoAs(z2,23) + 21Cs (22, 23) Ay, Cy: binary quartics; 15
+ 1‘4Q2,2(Io, x1;x2, 13) + zizoml(mo — Il) Q2,2 of bidegree (27 2)

36 C-F ¢§£- = Bs(x1,22,23) + voxaCs (w1, 22, 73) Bs,Cs: ternary forms 24
+ x%a}g:ci of degrees 5,3

37 C-F ¢§’$ = x%Do(xo, z1,x2) + x3x4D1 (0, 1, 22) Do, D1, D2: ternary cubics 18
+ 22 D2 (20, 21, x2)

38 C-F qﬁgg = x4B4(x0, 21,22, 23) Byj: smooth quartic 19

surface in P3

Unless stated otherwise, “general” means that the coefficients belong to the specified nonempty
Zariski-open subset of the relevant parameter space. The nonvanishing, discriminant, resultant,
and residual-stability conditions used in the closed-orbit and normalization arguments are
recorded in the individual cases.

Case k=1
1-PS limit

The witness vector and the corresponding one-parameter subgroup are
r=(36,1,—4,-9,-24), A\ (t) = diag(t®,t,t7 70 t7H), t € G,

Since the entries of 71 sum to zero, A is a one-parameter subgroup of G = SL(5). Let f; be a
general quintic supported on
Sl = I(’r‘l)zo.
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With the action convention of (2), its affine one-parameter-subgroup limit is the weight-zero
part

o1 = }gl(l) Ai(t) - f1.
The degree-five weight-zero equations have precisely the exponent vectors
(0,4,1,0,0), (1,0,0,4,0), (1,0,3,0,1), (1,1,1,1,1), (2,0,0,0,3).
Consequently,
o1 = alx%xg + a2x0$§ + agxoxg’m + A4x9x1 X234 + CL5.1‘(2)£U2, a; € C*.

Set Hy = A (Gy,). The five weights of Hy on (xzy,...,x4) are pairwise distinct, and their
multiset is not invariant under multiplication by —1. Hence

Cg(H1) = Ng(Hy) =T,

and
VVH1 = <$%$2, .%'0.73%, 3301'%.%'4, TOL1X2X3T4, JZ%:CZ> .
Polystability
Let v1,...,vs be the five exponent vectors above, with vy = (1,1,1,1,1), and set
52‘ =V — U4 (i:1,2,3,5).
Explicitly,

0 =(-1,3,0,—-1,-1), 02 =(0,—-1,-1,3,—-1),
03 =(0,-1,2,-1,0), 95 =(1,—-1,—-1,-1,2).
The vectors 91, 02, d3 are linearly independent and

01 + 09 + 03 + 5 = 0.

Therefore
0 € relint CODV{(51, 09, 03, 55}

Since every coefficient of ¢; is nonzero, the convex-hull criterion shows that (7'/Hy) - ¢1 is closed
in WH1i, By affine Luna reduction and Ng(H;) = T, the orbit G - ¢; is closed in W. Thus [¢1]
is polystable.

Normal form

On the full-support chart of P(WH1), rescale projectively so that ay = 1, and put
a;

b= —  (i=1,2,35).

ay
The relative characters d1, d2, 3 form an integral basis of X*(T/H;). Hence the character map
T/Hy = (C)°, [t/ (01(1), 62(1), 85(1)),
is an isomorphism. Choose ¢ € T such that
Si(t)y=bt  (i=1,2,3).
This normalizes the first four coefficients to 1. Since

05 = *(51 + 09 +63),

20



the remaining coefficient is
ajasaszas
aj

Thus every general limit in Case 1 is equivalent to the unique normal form

o = by1bobsbs = € C*.

U () = zizy 4+ zoxs 4+ zoxdry + Tor120w324 + Q2T a e C*.

The parameter « is the complete invariant of the full-support T-orbits, so the corresponding
quotient-side family is one-dimensional. Thus

dim @1 =1.

No further restriction on « is imposed at the normal-form stage; every member of this family is
polystable.

Case k=2
1-PS limit
The witness vector and the corresponding one-parameter subgroup are
ro = (27,2, -3, -8,—18),  Ao(t) = diag(t*",t*,t 73t 5, t71®), t € G,,.

Since the entries of 3 sum to zero, A2 is a one-parameter subgroup of G = SL(5). Let f3 be a
general quintic supported on
SQ =17 (7’2)20.

With the action convention of (2), its affine one-parameter-subgroup limit is the weight-zero
part

P2 := lim Ao (t) - fo.
The degree-five weight-zero equations have precisely the exponent vectors
(0,3,2,0,0), (0,4,0,1,0), (1,0,1,3,0),
(1,0,3,0,1), (1,1,1,1,1), (2,0,0,0,3).

Consequently,
P9 = ala:“;’x% + agx%xg + aga:oxgazg
+ a4:r0:c§’x4 + a5x9x1T2X3L4 + aﬁxgxi, a; € Cc*.
Set Hy = A\3(G,y,). The five weights of Hs on (xg,...,x4) are pairwise distinct, and their
multiset is not invariant under multiplication by —1. Hence

Ca(Hs) = Ng(H2) =T,

and
wh2 — <x£{’:r%,:r‘11x3, xoxgwg,xox%x4,x0$1x2x3x4,x%wi>.
Polystability
Let v1,...,v6 be the six exponent vectors above, with vs = (1,1,1,1,1), and set
51’ = V; — Us (i:1,2,3,4,6).
Explicitly,

51 = (_1727 17 _]-7 _]-)7 62 - (—1,3, —1,0,—]_)7
65 =(0,-1,0,2,-1), 84 =(0,—1,2,—1,0),
6 = (1,—1,-1,—1,2).
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These characters span the three-dimensional character space of T'/Hy and satisfy the positive
relation
01 + 02 + 203 + 04 + 206 = 0.

Therefore
0 € relint COIIV{(Sl7 03, 03, 04, 56}

Since every coeflicient of ¢9 is nonzero, the convex-hull criterion shows that (7'/Hs) - ¢ is closed
in WH2, By affine Luna reduction and Ng(Hsy) = T, the orbit G - ¢ is closed in W. Thus [¢s]
is polystable.

Normal form

On the full-support chart of P(W#2), use the fourth monomial as the projective reference and
set
E; 7=V — U4 (i:1,2,3,5,6).

A direct lattice calculation gives
X*(T/HQ) = Ze1 B Leo D Zes.
Hence
T/Hy = (C)°,  [t] = (e1(t), ea(t), e5(t)).
Projectively rescale so that a4 = 1, put

b= (i=1,2,3,5,6),
a4

and choose t € T such that
g(t)=bt  (i=1,2,3).

This normalizes the first four coeflficients to 1. Since
€5 = —€1 + €3, e = —4e1 + 32 — €3,

the two remaining coefficients are

aias a‘llagag
o= N = 3 3 -
a2a4 a2a4

Thus every general limit in Case 2 is equivalent to the unique normal form
5 (a, B) = a}al + aiwy + mowar]
+ 2034 + QroT1 TOTITY + Pia], (o, B) € (T*)2
The pair (o, ) is the complete invariant of the full-support T-orbits. Since
dimP(WH2)° =5 dim(T/Hy) = 3,
the corresponding quotient-side family is two-dimensional. Equivalently,

dim®y; =5—-3=2.

No additional condition on (a, 3) is imposed at the normal-form stage; every member of this
family is polystable.
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Case k=3
1-PS limit
The witness vector and the corresponding one-parameter subgroup are
rs = (3,0,0,—1,-2),  A3(t) =diag(t®,1,1,t 1, t7?), t€ Gy

Since the entries of r3 sum to zero, A3 is a one-parameter subgroup of G = SL(5). Let f3 be a
general quintic supported on
S3 = 1(r3)>o0.

With the action convention of (2), its affine one-parameter-subgroup limit is the weight-zero
part
= lim A3(¢) - f3.
¢3 lim 3(t) - f3

Put U := (x1,z2). Solving the degree-five weight-zero equations gives
W — Sym® U & xoa:gU @ zorzzs Sym? U & (ngxi, dim W3 = 12,
where Hs = A\3(G,;,). Hence a general limit has the form
¢3 = Bs(x1, 22) + 2023 L1 (21, 22) + 2ox324Q2(21, 22) + Kaga],

where Bs, L1, and ()2 are binary forms of degrees 5, 1, and 2, respectively. We work on the
nonempty Zariski-open locus

Kk # 0, Disc(Bs) # 0, Disc(Q2) # 0, Res(Li,Q2) # 0.
The weights of Hs on (xg, ..., z4) are 3,0,0, —1, —2. Therefore
CG'(Hg) = {diag(m) DAD diag(Tg) D diag(m) ’ A€ GL(2), ToT3Tadet A = 1} .

In particular,
dim C¢g(Hs) = 6,

and H3 acts trivially on WH3,

Polystability

Set R := Cg(Hs). By affine Luna reduction, it is enough to prove that R - ¢3 is closed in W5,
Let A Agg. After conjugation in the GL(U)-block, choose an eigenbasis X,Y of U and write
the weights of A as

(a,s+n,s—n,,8,’y), O':O[+2S+B+'Y:0

Put
{:=a+ s+ 30, w = 2a+ 3y.

The nonvanishing of the relative invariants above, together with the nonnegativity of all weights
occurring in ¢s, gives

Disc(Bs) #0 = s > 0, Res(L1,Q2) #0 = (>0, k#0=—= w>0.

Since
5s+ L +w =30 =0,

we obtain
s=0=w=0.
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The condition Disc(Bs) # 0 then forces n = 0: if n # 0, the nonnegative-weight condition makes
Bj divisible by the cube of one of the eigenvectors, contradicting square-freeness. Consequently
every one-parameter subgroup in Agg has weights

(3m, 0,0, —m, —2m) (m € Z),

and hence
A ={xs(t™) | m € Z}.

This set is symmetric. The Casimiro—Florentino criterion therefore shows that ¢3 is polystable
for the R-action. By affine Luna reduction, G - ¢3 is closed in W, and hence [¢3] is polystable.
Normal form

Because @ is square-free and Lj is not a factor of Q9, the divisor of L1Q2 on P(U) = P! consists
of three distinct points. The PGL(U)-part of C(Hs) sends these points to the roots of

332(:6% +x§)

Thus we may take
Ly = z2, Q2 = af + 5.

The remaining diagonal action and projective rescaling normalize the coefficients of the other
three blocks to 1. Every general limit in Case 3 is therefore equivalent to a member of the
normal-form family

¢5(Bs) = Bs(x1,x2) + zoxexs + xo(x + x3)x314 + 2203,

where Bs ranges over a nonempty Zariski-open subset of the space of binary quintics, in particular
Disc(Bs) # 0. The residual stabilizer is finite for a general Bs. Since

dimWHs =12, dim(Cg(Hs)/H3) = 5,
the corresponding quotient-side family has dimension

dim®; =12-1-5=6.

Case k=4
1-PS limit
The witness vector and the corresponding one-parameter subgroup are
ry = (24,9, -6, —11, —16), A (t) = diag(t?,12,¢76,¢711 t716) ¢t € Gy,

Since the entries of r4 sum to zero, \4 is a one-parameter subgroup of G = SL(5). Let f4 be a
general quintic supported on

54 = I(T4)20.

With the action convention of (2), its affine one-parameter-subgroup limit is the weight-zero
part

= lim A4 (2) - f4.
Ga = im Aq(t) - fa
The degree-five weight-zero equations have precisely the exponent vectors

(0,2,3,0,0), (0,3,0,1,1), (1,0,4,0,0),
(1,1,0,3,0), (1,1,1,1,1), (2,0,0,0,3).
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Consequently,
2.3 3 4 3
¢4 = a1T1Ty + a227X3T4 + a3ToTy + A4T0T1 T3

+ aswor1 T3 + AT, a; € C*.

Set Hy = A\y(Gy,). The five weights of Hy on (zo,...,xs) are pairwise distinct, and their
multiset is not invariant under multiplication by —1. Hence

Ce(Hy) = Ng(Hy) =T,

and
W = <x%x§,x‘i’x3$4, J:O:C%7xoxlxg,xgx1x2m3x47x(2)xi> , dim WH* = 6.
Polystability
Let v1,...,v6 be the six exponent vectors above, with vs = (1,1,1,1,1), and set
d; == v; — s (1=1,2,3,4,6).
Explicitly,

0nh=(-1,1,2,-1,-1), 02 =(-1,2,—-1,0,0),
93 =(0,-1,3,—1,—1), d4 =(0,0,—1,2,-1),
d¢ = (1,-1,—-1,-1,2).
These characters span the three-dimensional character space of T//H, and satisfy the positive

relation

01 + 02 + 03 + 284 + 256 = 0.

Therefore
0 € relint CODV{(sl, 09,03, 04, 56}

Since every coefficient of ¢4 is nonzero, the convex-hull criterion shows that (T'/Hy) - ¢4 is closed
in W+, By affine Luna reduction and Ng(Hy) = T, the orbit G - ¢4 is closed in W. Thus [¢4]
is polystable.

Normal form

On the full-support chart of P(WW#4), use the fourth monomial as the projective reference and
set
€ = V; — U4 (1=1,2,3,5,6).

A direct lattice calculation shows that
X*(T/H4) = Ze| ® ZLes P Zes,
while
€5 = —€1 + €2 + €3, e = —4e1 + 3e9 + 3e3.

Thus
T/Hy = (C*)°,  [t] — (e1(t), e2(t), e3(t)).

Projectively rescale so that ay = 1, and use the effective torus action to normalize a1, a9, as to 1.
The two remaining coefficients are

ajas a%a4a6
azas’ asai
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Hence every general limit in Case 4 is equivalent to the unique normal form
Ef(a, B) = 2373 + vzswa + WOTH + $0$1$§
+ axorTaw3Ty + STiTs, (o, B) € (C*)2,
The pair (o, ) is the complete invariant of the full-support T-orbits. Since
dimP(WH4)° =5 dim(T/H,) = 3,
the corresponding quotient-side family has dimension

dim®y =5-3=2.

No additional condition on (a, ) is imposed at the normal-form stage; every member of this
family is polystable.

Case k=5

1-PS limit

The witness vector and the corresponding one-parameter subgroup are
rs = (21,6, —4,-9,—14),  As(t) = diag(¢*", % ¢~ 7% ¢7 M), t € Gy,

Since the entries of r5 sum to zero, A5 is a one-parameter subgroup of G = SL(5). Let f5 be a
general quintic supported on
55 = I(’I“5)20.

With the action convention of (2), its affine one-parameter-subgroup limit is the weight-zero
part

= lim A5(¢) - f5.
¢s 1= lim 5(t) - f
The degree-five weight-zero equations have precisely the exponent vectors

(0,2,3,0,0), (0,3,0,2,0), (0,3,1,0,1), (1,0,3,1,0),
(1,1,0,3,0), (1,1,1,1,1), (2,0,0,0,3).
Consequently,
o5 = alx%w% + agm‘z’:c% + agzc:l)’xgm + a4woa:§x3
+ a5x0:c1x§ + agroxr1T2T3r4 + aw:%wi, a; € C*.

Set Hs = A\5(Gy,). The five weights of Hs on (zy,...,x4) are pairwise distinct, and their
multiset is not invariant under multiplication by —1. Hence

Cc(Hs) = Na(Hs) =T,

and H 2.3 .32 3 3
W = <$1$2733@3@19623347330%963,

TOTITS, TOT1 T2T3T4, x%xi>, dim WHs = 7.
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Polystability
Let vy,...,v7 be the seven exponent vectors above, with vg = (1,1,1,1,1), and set
(51‘::%‘—’06 (i:1,...,7).

Thus d¢ = 0, and the six nonzero characters span the three-dimensional character space of T'/ H.
They satisfy the positive relation

01 + 02 + 03 + 204 + 205 + 307 = 0.

Therefore
0 € relint CODV{(Sl, 09, 03, 64, 55, 57}

Since every coefficient of ¢5 is nonzero, the convex-hull criterion shows that (T'/Hs) - ¢5 is closed
in WHs. By affine Luna reduction and Ng(Hs) = T, the orbit G - ¢5 is closed in W. Thus [¢s]
is polystable.

Normal form

On the full-support chart of P(W#5), use the fourth monomial as the projective reference and
put
€ 1= U — Uy (1=1,2,3,5,6,7).

A direct character-lattice calculation gives
X*(T/Hs) = Ze1 ® Zeg @ Zes,
together with
€5 = —€1 + €9, € = —€1 + €3, €7 = —3€1 — €9 + 3e3.

Projectively rescale so that a4 = 1, and use the effective torus action to normalize a1, as,ag to 1.
The three remaining coefficients are

a1as a1 ae Q?GQU/?
Q= ’ = ’ Y= 3 92 -
a2a4 a3a4 a3a4

Hence every general limit in Case 5 is equivalent to the unique normal form

f 2.3 3.2 3 3
¢g (01, B, 7) = T1T5 + T]T3 + T1T2%4 + ToTHT3

+ axgxlacg + Brox1rox3T4 + ’yxgxi,

where
(o, 8,7) € (C*)>.
The triple (a, 3,7) is the complete invariant of the full-support T-orbits. Since

dimP(WH5)° =6,  dim(T/Hs) = 3,
the corresponding quotient-side family has dimension
dim®5; =6 —3 = 3.

No additional condition on («, 3,7) is imposed at the normal-form stage; every member of this
family is polystable.
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Case k=6
1-PS limit
The witness vector and the corresponding one-parameter subgroup are
re = (18,3, -2, —7,—-12),  Ag(t) = diag(t*®, 3,72, t77,t712), t € G,

Since the entries of rg sum to zero, \g is a one-parameter subgroup of G = SL(5). Let fs be a
general quintic supported on

SG = I(?"@)Zo.

With the action convention of (2), its affine one-parameter-subgroup limit is the weight-zero
part
= lim Ag () - f6-
b6 lim 6(t) - fo

The degree-five weight-zero equations have precisely the exponent vectors

(0,2,3,0,0), (0,3,1,1,0), (0,4,0,0,1), (1,0,2,2,0), (1,0,3,0,1),
(1,1,0,3,0), (1,1,1,1,1), (1,2,0,0,2), (2,0,0,0,3).

Consequently,

o = alx%x% + a2$?$2$3 + aglelm + a4x0x§x§ + a5x0x§x4

+ a6x0x1x§ + a7xoxr1x2x3x4 + agmox%xi + agxga:i, a; € C*.

Set Hg = A\¢(Gy,). The five weights of Hg on (zy,...,x4) are pairwise distinct, and their
multiset is not invariant under multiplication by —1. Hence

Ce(Hg) = Ne(Hg) = T.

Moreover,
H, 2.3 .3 4 2.2 3
W6 = <$1.%'2, T1X2T3,T1X4, XoToT3, LOLoT4,
TOTITS, TOT1ToT3T s, TOTILS, x%xi>, dim WHe = 9.
Polystability
Let v1,...,v9 be the nine exponent vectors above, with vy = (1,1,1,1,1), and set

0; = v; — vy (i=1,...,9).

Thus d7 = 0. The eight nonzero characters span the three-dimensional character space of T/ Hg
and satisfy the positive relation

01 + 0o + 93 + 304 + 05 + 206 + dg + 39 = 0.

Therefore
0 € relint COHV{51, 02,03, d4, 05, 0g, 03, 59}

Since every coefficient of ¢¢ is nonzero, the convex-hull criterion shows that (7'/Hg) - ¢ is closed
in WHs, By affine Luna reduction and Cg(Hg) = T, the orbit G - ¢ is closed in W. Thus [¢g]
is polystable.
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Normal form

On the full-support chart
P(WH0) = {[a1 : --- s ag] [ a; # 0} = (C*)%,

the effective torus 7'/ Hg has dimension 3. Combining its action with overall projective rescaling,
one may normalize the first four coefficients to 1. The affine relations

U5 = U1 — 202 + 03 + Vg, V6= —V1 + V2 + Vg,

V7 = —v2 + U3 + V4, vg = —2v2 + 203 + vy,

vg = —4vg + vz + 2v4
give the five remaining quotient parameters

2

aas _a1a6 _agar
a1a3a4 ’ a204 ’ a3a4 ’
2 4
5 . a/2a8 . a2a9
 d2ay’ T B2
3U4 3U4

Hence every general limit in Case 6 is equivalent to the unique normal form
2, B,7,0,€) = 22 + xlwoxs + xiry + xordrd + azorizy
+ Brox1as + yrom XT3y + 20223 + €xia,

where
(v, B,7,6,€) € (C*)5.
These five parameters form a complete invariant of the full-support T-orbits. Since

dimP(WHe)° =8 dim(T/Heg) = 3,

and Luna reduction induces a finite morphism to the ambient GIT quotient, the corresponding
quotient-side family has dimension

dim ®g =8 — 3 =5.
No additional condition on («, 3,7, 0, €) is imposed at the normal-form stage; every member of
this family is polystable.
Case k=7
1-PS limit
The witness vector and the corresponding one-parameter subgroup are

rr=(5,1,0,—2, —4), Mr(t) = diag(t®,t,1,t72,t7%), t e Gp.

Since the entries of 77 sum to zero, A7 is a one-parameter subgroup of G = SL(5). Let f7 be a
general quintic supported on
Sz =1(r7)>o0.

With the action convention of (2), its affine one-parameter-subgroup limit is the weight-zero
part

o7 = %gr(l) A7 (t) - fr.
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The degree-five weight-zero equations have precisely the exponent vectors
(0,0,5,0,0), (0,2,2,1,0), (0,4,0,0,1), (1,1,0,3,0), (1,1,1,1,1), (2,0,0,1,2).

Consequently,
o7 = alfcg + agfc%xgxg + a3$%x4 + a4x0m1x§
+ asror1T2T3T4 + CLGCCgLUg:Ei, a; € C*.
Set H7 = \7(G,,). The five weights of H7 on (xg,...,x4) are pairwise distinct, and their

multiset is not invariant under multiplication by —1. Hence

Co(Hy) = No(Hy) =T.

Moreover,
H 5 .22 4 3
WHT = (23, xi2573, T724, TOT123,
TOT1TT3TY, TATITS), dim W = 6.
Polystability
Let vy,...,v6 be the six exponent vectors above, with vs = (1,1,1,1,1), and set

51‘::7)1'—1)5 (i:1,...,6>.

Thus 65 = 0. The five nonzero characters span the three-dimensional character space of 7'/ H7
and satisfy the positive relation

01 + 269 + 63 + 64 + 496 = 0.

Therefore
0 € relint CODV{(sl, 02,03, 04, 56}

Since every coefficient of ¢7 is nonzero, the convex-hull criterion shows that (7'/H7) - ¢7 is closed
in WH7, By affine Luna reduction and Cg(H7) = T, the orbit G - ¢7 is closed in W. Thus [¢7]
is polystable.

Normal form
On the full-support chart
P(WH)® = {[a1 : -+ < ag] | a; # 0} = (C*)°,

the effective torus T'/ H; has dimension 3. Combining its action with overall projective rescaling,
one may normalize the first four coefficients to 1. The affine relations

V5 = U1 — 2U9 + vg + vy, vg = 201 — U9 + 2v3 + 204

give the two quotient parameters

a%a5 . agaﬁ
a1a3a4’ a%a%ai '

Hence every general limit in Case 7 is equivalent to a normal form

Y, B) = 25 + a3adxs + 2iwy + zomi 2

2 2
+ axgr1T2X3x4 + 6.1'01'3%'4,
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where
(@, ) € (C)*.
The parameters o and 3 form coordinates on the full-support torus quotient. Since
dimP(WH)° =5 dim(T/H;) =3,
the corresponding quotient-side family has dimension
dim®; =5-3=2.

No additional condition on («a, 3) is imposed at the normal-form stage; every member of this
family is polystable.

Case k=38
1-PS limit
The witness vector and the corresponding one-parameter subgroup are
rs = (4,2,—1,-2,-3), Ag(t) = diag(th, 12,71, t72,t73), t € Gy

Since the entries of rg sum to zero, Ag is a one-parameter subgroup of G = SL(5). Let fg be a
general quintic supported on

Sg = I(Tg)zo.
With the action convention of (2), its affine one-parameter-subgroup limit is the weight-zero
part

s = 1ltg% Ag(t) - fs.
The degree-five weight-zero equations have precisely the exponent vectors
(0,2,2,1,0), (0,3,0,0,2), (1,0,4,0,0), (1,1,0,3,0), (1,1,1,1,1), (2,0,0,1,2).
Consequently, ) )
Ps = alx%xgxg + agx‘f:ci + agxoxg + a4xoa:1x§
+ a5T0T1 TaT3 T4 + agrirsas, a; € C*.

Set Hg = A3(Gy,). The five weights of Hg on (zy,...,x4) are pairwise distinct, and their
multiset is not invariant under multiplication by —1. Hence

Cc(Hs) = Na(Hs) = T.

Moreover,
H 2.2 3.2 4 3
W8 = (xizsas, 107, Toxs, ToT1Xs,
ToT1T2T3T 4, x%xgxi% dim WHs = 6.
Polystability
Let v1,...,v6 be the six exponent vectors above, with vs = (1,1,1,1,1), and set

(5iZ:Ui—U5 (Z:]_,,G)

Thus 65 = 0. The five nonzero characters span the three-dimensional character space of T/ Hg
and satisfy the positive relation

01+ 09 + 03 + 04 + 206 = 0.

Therefore
0 € relint COHV{(Sl7 03, 03, 04, 56}

Since every coefficient of ¢g is nonzero, the convex-hull criterion shows that (7'/Hs) - ¢s is closed
in WHs, By affine Luna reduction and Cg(Hg) = T, the orbit G - ¢g is closed in W. Thus [¢s]
is polystable.
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Normal form

On the full-support chart
P(WH)° = {[a1 : -+ : ag] | a; # 0} = (CX)°,

the effective torus 7'/ Hg has dimension 3. Combining its action with overall projective rescaling,
one may normalize the first four coefficients to 1. The affine relations

2v5 = —vy + v + V3 + vy, vg = —2v1 + V2 + V3 + V4

show that the remaining coefficients may be parametrized by

2 2
2 o a1a5 . alaﬁ

azazay’ azazay’
After choosing «, every general limit in Case 8 is equivalent to a normal form
f 2.2 3.2 4 3
¢ (@, B) = x1x53 + 212] + 0Ty + ToT173
2, .2
+ axor122T3%4 + BryT3Ty,

where
(a, B) € (C*)?

Since
dimP(WHs)° =5 dim(T/Hg) = 3,

the corresponding quotient-side family has dimension
dim®Pg =5—-3 =2.

No additional condition on (a, ) is imposed at the normal-form stage; every member of this
family is polystable.
Case k=9
1-PS limit
The witness vector and the corresponding one-parameter subgroup are

rg = (19,4, —1,—6,—16),  Ag(t) = diag(t*?,t*,t71,t76,t716), t € G,,..

Since the entries of r9 sum to zero, \g is a one-parameter subgroup of G = SL(5). Let fg be a
general quintic supported on
Sg =1 (7”9)2().

With the action convention of (2), its affine one-parameter-subgroup limit is the weight-zero
part

= lim Ag(¢) - f9.
g := Hm A (t) - fo
The degree-five weight-zero equations have precisely the exponent vectors

(0,1,4,0,0), (0,2,2,1,0), (0,3,0,2,0), (0,4,0,0,1),
(1,0,1,3,0), (1,0,3,0,1), (1,1,1,1,1), (2,0,0,1,2).

Consequently,
4 2.2 3.2 4
P9 = a171T5 + A2TTTHT3 + a3 |T3 + A4 {Ty

+ a5$0x2x§ + a6xgx§x4 + arxoxr122T3T4 + CLSZE(Q).I;),LL“Z, a; € C*.
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Set Hg = A\g(G,,). The five weights of Hg on (zo,...,xs) are pairwise distinct, and their
multiset is not invariant under multiplication by —1. Hence

Cc(Hy) = Na(Hy) =T

Moreover,
H, 4 .22 3,2 4
W = (x125, xizsas, T70%, T 24,
xoxgxg, xoa:%m, TOL1T2L3T 4, aﬁgmgaﬁ% dim W =g,
Polystability
Let v1,...,vg be the eight exponent vectors above, with vz = (1,1,1,1,1), and set

(57;2:1]2'—’1)7 (i:1,...,8).

Thus 07 = 0. The seven nonzero characters span the three-dimensional character space of T'/ Hy
and satisfy the positive relation

01 + 02 + 03 + 04 + 05 + 6 + 465 = 0.

Therefore
0 € relint CODV{(Sl, 02,03, d4, 05, g, 58}

Since every coefficient of ¢g is nonzero, the convex-hull criterion shows that (7'/Hy) - ¢ is closed
in WHs, By affine Luna reduction and Cg(Hg) = T, the orbit G - ¢g is closed in W. Thus [¢g]
is polystable.

Normal form
On the full-support chart

P(WH)° = {la1 : -z as] | ai # 0} = (C)T,
the effective torus T'/Hy has dimension 3. The character differences

Vg — V1 = (0, 1, —2, 1,0),
Vg — V1 = (0, 3, —4,07 1),
V5 — V1 = (1, —1, —3,3,0)

have rank 3 in the character space of T'/Hy. Combining the torus action with overall projective
rescaling, one may therefore normalize the coefficients of

4 2,2 4 3
T1Tg, T1T9T3, T1T4, ToI2T3
to 1. Every general limit in Case 9 is consequently equivalent to
b (a, B,7,0) = w125 + wiziws + axiad + wiws + vowey
2,2
+ Bmoxgu + yror1T203T4 + dT[T3TY,

where
(o, B,7,0) € (CX)4.
Since
dimP(WH9)° =7 dim(T/Hy) = 3,

the corresponding quotient-side family has dimension
dim®yg =7—-3 =4.
No additional condition on («, 3,7, d) is imposed at the normal-form stage; every member of

this family is polystable.
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Case k=10
1-PS limit
The witness vector and the corresponding one-parameter subgroup are
rio = (12,2,-3,-3,-8),  Aio(t) = diag(t'?, 3,3, ¢73.¢7%), t € G,

Since the entries of 719 sum to zero, Ajg is a one-parameter subgroup of G = SL(5). Let fi9 be a
general quintic supported on

S10 = 1(r10)>0-

With the action convention of (2), its affine one-parameter-subgroup limit is the weight-zero
part
= lim A19(%) - f10-
¢10 := lim A1o(?) - fio

Put
U := (x2,x3).

Solving the degree-five weight-zero equations gives
Wi — 43 Sym? U @ Catxy ® xo Sym* U @ zoxx4 Sym? U
® Croxizl @ Cadad, dim WHo = 14,
where Hyp = A1o(Gy,). Hence a general limit has the form
P10 = T3 Qa(x2, 13) + Kaizy + x0Ba(22, 73)
+ zox124Ro (20, 23) + Broxia? 4 exda],

where (D2, R are binary quadratics and By is a binary quartic. For the closed-orbit construction
we work on the nonempty Zariski-open locus

ke # 0, Disc(By) # 0, Res(By4,Q2) # 0.

No nonvanishing condition on 5 is required.
The weight —3 of Hyp has multiplicity two on U. Therefore

Ca(Hyo) = {diag(uo, 1) ® A & diag(pa) | A € GL(U), poprpsdet A =1}.

In particular,
dim Cg(Hlo) = 6, dim(CG(Hlo)/Hlo) = 5.

Polystability

Set R := Cg(Hyp). By affine Luna reduction, it is enough to prove that R- ¢y is closed in W7o,
Let p € Af;m. After conjugation in the GL(U)-block, choose an eigenbasis X,Y of U and write
the weights of p as

(a,b,s+mn,s —n,c), a+b+2s+c=0.

Define
pB = a + 4s, g = 3b+ 2s, pe = 4b+ ¢, Pe = 2a + 3c.

The nonnegative-weight condition, together with the indicated relative invariants, gives
Disc(By) # 0 = pp > 0,
Res(B4,Q2) # 0= pp +2pg > 0,
Kk 7& O = pl‘i 2 05
e#0 = pe > 0.
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These quantities satisfy the balancing identity

5pB + (B + 2pQ) + 2pk + 4pe = 14(a+ b+ 25+ ¢) = 0.
Hence
PB=PQ =Pk =DPe = 0.

Since pp = 0, the weights of the monomials in By(X,Y) are (4 —2j)n, j =0,...,4. If n # 0,
the nonnegative-weight condition forces By to have a multiple root, contradicting Disc(By) # 0.
Thus n = 0.

Solving the remaining equalities gives

(a,b,s,s,¢c) =m(12,2,—-3,—3,—8) (me7Z).
Consequently,
Agw = {Alo(tm) ‘ m e Z}.

This rank-one set is symmetric. The Casimiro—Florentino criterion therefore shows that R- ¢1q is
closed in WH1, By affine Luna reduction, G - ¢1¢ is closed in W, and hence [¢10] is polystable.

Normal form

Because By is square-free, the GL(U)-action puts it in the form
By (u,v) :=uv(u — v)(u — \v), AeC\{0,1}.

Write

Qq(u,v) = qou? + qruv + gav?, Ry(u,v) = rou® + riuv + rov’.

Using the remaining diagonal factors in Ci(Hig), together with overall projective rescaling, we
normalize the coefficients of

4 2 3
xoBx(z2,23), Ty, THTy

to 1. Every general limit in Case 10 is therefore equivalent to a member of the normal-form
family
(N q,r, B) = 23Qq(x2, v3) + xiws + B (22, 23)
+ 2ow1 74 Ry (20, 23) + Brorial + iz,

where
AEC\{0,1}, (qr,8)eCxC*xC,  Res(ByQq) #0.

The residual stabilizer is finite for a general parameter point. Therefore

dim @19 = dim P(WH10) — dim (Cg(H1o)/Hio) = 13 —5 = 8.

Case k=11
1-PS limit
The witness vector and the corresponding one-parameter subgroup are
rin = (14,4, —1,—6,—11),  A1(t) = diag(t", ¢, t71,¢75 ¢, t € G,

Since the entries of 711 sum to zero, A1; is a one-parameter subgroup of G = SL(5). Let f11 be a
general quintic supported on
S11 = I(r11)>o0.
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With the action convention of (2), its affine one-parameter-subgroup limit is the weight-zero
part

= lim A11(¢) - f11-
11 := lim () - fu
The degree-five weight-zero equations have precisely the exponent vectors

(0,1,4,0,0), (0,2,2,1,0), (0,3,0,2,0), (0,3,1,0,1), (1,0,2,2,0),
(1,0,3,0,1), (1,1,0,3,0), (1,1,1,1,1), (1,2,0,0,2), (2,0,0,1,2).

Consequently,

4 2.2 3.2 3 2.2
P11 = a1T1T5 + AT TRx3 + a3xT|x3 + A4x|T2T4 + A5ToTLX3

3 3 2 2 2. .2
+ aeTox3%4 + A7TOT1X3 + AZTOT1XL2XL3T4 + A9TOL| Ty + A10THT3 Ty,

where a; € C* for all 1.
Set Hi1 = M1(Gyy,). The five weights of Hqq on (zg,...,x4) are pairwise distinct, and their
multiset is not invariant under multiplication by —1. Hence

Ce(H11) = Ng(Hip) =T.
Moreover,
H 4 .22 3,2 .3 2.2
WH = (2173, 212573, 123, T1TaT4, ToTHT3,
a:oﬂs;’x4, xgxlxg, ToXL1X2L3L4, xgx%xz, x3x3xi>’ dim WH11 =10.
Polystability
Let v1,...,v10 be the ten exponent vectors above, with vg = (1,1,1,1,1), and set
51'::'[)@'_118 (’izl,...,lo).

Thus g = 0, and
1 1
09 = =01 + =03.
275 1+2 3

The eight characters
o1, 03, 01, 05, dg, d7, d9, d10

span the three-dimensional character space of T'/H1; and satisfy the positive relation
01 4 03 4+ 04 + 95 + dg + 07 + dg + 3019 = 0.

Therefore
0 € relint CODV{(SL 03,04, 05, 0g, 07, 09, 510}.

Adding d2 and dg does not change this conclusion. Since all ten coefficients of ¢11 are nonzero,
the convex-hull criterion shows that (T'/Hy1) - ¢11 is closed in W11, By affine Luna reduction
and Cg(Hi1) =T, the orbit G - ¢11 is closed in W. Thus [¢11] is polystable.

Normal form

On the full-support chart

P(W1)® = {[a1 : -+ axo] | a; # 0} = (C*)?,
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the effective torus T'/Hi; has dimension 3. The character differences

Vg — V1 = (0727 _3707 1)7
Vg — V1 = (17 _17 _11(]? 1)7
V1o — V1 = (27 _17 _4a 1’2)

have rank 3 in the character space of T'/Hy;. Combining the torus action with overall projective
rescaling, one may therefore normalize the coefficients of

4 3 3 2 2
T1T9, T1X2T4, LT 4, ToX3Ty

to 1. Every general limit in Case 11 is consequently equivalent to a member of the normal-form

family
f 4 2.2 3,2 3 2.2
Illl(a7 Ba v 6) g, C) = T1%9 + QT1TT3 + ﬁxle + T1X2T4 + YXoToTg
2.2 2 2
+ mgx§x4 + (5$0(E1£L‘§ + exor1T2T3T4 + (T0TITL + THr3Ty,
where
X\ 6
(a757776757C) 6 (C ) *
Since

dimP(WHye =9 dim(T/Hy,) = 3,
the corresponding quotient-side family has dimension
dim<I>11 =9—-3=6.

No additional condition on the six parameters is imposed at the normal-form stage; every
full-support member of this family is polystable.

Case k =12
1-PS limit
The witness vector and the corresponding one-parameter subgroup are
rio = (13,8, -2, -7, —12), Aio(t) = diag(t13,¢%,t72,t77,t712), t € Gy

Since the entries of 712 sum to zero, Aj2 is a one-parameter subgroup of G = SL(5). Let f12 be a
general quintic supported on
S12 = I(r12)>0.

With the action convention of (2), its affine one-parameter-subgroup limit is the weight-zero
part
= lim A1o(%) - f1o.
P12 lim 12(2) - fi2

The degree-five weight-zero equations have precisely the exponent vectors

(07 17470’ 0)7 (07 2717270)7 (07 27 27 07 1)7 (07 37 07 07 2)7 (1707 37170)7
(1?1707370)? (171? 1? 17 1)7 (27070727 1)7 (2?07 17072)'

Consequently,

4 2 2 2,2 3,.2 3
P12 = A1T1%9 + A2X7T2T3 + A3T]X3T4 + a4x7Ty + a5T0T5x3

+ a6x0x1x§ + a7xor1T2x3T4 + agx%x§x4 + agx%xgzci,

where a; € C* for all 1.
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Set Hia = A2(Gyy,). The five weights of Hip on (zy,...,x4) are pairwise distinct, and their
multiset is not invariant under multiplication by —1. Hence

Cg(ng) = NG’(H12) =1T.

Moreover,
H 4 2.2 2 2 3,2 3
W2 = (3125, 270203, 212574, T 7Y, ToT5T3,
fﬂol‘ll‘g, TOT1T2T3T4, $(2)x§x4, x%mw@, dim Wz = 9.
Polystability
Let vy,...,v9 be the nine exponent vectors above, with v7 = (1,1,1,1,1), and set

0; = v; — U7 (i=1,...,9).

Thus d7 = 0. The eight nonzero characters span the three-dimensional character space of T/ H1o
and satisfy the positive relation

01 + 02 + 203 + 204 + 05 + 06 + 405 + 209 = 0.

Therefore
0 € relint Conv{dy, d2, 03, d4, 05, I6, O3, 09 }.

Adding §7 = 0 does not change this conclusion. Since all nine coefficients of ¢12 are nonzero, the
convex-hull criterion shows that (T/Hiz) - ¢12 is closed in W12, By affine Luna reduction and
Ca(Hi2) =T, the orbit G - ¢12 is closed in W. Thus [¢12] is polystable.

Normal form
On the full-support chart
]P’(I/VH”)O ={lar:- a9l |a; #0} = ((CX)S,
the effective torus T'/Hi2 has dimension 3. The character differences
vy — v = (0,2,—-4,0,2),
Vs — V1 = (17 _17 _17 170)7
Vg — V1 = (2, —1, —3,0, 2)

have rank 3 in the character space of 7'/ Hy. Combining the torus action with overall projective
rescaling, one may therefore normalize the coefficients of

4 3,.2 3 2 2
T1T9, Ty, LT3, ToI2Ty

to 1. Every general limit in Case 12 is consequently equivalent to a member of the normal-form
family
W(a, B,7,0,€) = x125 + arizoxd + friadry + 23zt + zoxdas
+ ’yxoxlmg + dwox1T023T4 + mgm%m + mgmxi,
where
(a, 8,7, 4,¢) € (C*)”.
Since
dimP(WH2)° =8 dim(T/Hy) = 3,
the corresponding quotient-side family has dimension

dim¢’12:8—3:5.

No additional condition on the five parameters is imposed at the normal-form stage; every
full-support member of this family is polystable.
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Case k=13
1-PS limit

The witness vector and the corresponding one-parameter subgroup are
ri3 = (3,2,0,-2,-3),  A\iz(t) = diag(t’,t*, 1, %,t73), t € G,y

Since the entries of 713 sum to zero, A13 is a one-parameter subgroup of G = SL(5). Let fi13 be a
general quintic supported on
S13 = I(r13)>0-

With the action convention of (2), its affine one-parameter-subgroup limit is the weight-zero
part
= lim A13(%) - fi3.
$13 lim 13(1) - f13

The degree-five weight-zero equations have precisely the exponent vectors

(0’0’5’0’0)7 (07173)170)’ (052’]"270)? (073?07072)7
(1,0,3,0,1), (1,1,1,1,1), (2,0,0,3,0), (2,0,1,0,2).

Consequently,
b1z = 5 3 2 2 3,2 3
13 = 1Ty + 21253 + a3T{T23 + a4x|Ty + a5ToTHT4

+ agror1ToT3T4 + am%x% + agx%achi,

where a; € C* for all <.
Set Hiz = A13(Gyp,). The five weights of Hig on (zo,...,z4) are pairwise distinct, and hence

Cg(Hy3)=T.

Moreover,
H 5 3 2 9 39 3
WS = (23, w523, T1 X205, TITY, TOTHTa,

TOT1T2T3T 4, ToTY, TT2TT ), dim W =8,
Polystability
Let v1,...,vg be the eight exponent vectors above, with vg = (1,1,1,1, 1), and set
51'121)1‘*’06 (121,,8)

Thus d¢ = 0. The seven nonzero characters span the three-dimensional character space of T'/ Hi3
and satisfy the positive relation

01 + 82 + 03 + 494 + 05 + 407 + 39 = 0.

Therefore
0 € relint CODV{(Sl, 02,903, 04, 05, 07, 58}

Adding é¢ = 0 does not change this conclusion. Since all eight coefficients of ¢13 are nonzero,
the convex-hull criterion shows that (T//H3) - ¢13 is closed in W13, By affine Luna reduction
and Cq(Hi3) =T, the orbit G - ¢13 is closed in W. Thus [¢13] is polystable.
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Normal form

On the full-support chart
B(WH9)° = {[ar : - as] | a; # 0} = (C*),

the effective torus T'/Hi3 has dimension 3. After adjoining overall projective rescaling, the
characters of the coefficients of

5 3,2 3 2.3
.’EQ, 371:84, x0$2$4, CEOJ}3

are independent. These four coefficients may therefore be normalized to 1. Every general limit
in Case 13 is consequently equivalent to a member of the normal-form family

f 5 3 2. .2 3.2 3
13, B,7,6) = x5 + ax1w523 + frizers + 172] + ToThHT4
+ yxox1T223%4 + x%azg + 51:393%52,

where
(o, B,7,6) € (C)*
Since
dimP(WHsye =7 dim(T/Hy3) = 3,

the corresponding quotient-side family has dimension
dim<I>13 =7-3=4.

No additional condition on the four parameters is imposed at the normal-form stage; every
full-support member of this family is polystable.

Case k=14
1-PS limit
The witness vector and the corresponding one-parameter subgroup are
ra = (4,1,0,—1,—4),  Au(t) = diag(t*,t, 1,71 t71), t € Gy

Since the entries of 714 sum to zero, A14 is a one-parameter subgroup of G = SL(5). Let f14 be a
general quintic supported on

S1a = 1(r14)>0-
With the action convention of (2), its affine one-parameter-subgroup limit is the weight-zero
part

P14 1= %1_{% A14(t) - fra.
The degree-five weight-zero equations have precisely the exponent vectors
(0,0,5,0,0), (0,1,3,1,0), (0,2,1,2,0), (0,4,0,0,1),
(1,0,0,4,0), (1,0,3,0,1), (1,1,1,1,1), (2,0,1,0,2).

Consequently,
P14 = alxg + agxlxgxg + agx%mgx?)) + a4x‘11x4 + a5x0:c§

3 2.2
+ aeTox3T4 + ATTOT1XT2T3T4 + ARLHT 2Ty,

where a; € C* for all 4.
Set Hiy = Ma(Gy,). The five weights of Hy4 on (zg,...,x4) are pairwise distinct. Hence

Ca(Hu) =T.

Moreover,
H 5 3 2.2 4 4
wHH = <9527$1$2$37$19€2x3,x1$4,$0$3,

TOTSTY, TTL ToT3Ty, x%xgxi% dim Wit = g,
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Polystability

Let vy,...,vg be the eight exponent vectors above, with vz = (1,1,1,1,1), and set
(51‘::%‘—’07 (i:1,...,8).

Thus 67 = 0. The seven nonzero characters span the three-dimensional character space of T'/H14
and satisfy the positive relation

01 4 09 + 03 + 464 + 405 + d¢ + Tdg = 0.

Therefore
0 € relint Conv{él, 02,03, 04, 55, 667 58}

Adding d7 = 0 does not change this conclusion. Since all eight coefficients of ¢14 are nonzero,
the convex-hull criterion shows that (T//Hy4) - ¢14 is closed in W14, By affine Luna reduction
and Cg(H14) = T, the orbit G - ¢14 is closed in W. Thus [¢14] is polystable.

Normal form
On the full-support chart
PO = {far - -+ - as] | ai # 0} 2 ()T,

the effective torus 7'/Hi4 has dimension 3. The character differences

V4 — V1 = (07 47 =5,0, 1)a

U5 — V1 = (1? 0, -5, 4, O)a

vg — V1 — (2, 0, —4, 0, 2)
have rank 3 in the character space of 7'/ Hy4. Combining the torus action with overall projective
rescaling, one may therefore normalize the coefficients of

5 4 4 2 2
Tg, T1T4, Toxs, TnT2Ty

to 1. Every general limit in Case 14 is consequently equivalent to a member of the normal-form
family
W, B,7,0) = 25 + axades + fadrai + xixy + voxs
+ vxoaz%m + dxoriXox3T4 + x%xgxi,
where
(@, 8,7,8) € (C)™.
Since
dimP(WHaye =7 dim(T/Hy) = 3,

the corresponding quotient-side family has dimension
dim<I>14 =7—-3=4.

No additional condition on the four parameters is imposed at the normal-form stage; every
full-support member of this family is polystable.
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Case k=15
1-PS limit
The witness vector and the corresponding one-parameter subgroup are
ri5 = (9,4, —1,-6,—6),  Ai5(t) = diag(t?,t,t 71,75 ¢76),  t € Gy

Since the entries of 715 sum to zero, Aj5 is a one-parameter subgroup of G = SL(5). Let fi5 be a
general quintic supported on
S15 = I(r15)>0-

With the action convention of (2), its affine one-parameter-subgroup limit is the weight-zero
part
= lim Ay5(¢) - fi5.
15 7= lm Ai5(t) - f15

Put
U .= <£L’3, ZL‘4>.

Solving the degree-five weight-zero equations gives
W — (123) @ 2222 Sym! U @ 3 Sym? U @ oz Sym! U
@ zox12e Sym? U & x% Sym? U, dim W = 15,
where His = A\15(Gy,). Thus a general limit can be written as
P15 = mcla:% + x%x%Ll(a:g, .734) + x?Ql(mg, $4)
+ 2w Lo (w3, 14) + Tow122Qa(73, 24) + 75 B (w3, 74),

with Ly, Lo linear, @1, Q)2 quadratic, and Bs cubic in x3,x4. We work on the nonempty open
locus

Kk # 0, Li ALy #0, Disc(Q1) # 0, Disc(B3) # 0.
The weight —6 occurs twice on U, so the centralizer is non-toric:

Ca(His) = {diag(po, t1, 2) @ A | A € GL(U), popipadet A =1}%.

Hence
dim Cg(ng,) == 6, dim(Cg(ng,)/ng,) = 5.

Polystability

Set C := Cg(Hys). By affine Luna reduction, it is enough to prove that C - ¢35 is closed in
WHis Let \ € Agw. After conjugation in the GL(U)-block, its weights may be written as

wty(zo, 21,22, X,Y) = (a,b,¢,s +n,s —n), a+b+c+2s=0,

for a suitable eigenbasis X,Y of U.
Introduce the averaged weights

v:=b+ 4c, q := 3b+ 2s, p = 2a + 3s.

The nonvanishing of x, Disc(Q1), and Disc(B3), together with the nonnegativity of all occurring
monomial weights, gives

On the other hand,
v+q+2p=4(a+b+c+2s)=0.
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Therefore

Since p = 0, a nonzero relative weight n would force the binary cubic Bs to be divisible by X? or
by Y2, contradicting Disc(B3) # 0. Hence n = 0. Solving the remaining weight equations gives

(a,b,c,s) = (9m,4m, —m, —6m)
for some m € Z. Consequently,
Agls = {)\15(tm) ‘ m € Z}.

This set is symmetric under m — —m. The Casimiro—Florentino criterion therefore shows that
C' - ¢15 is closed in WH15, Luna reduction then implies that G - ¢15 is closed in W, so [p15] is
polystable.

Normal form
Assume that Lq, Lo are linearly independent and write
Q1 =-eLl? + fLiLy + hL3.
The coefficient
J(¢15) == ke

is invariant under the centralizer action and projective rescaling. Thus this coefficient cannot in
general be normalized away; equivalently, in monomial coordinates the ratio

a1a4

2
ajz

is invariant.
Use GL(U) to send L; and Ly to x3 and x4, and then use the diagonal factors of C, together
with projective rescaling, to normalize the coefficients of

xlx%, x%x%xg, .1‘01’%%4
to 1. On the dense open locus h # 0, the residual one-parameter subgroup
A\ (t) = diag(t,1,1,1,t71)

normalizes the coefficient of 2323 to 1. After renaming the remaining coefficients, every general
limit is equivalent to a member of

¢?g(Q7 R7 B) = xlxé + l‘%l‘%.’l}g + xi’Q($3a .’B4) + $0$%$4
+ zor129R (23, 24) + 23 B(23, 24),
where
Q = va3 + Brgws + a7,
R = pox3 + praszy + paa’,

and
_ 3 2 2 3
B = ogx3 + 012374 + 02237 + 037].

The nine parameters
(f}/a ﬁ) L0, P1,pP2,00,01,02, 03)
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range over the nonempty open subset of C? on which

B% —4y#0,  Disc(B) #0.

The root choices in the normalization are finite, and the remaining A.-ambiguity is finite. Hence
this slice maps generically finitely onto a dense subset of ®15. Since

dimP(Whs) =14, dim(Cg(Hys)/His) = 5,

we obtain
dimCI)15 =14-5=09.

No condition arising from the later singular-locus analysis is imposed at the normal-form stage.

Case k =16
1-PS limit
The witness vector and the corresponding one-parameter subgroup are
rie = (3,2,1,-2,—4),  A\ig(t) = diag(t®, %, t,t 2t 1), t € Gy

Since the entries of 716 sum to zero, Ajg is a one-parameter subgroup of G = SL(5). Let fi6 be a
general quintic supported on
S16 = I(r16)>0-

With the action convention of (2), its affine one-parameter-subgroup limit is the weight-zero
part

= lim A\i6(%) - fi6.
P16 = lim 16(t) - fi6
The degree-five weight-zero equations have precisely the exponent vectors

(0,0,4,0,1), (0,1,2,2,0), (0,3,0,1,1), (1,1,1,1,1),
(2,0,0,3,0), (2,1,0,0,2).

Consequently,
4 2 2 3
P16 = A1T9T4 + A2T1T5X3 + A3T]T3T4 + A4TOT1T2X3T4

2.3 2. .2
+ asTyT3 + agryr1Ty,

where a; € C* for all <.
Set Hig = M6(Gyy). The five weights of Hig on (xz, ..., x4) are pairwise distinct. Hence

Ca(Hig) =T.

Moreover,
H 4 292 3
Wt = <372x4a1713323737371133334,960371562333374,

x3ay, 23 xl), dim WHe = 6.
Polystability
Let v1,...,v6 be the six exponent vectors above, with v4 = (1,1,1,1,1), and set
(SZ'ZIUZ'—’U4 (i:1,...,6).

Thus 64 = 0. The five nonzero characters span the three-dimensional character space of T'/H1g
and satisfy the positive relation

01 + 09 + 03 + 05 + 206 = 0.
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Therefore
0 € relint COIIV{(Sl, 02,03, 05, 56}

Adding 64 = 0 does not change this conclusion. Since all six coefficients of ¢4 are nonzero, the
convex-hull criterion shows that (T'/Hig) - ¢16 is closed in WH1s, By affine Luna reduction and
Ca(Hig) =T, the orbit G - ¢16 is closed in W. Thus [¢16] is polystable.

Normal form

On the full-support chart
POVI0)® = {ar s+ ag] | i £ 0} = (7,
the effective torus 7'/ Hj¢ has dimension 3. The character differences

V2 — V1 = (0, 1, —2,2, —1),
vy —v; = (0,3,—4,1,0),
vy —v; = (1,1,-3,1,0)

have rank 3 in its character space. Combining the torus action with overall projective rescaling,
one may therefore normalize the coefficients of

4 2,2 3
Loy, T1X9T3, T1T3T4, TOIL1X2X3T4

to 1. Every general limit in Case 16 is consequently equivalent to a member of the normal-form
family
$16(c, B) = w3ms + 217503 + 20374 + TOT1T2TT
+ axdad + faieia?,

where
(o, B) € (C*)2.

Since
dimP(WHi)> =5 dim(T/H) = 3,

the corresponding quotient-side family has dimension
dim®g =5—-3=2.
No additional condition on « or S is imposed at the normal-form stage; every full-support
member of this family is polystable.
Case k=17
1-PS limit

The witness vector and the corresponding one-parameter subgroup are
rip = (12,7,2, -8, —13),  A\i7(t) = diag(t'?,¢",t*,t 73, ¢713), t € G,p.

Since the entries of 717 sum to zero, Aj7 is a one-parameter subgroup of G = SL(5). Let fi17 be a
general quintic supported on

Si7 = 1(ri7)>0-

With the action convention of (2), its affine one-parameter-subgroup limit is the weight-zero
part

P17 1= %1_{% Mr(t) - fir

75



The degree-five weight-zero equations have precisely the exponent vectors

(0,0,4,1,0), (0,1,3,0,1), (0,2,1,2,0), (0,3,0,1,1), (1,0,2,2,0),
(1,1,1,1,1), (1,2,0,0,2), (2,0,0,3,0), (2,0,1,0,2).

Consequently,
P17 = alx%xg + a2x1m§x4 + ag,.’L‘%%’Q:Eg + a4$?x3x4 + a5x0x§x§
+ agTor1T2x3x4 + aww%xi + ag:r%xg + CLg.’IJ%[EQl’Z,

where a; € C* for all i.
Set H17 = M7(Gyy,). The five weights of Hi7 on (x, ..., x4) are pairwise distinct. Hence

Co(Hyp) =T.

Moreover,
H 4 3 2.2 .3 2.2
WHIT = <a:2x3, T1L5T4, T]L2T3, TIL3TL, TOLFTLS,

TOT1L2T3L4, xox%azi, x%x%, J/‘(Q)CCQ:E?O, dim WHi7 = 9.
Polystability
Let v1,...,v9 be the nine exponent vectors above, with vg = (1,1,1,1,1), and set
(SZ'Z:UZ'—’UG (iZl,...,g).

Thus d¢ = 0. The characters 0; span the three-dimensional character space of T'/H;7 and satisfy
the positive relation

01 + 09 + 03 + 04 + 05 + 0 + 307 + 205 + 209 = O.

Therefore
0 € relint Conv{dy,...,dg}.

Since all nine coefficients of ¢17 are nonzero, the convex-hull criterion shows that (7//H17) - ¢17
is closed in W17, By affine Luna reduction and Cq(Hy7) = T, the orbit G - ¢17 is closed in W.
Thus [¢17] is polystable.

Normal form

On the full-support chart
PWHT)° = {[a1 : -+ : ag] | a; # 0} = (C*)P,
the effective torus T'/Hi7 has dimension 3. The character differences

Vo — U1 = (07 17 _]-7 _17 ]-)7
Vg — V1 = (0,3, —4,0, 1),
vg — U1 — (2, 0, —4, 2, 0)

have rank 3 in its character space. Combining the torus action with overall projective rescaling,
one may therefore normalize the coefficients of

4 3 3 2.3
ToT3, T1ToT4, T1T3T4, LT
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to 1. Every general limit in Case 17 is consequently equivalent to a member of the normal-form
family
W(a, B,7,0,¢) = vars + v10524 + aairvor: + ¥xzxy + froricd

2.2, .23 2. 2
+ yxox1T2X3T4 + dx0TTX] + TGX3 + ExFTaT,

where
(c, B,7,6,¢) € (C*)°.

Since
dimP(W7)° =8, dim(T/Hi7) =3,

the corresponding quotient-side family has dimension
dim®; =8 -3 =5.

No additional condition on the five parameters is imposed at the normal-form stage; every
full-support member of this family is polystable.

Case k =18
1-PS limit
The witness vector and the corresponding one-parameter subgroup are
rg = (4,2,0,—1,-5),  A\g(t) = diag(t!,t3,1,t71,t7%), t € G,,.

Since the entries of 71g sum to zero, Aig is a one-parameter subgroup of G = SL(5). Let fig be a
general quintic supported on
S1g = 1(r18)>0.

With the action convention of (2), its affine one-parameter-subgroup limit is the weight-zero
part

P18 1= %1_{% Aig(t) - fis.

The degree-five weight-zero equations have precisely the exponent vectors
(0,0,5,0,0), (0,1,2,2,0), (0,3,0,1,1), (1,0,0,4,0), (1,1,1,1,1), (2,1,0,0,2).
Consequently,
P18 = 175 + Ao 2323 + azr r3T4 + A420Ts + A5TOT1T2T3T, + agTaT 23,

where a; € C* for all 1.
Set Hig = A18(Gyy,). The five weights of Hig on (xg,...,x4) are pairwise distinct. Moreover,
their multiset is not invariant under multiplication by —1. Hence

Ca(Hi1s) = Ng(His) =T.
The fixed subspace is

WwhHs — <m§, :L‘lzrgx%,x?x3$4,$0x§,wox1m2x3x4,x%mlxﬁ> , dim WHis = g.
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Polystability

Let vy, ...,vs be the six exponent vectors above, with vs = (1,1,1,1,1), and put
(51‘::%‘—’05 (i:1,...,6).

Thus d5 = 0. These characters span the three-dimensional character space of T'//Hyg and satisfy
the positive relation
01 + 09 + 03 + 04 + 05 + 36 = 0.

Therefore
0 € relint Conv{d,...,d6}.

Since all six coefficients of ¢13 are nonzero, the convex-hull criterion shows that (7'/Hig) - ¢13 is
closed in WH1s, By affine Luna reduction and Cg(Hig) = T, the orbit G - ¢1g is closed in W.
Thus [¢13] is polystable.

Normal form

On the full-support chart
Upg := P(WH8)° = {[ay : - : ag] | a; # 0} = (CX)°,

the effective torus T'/ Hyg has dimension 3. Combining its action with overall projective rescaling,
one may normalize
a1 =ag=az=ay4 = 1.

Indeed, if w; = (v;, 1) denotes the coefficient character for the action of T' X G,,, then wy, ..., wy
are independent and

ws = w1 — 2W2 + W3 + Wy, we = 2wy — dwo + 2wz + 2wy.

The two remaining invariant coefficients are therefore

a%a5 . agag
CL16136L47 a%agcﬁ '

Thus every general limit in Case 18 is equivalent to a unique member of the normal-form family

nf 5 2.2 3 4 2 2
(o, B) = x5 + xyx523 + wyx334 + ToT3 + XX T2x3T4 + PryTi Ty,

where
(o, B) € (C*)*,

The two displayed character relations form a basis of the relation lattice, so
Uis/(T/Hig) = (C*)?

with coordinates (c, 3). Moreover, for a full-support point = € W18 the rank computation
gives GS = Hig. Consequently, any element of G carrying one full-support point of W1 to
another lies in Ng(Hig) = T'. Hence the full G-quotient introduces no further identifications on
this locus.
It follows that
dim (I)l8 = dim Ulg - dlm(T/ng) =5—-3=2.

No additional condition on («, 3) is imposed at the normal-form stage; every full-support member
of this family is polystable.
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Case k=19
1-PS limit

The witness vector and the corresponding one-parameter subgroup are
rio = (2,1,0,—1,-2),  Ao(t) = diag(t®,t,1,t7 1, t72), t € Gyp.

Since the entries of r19 sum to zero, A9 is a one-parameter subgroup of G = SL(5). Let fi9 be a
general quintic supported on
S19 = I(r19)>0-

With the action convention of (2), its affine one-parameter-subgroup limit is the weight-zero
part
= lim A19(%) - f19-
¢19 := lim 19(t) - f19

The degree-five weight-zero equations have precisely the exponent vectors
(0,0,5,0,0), (0,1,3,1,0), (0,2,1,2,0), (0,2,2,0,1),

(0,3,0,1,1), (1,0,2,2,0), (1,0,3,0,1), (1,1,0,3,0),
(1,1,1,1,1), (1,2,0,0,2), (2,0,0,2,1), (2,0,1,0,2).

Consequently,
) 2.2
P19 = alwg + CL2£I711’%IL‘3 + a3r|T2r3 + a4x7T574 + a5x§:r3964

+ aﬁxoxgarg + a7x0x§’x4 + agxoxlazg + agror1T2T3T4

2.2 2. 2 2 2
+ a10T0x1Ty + A11TGL3T4 + A12XHT2Ty,

where a; € C* for all i.
Set Hig = A\9(Gyy). Tts five weights on (zg, ..., x4) are pairwise distinct, and hence

Ca(Hy) =T.
The fixed subspace is
H 5 3 2.2 2.2 3
W = (13, 1170573, T1T2T3, ¥1T5T4, TYT3T4,

2,2 3 3
LT3, LOX L4, LOL1X3, LOL1L2L3L4,

worixd, wdadey, xdvex?), dim W = 12,

Polystability

Let v1,...,v12 be the exponent vectors above, with vg = (1,1,1,1,1), and put
51'2:’01'*1}9 (121,,12)

Thus dg = 0. The characters §; span the three-dimensional character space of T'/Hig and satisfy

the positive relation
01 + 02 + 03 + 64 + 5 + d6 + 07 + 08 + 09

+ 4610 + 4011 + 912 = 0.

Therefore
0 € relint Conv{dy, ..., d12}.

Since all twelve coefficients of ¢19 are nonzero, the convex-hull criterion shows that (7/Hig) - ¢19
is closed in WH19, By affine Luna reduction and Cg(H1g) = T, the orbit G - ¢19 is closed in W.
Hence [¢19] is polystable.
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Normal form

The full-support chart is
P(WH19)° = {[ay : - : ayg] | a; # 0} = (C*)L.

The effective torus T//Hjg has dimension 3. The character differences associated with the
coeflicients of
5 3 3 2,.2
1‘2, 1’1.%'3334, .7301'1%3, x0m3.’£4

have full rank after including overall projective rescaling. We may therefore normalize
a1 =as=ag =aj; = 1.
Renaming the remaining coefficients gives the normal form
Tg(oz, B,7,0,6,C,6,0) = x5 + aryrirs + frizaxd + yairiny

+ a:“;’xgm + (5%0.’]3%:6% + E:I:oxg’m + xoazlmg

+ (worymorary + Exoxiad + xixdry + Oxdxond,
where
(o, 8,7,6,€,(,£,0) € (C)°.
Thus eight parameters remain after diagonal torus scaling and projective rescaling. Accordingly,
dim @19 = dim P(WH19)° — dim(T/Hy9) = 11 — 3 = 8.

No additional parameter condition is imposed at the normal-form stage; every full-support
member of this family is polystable.
Case k = 20
1-PS limit
The witness vector and the corresponding one-parameter subgroup are

ro0 = (8,3, -2, -2, =7),  Aao(t) = diag(t®,t3,t 2t 2t77), t € Gy

Since the entries of 799 sum to zero, Agg is a one-parameter subgroup of G = SL(5). Let fop be a
general quintic supported on
Sa0 = I(r20)>0-

With the action convention of (2), its affine one-parameter-subgroup limit is the weight-zero
part

P20 = %gl(l] 20 (%) - fao.

Put
U := (x2,23), Hyp = Ao (Gy).

Solving the degree-five weight-zero equations gives

WHQO — 1.% Sym3 U® xi’le Syrn1 U & xg Sym4 U ® xoxri14 Sym2 U

® <$0$%$421> 2] x%xi Sym1 U, dim WH2 — 17.
Thus a general limit can be written as

poo = 21C3(w2, x3) + x3x4 L1 (T2, 23) + 20Ba(22, T3)

+ 2or124Q2 (72, 73) + KroTir] + TETI M (72, 3),
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where C3, B4, and Q2 are binary forms of degrees 3, 4, and 2, respectively, and Ly, M; are
binary linear forms. We work on the nonempty open locus

Kk # 0, Disc(By4) # 0, Disc(C3) # 0,
Res(B4, L1) # 0, Res(B4, M) # 0.
The weight —2 occurs twice on U, so the centralizer is non-toric:

Ca(Hy) = {diag(po, p1) ® A & diag(ps) | A € GL(U), popapadet A =1}.

Hence
dim Cg(Hag) = 6, dim(CG(HQO)/HQO) =5.
Polystability

Set R := Cq(Ho). By affine Luna reduction, it is enough to prove that R - ¢oq is closed in W20,
Let p € Agm. After conjugation in the GL(U)-block, its weights may be written as

wt,(zo, 21, X, Y, 24) = (a,b,5s +n,5 —n,c), a+b+2s+c=0,

for a suitable eigenbasis X,Y of U.
Introduce the averaged block weights

pB = a+ 4s, pc = 2b+ 3s, pr :=3b+s+c,

e:=a+2b+ 2c, Py = 2a + 5+ 2c.

The nonvanishing of the discriminants, resultants, and s, together with nonnegativity of all
occurring monomial weights, gives

pp+4pL =20,  pp+dpy 2 0.
These quantities satisfy the balancing identity

dpc +2pp + e+ (pp +4pr) + 2(pp + 4pm) = 22(a+ b+ 25+ ¢) = 0.
Consequently,

Since pp = 0, a nonzero relative weight n would force the binary quartic B4 to be divisible by
X2 or by Y2, contradicting Disc(By) # 0. Hence n = 0. Solving the remaining weight equations
gives

(a,b,s,¢) =m(8,3,—2,—7)

for some m € Z. Therefore
Agm ={A0(t"™) | m € Z}.

This set is symmetric under m — —m. The Casimiro—Florentino criterion shows that R - ¢og is
closed in WH20, Luna reduction then implies that G - ¢og is closed in W, so [¢o0] is polystable.
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Normal form

On the dense open set where By has four distinct roots and the root of Ly is distinct from them,
use GL(U) to put

L1 =z
and
By(xa,x3) = B) (22, 23) 1= x3(22 — 3) (T2 — Ax3) (T2 — p3),
where
Ap(A = 1)(p = 1)(A = p) # 0.
Write
Ce(zo,x3) = coxg + clx%xg + chgzn% + 031'%,
Qq(@“Q, $3) = CJoxg + qrroxs + Q21’§7

and

My (22, 23) = moxa + myx3.

Using the diagonal factors in Cg(Hag), together with projective rescaling, normalize the coeffi-
cients of
xoBy (w2, 23), 33‘:{’.7}2.%4, acoa:%xi

to 1. Every general limit is then equivalent to a member of
¢121(f](>\7 i, ¢, q, 1’1’1) = :L‘OB)\,M(x% 333) + x%cc(w% $3) + ZL‘?:E2114
+ zor124Qq (22, 3) + Torirs 4+ xirs M (z2, 13).

The parameters range over the nonempty open subset on which

ApA=1)(p—=1)(A=p) #0,  Disc(Ce) # 0,
Res(Byu; Mm) # 0.

There are
24+4+3+2=11

parameters. Since

dim P(WH20) = 16, dim (Cg(Ha)/ Hao) = 5,

we obtain
dim 99 =16 — 5 = 11.

No condition arising from the later singular-locus analysis is imposed at the normal-form stage.

Case k =21
1-PS limit
The witness vector and the corresponding one-parameter subgroup are
ro1 = (16,11,6,—9,—24),  Ao1(t) = diag(¢t'®, ¢, 10,79 ¢+72Y), t € G,p,.

Since the entries of 791 sum to zero, A9j is a one-parameter subgroup of G = SL(5). Let fo1 be a
general quintic supported on

So1 = 1(r21)>0.
With the action convention of (2), its affine one-parameter-subgroup limit is the weight-zero

part
¢21 = %1_{% A1 (t) - for.
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Put
H21 = Agl(Gm)

Solving the degree-five weight-zero equations gives
W2 — (2322 adxy, adx3xy, wow T,
TOL1L2L3L 4, x%ﬁ;), dim WH21 = 6.
Thus a general limit is
gbgl = aw%x% -+ aga:%m -+ agm?:cgm + a4x0x1x§
+ a5xox TaT3Ty + AGTHTS, a; € C*.
The five weights of Haj on (xo, ..., x4) are pairwise distinct. Hence the centralizer is the maximal
torus:
Cq(Ha) =T.
Polystability
Let vy, ..., v be the exponent vectors of the six monomials above, ordered as displayed, and put
77:(171717171)7 51 =Vp—=1n.
The effective torus is T//Ha;. Its nonzero character weights satisfy
61 + 02 + 203 + 04 + 206 = 0,

equivalently,
v1 4 v2 + 203 + vg4 + 206 = 7.
All coefficients in this relation are positive, and
rank(dq,...,06) = 3 = dim(7/Ha1).
Therefore

0 € relint Conv{éy,...,ds}.

Since all coefficients of ¢21 are nonzero, the affine convex-hull criterion shows that (7'/Hay) - ¢21
is closed in W21, Affine Luna reduction then implies that

G- ¢
is closed in W. Hence [¢2;] is polystable.
Normal form
The full-support chart is
P(WH2)° = {[ay : - : ag] | a; # 0} = (CX)5.

The effective torus 7'/ Ha; has dimension 3, and the rank calculation above shows that its general
stabilizer is finite. The character differences of the first four monomials have rank 3, so diagonal
torus scaling together with projective rescaling normalizes their coefficients to 1. Every general
limit is therefore equivalent to a member of

nf 3.2 4 3 3
o1(q, B) = xhxs + Towa + T34 + TOXT1X]

+ axor1Taw3 T + fTiTs, (o, B) € (C*)2,

Consequently,
dim ®5; = dim P(W721)° — dim(T/Ho1) =5 — 3 = 2.

No condition arising from the later singular-locus analysis is imposed at the normal-form stage.
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Case k =22
1-PS limit

The witness vector and the corresponding one-parameter subgroup are
rog = (16,6,1,—4,—19),  Ago(t) = diag(t'%, 1%, t,t74,t719), 1t € G,,.

Since the entries of 792 sum to zero, Ago is a one-parameter subgroup of G = SL(5). Let fa2 be a
general quintic supported on
Sog = I(r22)>0.

With the action convention of (2), its affine one-parameter-subgroup limit is the weight-zero
part
= lim Moo (t) - fao.
22 = lim 22(t) - fa2

Put
H22 = AQQ(Gm)

Solving the degree-five weight-zero equations gives
H 4 2.2 2.3 3
W22 = (x5x3, x10525, 105, TIT2X4,
LTS, ToTST4, TOTITTITY, TETIT2), dim W22 =8,
Thus a general limit is
P22 = ala:‘zlxg + agxlxgxg + agx%xg + a4xz{’x2x4
-+ a5x0x§ + a6x0m§x4 + a7xox1T2T3T4 + agx%a:l:c?l, a; € C*.

The five weights of Has on (zy, ..., x4) are pairwise distinct. Hence the centralizer is the maximal
torus:

Cg(Hy) =T.
Polystability

Let v1,...,vs be the exponent vectors of the eight monomials above, ordered as displayed, and
put
7]:(171717171)7 51 =U; ).

The effective torus is T//Hao. Its character weights satisfy the positive relation

401 + 509 + 53 + 44 + 45 + 5d¢ + 5d7 + 1805 = 0,

equivalently,
4vy + bve + 5v3 + 4dvyg + 4vs + Svg + dvr + 18vg = 507.
Moreover,
rank(él, ‘e ,(58> =3= dim(T/Hgg).
Therefore

0 € relint Conv{dy,...,ds}.

Since all coefficients of ¢99 are nonzero, the affine convex-hull criterion shows that (7'/Hag) - ¢a2
is closed in WH22, Affine Luna reduction then implies that

G - ¢

is closed in W. Hence [¢92] is polystable.
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Normal form

The full-support chart is
]P)(WHQZ)O ={[a1: - :ag] | a; #0} = (C)".

The effective torus 7'/ Hao has dimension 3, and the rank calculation above shows that its general
stabilizer is finite. The three character differences obtained from

2,2 3 4
$1x2x3, $1$2.’E47 I01:3

relative to z3x3 have rank 3. Hence diagonal torus scaling, together with projective rescaling,
normalizes the coefficients of these four monomials to 1. Every general limit is therefore equivalent
to a member of

2 (a, 8,7,0) = waxs + v12323 + axiel + 2lroxy + xoxh
+ ﬁxgxgm + yxor1T0C324 + 5:633:1@21,
where
(@, B,7,0) € (C)™
Consequently,
dim @9y = dim P(W722)° — dim(T/Hap) = 7 — 3 = 4.

No condition arising from the later singular-locus analysis is imposed at the normal-form stage.

Case k =23
1-PS limit
The witness vector and the corresponding one-parameter subgroup are
ro3 = (4,—1,—1,—1,—1),  Aog(t) = diag(t!, t 1t L7t t e Gy
Since the entries of 793 sum to zero, Aeg is a one-parameter subgroup of G = SL(5). Let fa3 be a
general quintic supported on
Saz = I(r23)>0

For a degree-five monomial z%, one has

7“23-U=4U0—U1—UQ—U3—’U,4:5UO—5.
Hence

I(T‘Qg)zo = {u el ’ ug > 1}, I(T‘Qg)zo = {u el | ug = 1}

Therefore the affine one-parameter-subgroup limit is

¢23 = lim A23(t) - faz = xoBa(w1, T2, T3, T4),
where, with

U := <$17 2,3, .’IJ4>,

one has By € Sym? U. We work on the nonempty Zariski-open locus on which [By] € P(Sym* U)
is stable for the SL(U)-action.
Put
H23 = /\gg(Gm).

The weight —1 occurs with multiplicity four on U, so
Ci(Has) = {diag(po) @ A | A € GL(U), podet A =1}.
Thus the centralizer is non-toric, and
WhH2 — 20 Sym* U, dim W2 = 35,
Moreover, Has acts trivially on W23 and the effective residual action is

Cg(Hgg)/Hgg >~ PGL(U)
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Polystability

Set
R := CGf(Hgg).

By affine Luna reduction, it is enough to prove that
R - ¢23

is closed in W23 We apply the Casimiro-Florentino criterion.
Let X € Agﬁ. After conjugation in R, we may assume that A is diagonal on U. In a
corresponding eigenbasis X1, ..., Xy, write

wtx (o, X1, X2, X3, X4) = (a, b1, ba, b3, bs),

so that
a+by+ba+b3+by=0.

Define
ci:=4b;, +a (1§Z§4)

Then ¢; + - -+ + ¢4 = 0, and hence
v(t) = diag(te!, 12, £, ¢°4)
is a one-parameter subgroup of SL(U). For every quartic monomial X* = X7 --- X}* one has
4 wty(xoX") = uic1 + ugco + uges + ugcy.

Since A € Aiig, every monomial occurring in By has nonnegative v-weight. The stability of [By]
for SL(U) therefore forces v to be trivial. Thus

and consequently there is an integer m such that
(a,b1,ba,b3,b4) =m(4,-1,-1,-1,-1).

Hence
Agﬁ = {)\Qg(tm) ‘ m e Z}.

This set is symmetric, since it contains the inverse one-parameter subgroup for every one of its
elements. The Casimiro-Florentino criterion shows that R - ¢o3 is closed in W23, Affine Luna
reduction then gives that

G - ¢23
is closed in W. Hence [¢93] is polystable.

Normal form
The closed-orbit normal form is

0 (By) = woBa(x1, 2, 23, 74),
where [By] belongs to the stable locus

P(Sym* U)*.
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Under the effective centralizer action, two such normal forms determine the same quotient point
precisely when their quartic forms determine the same point of

P(Sym* U)*/PGL(U).
Since a stable quartic has finite stabilizer for the effective PGL(U)-action,
dimP(Sym?U) =34,  dimPGL(U) = 15.

Consequently,
dim @93 = 34 — 15 = 19.

No smoothness condition on V(B4) C P3, or any other condition arising from the later singular-
locus analysis, is imposed at the normal-form stage.

Case k=24
1-PS limit
The witness vector and the corresponding one-parameter subgroup are
rog = (14,9,4,—6,-21),  Aou(t) = diag(t"*, 17, ¢4, 5 ¢721), ¢ € G-

Since the entries of 794 sum to zero, Ag4 is a one-parameter subgroup of G = SL(5). Let fa4 be a
general quintic supported on

Saa = I(r24)>0.
Its affine one-parameter-subgroup limit is the weight-zero part
= lim Aoy (%) - foq.
P24 jm 24(t) - foa

Put
H24 = A24(Gm)

Solving the degree-five weight-zero equations gives

H 3.2 3 2.3 .3
W2 = (xhx3, 10574, TIXY, TIX3T4,

:Uga:gxg, TOT1T2L3X4, x%xi), dim W2t = 7.
Thus a general limit is

P24 = aw%x% + agxlxg’m + agx%:rg + a4:1::{’:c3x4

2
+ a5a:0x2x§ + agTor1r223T4 + a7x8x4, a; € C*.
The five weights of Hag on (xg,...,x4) are pairwise distinct. Hence

Cg(Hayy) =T.

Polystability

Let v1,...,vr be the exponent vectors of the seven monomials above, ordered as displayed, and
put
77:(171717171)7 61 =U; ).

The effective torus is T//Hay. Its character weights satisfy the positive relation

01 + 202 + 03 + 264 + 5 + 06 + 307 = 0,
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equivalently,
v1 4 209 + v3 + 204 + v5 + v + vy = 11n.
Moreover,
rank(d1,...,07) = 3 = dim(7'/Hay).
Therefore

0 € relint Conv{dy,...,d7}.

Since all coefficients of ¢o4 are nonzero, the affine convex-hull criterion shows that (7/Ha4) - ¢24
is closed in W24, The quotient Ng(Ha4)/Cq(Has) is finite, so the normalizer orbit is also
closed. Affine Luna reduction then implies that

G- ¢
is closed in W. Hence [¢24] is polystable.
Normal form
The full-support chart is
P(WH21)° = {[ay : -+ : aq] | @i # 0} = (CXF.

The effective torus 7'/ Ha4 has dimension 3, and the rank calculation above shows that its general
stabilizer is finite. Using the diagonal torus together with projective rescaling, we normalize the

coefficients of

3,.2 3 3 3
Tolg, T1X9T4, T1T3T4, Tox2T3

to be equal to 1. Every general limit is therefore equivalent to a member of
I2léf1(aa B, 7) = $%l’§ + x1m§x4 + Oé$%l'g + l’?ﬂfg:&l
+ xoxzxg + Broxr1rox3Ts + ’y:z:%xi,

where
(o, B,7) € (CX)°.

Consequently,
dim @9y = dim P(W24)° — dim(T/Hy4) =6 — 3 = 3.

No condition arising from the later singular-locus analysis is imposed at the normal-form stage.

Case k =25
1-PS limit
The witness vector and the corresponding one-parameter subgroup are
ros = (11,6,1, —4, —14), Aos(t) = diag(t'h, 15,6, t74,t711), ¢t € G,,.

Since the entries of ro5 sum to zero, A5 is a one-parameter subgroup of G = SL(5). Let fa5 be a
general quintic supported on
Sas = I(r25)>0-

Its affine one-parameter-subgroup limit is the weight-zero part
= lim Ag5(%) - fo5.
P25 P 25(t) - fos

Put
H25 = )\25(Gm)
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Solving the degree-five weight-zero equations gives
Wi — <l‘§l‘3, xlx%xg, x%az%, az%x%m, w:{’x3a:4,
1:0352;13%, xoxgu, TOL1T2L3T 4, x%x%m, w%azlxi), dim WH2s = 10.
Thus a general limit is
P25 = alxgxg + agxlxgxg + agx%xg + mm%x%m + a5x‘;’:1:3x4

+ agTozaTs + arToTHTs + agToT1T2T3Ts + agTETiT + ar0iT1 2],

where a; € C*. The five weights of Has on (xg, ..., x4) are pairwise distinct, and hence
Ca(Hys) =T.

Polystability

Let vy, ..., v10 be the exponent vectors of the ten monomials above, ordered as displayed, and

put

77:(1’1’17171)7 51 =V =
The effective torus is T//Has. Its character weights satisfy the positive relation

01+ 02 + 03 + 04 + 05 + 06 + 07 + 08 + 09 + 4010 = O,

equivalently,
v + V2 4+ v3 + V4 + U5 + v + U7 + vg + vy + 4v1g = 137).
Moreover,
rank(dq,...,010) = 3 = dim(7'/Has).
Therefore

0 € relint Conv{dy,...,d10}-

Since all coefficients of ¢o5 are nonzero, the affine convex-hull criterion shows that (7/Has) - ¢a5
is closed in WH25, Affine Luna reduction then implies that

G- ¢25
is closed in W. Hence [¢95] is polystable.

Normal form

The full-support chart is
P(WH2)° = {[ay : -+ : aig] | a; # 0} = (C*)°.

The effective torus 7'/ Has has dimension 3, and the rank calculation above shows that its general
stabilizer is finite. Using the diagonal torus together with projective rescaling, we normalize the
coeflicients of

T3, ririay, T332y, ToTars

to be equal to 1. Every general limit is therefore equivalent to a member of
gg(a, B,7,0,¢,C) = xaxs + aririzi + Balad + xlxdxy
+ x‘i’xgm + xoxgscg + 'mo:c%m + dxor1X023T4
+ exdriry + Cadrial,
where
(@, 8,7,8,¢,¢) € (C)°.
Consequently,
dim @95 = dim P(W125)° — dim(T/Hoz) = 9 — 3 = 6.

No condition arising from the later singular-locus analysis is imposed at the normal-form stage.
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Case k = 26
1-PS limit
The witness vector and the corresponding one-parameter subgroup are
rog = (24,9,4,—1,-36),  Aog(t) = diag(t**,t°, ¢4t~ 1, 173%), 1 € G,

Since the entries of 796 sum to zero, Agg is a one-parameter subgroup of G = SL(5). Let fa6 be a
general quintic supported on
So6 = I(r26)>0-

Its affine one-parameter-subgroup limit is the weight-zero part
= lim Agg(t) - fog.
P26 := lim 26(t) - f26

Put
Hog := A6 (Gin).

Solving the degree-five weight-zero equations gives
Wi — <x2x§, x‘llx4, mgx§x4, ToT1T2T3L4, x%xi>, dim WH2s = 5.
Thus a general limit is

4 4 3 3.2
(26 = A1T2T3 + A2T1T4 + A3TOTHT4 + A4TOT1T2TIT4 + A5T(TY,

where a; € C*. The five weights of Hag on (x, ..., z4) are pairwise distinct, and hence
Ca(Hg) =T.

Polystability

Let vy, ..., vs be the exponent vectors of the five monomials above, ordered as displayed, and

put

77:(171717171)7 51 =V =1

Here §4 = 0, and the four nonzero characters satisfy

01+ 0o+ 93+ 65 =0,

equivalently,
v1 +v2 + vz + U5 = 4n.
Moreover,
rank(dl, 52, 53, 55> =3= dim(T/H26).
Therefore

0 € relint Conv{dy, d2, 03, 5 }.

Since all five coefficients of ¢9g are nonzero, the affine convex-hull criterion shows that

(T'/Hag) - $26

is closed in WH26, Affine Luna reduction and Cg(Hog) = T then imply that G - ¢og is closed in
W. Hence [¢96] is polystable.
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Normal form

The full-support chart is
BWH0)° = {[ay : -+ as] | a; # 0} = (C)™

The effective torus 7'/ Hyg has dimension 3, and the rank calculation above shows that its general
stabilizer is finite. Using the diagonal torus together with projective rescaling, we normalize the

coefficients of

4 4 3 3.2
$2$3, $1$4, $0$2x4, IL'O:L'4

to be equal to 1. Every general limit is therefore equivalent to a member of

0(q) = zoxh + wizy + zoxiry + amoriTOTITY + T2, aeC”.

The character relation above shows that

ajasaszas

1
ay

is invariant under diagonal torus scaling and projective rescaling. In the displayed normal form
it equals a~*; hence « is determined up to the residual finite fourth-root ambiguity.
Consequently,

dim ®og = dim P(WH26)° — dim (T/Hys) = 4 — 3 = 1.
No condition arising from the later singular-locus analysis is imposed at the normal-form stage.
Case k =27

1-PS limit

The witness vector and the corresponding one-parameter subgroup are
ro7 = (18,8,3, -2, —27), Aor(t) = diag(18,48,43,t72,t727), t € Gy,

Since the entries of 797 sum to zero, Ag7 is a one-parameter subgroup of G = SL(5). Let fa7 be a
general quintic supported on
Sor = I(ra7)>0-

Its affine one-parameter-subgroup limit is the weight-zero part
= lim Aoy (t) - for.
¢a7 1= lim 27(t) - for

Put
Ho7 = Xa7(Gyy).

Solving the degree-five weight-zero equations gives
Wt = <x%x§, :L‘1$§, x:{’ajgm, x0$gx4, TOT1T2T3T4, x%xi>, dim WH27 = 6.
Thus a general limit is
o 2.3 4 3 3 3.2
27 = A1T5X3 + A2X1X3 + aA3TTT2x4 + A4X0X5T4 + A5T0X1X2T3L4 + A6T(TY,
where a; € C*. The five weights of Ho7 on {(zo,...,2z4) are pairwise distinct, and hence
g ) ) p )

Ca(Har) =T.
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Polystability

Let v1,...,vg be the exponent vectors of the six monomials above, ordered as displayed, and put
77:(171717171)7 51 =V =1
Here 5 = 0, and the five nonzero characters satisfy

61 + 02 + 203 + 04 + 206 = 0,

equivalently,
V1 4 v2 + 203 + vg + 206 = 7).
Moreover,
rank(él, 52, 53, 54, 56) =3= dim(T/H27).
Therefore

0 € relint COHV{51, 09,03, 04, 56}

Since all six coefficients of @97 are nonzero, the affine convex-hull criterion shows that

(T'/Haz) - ¢p27
is closed in WH27, Affine Luna reduction and Cg(Ho7) = T then imply that G - ¢o7 is closed in
W. Hence [¢27] is polystable.

Normal form

The full-support chart is
P(WH21)° = {[a1 : - : ag] | a; # 0} = (CX)5.

The effective torus 7'/ Ha7 has dimension 3, and the rank calculation above shows that its general
stabilizer is finite. Using the diagonal torus together with projective rescaling, we normalize the

coefficients of

2.3 4 3 3
:C21133, .’17]_:53, CC13321E4, I0$2ﬂ$4

to be equal to 1. Every general limit is therefore equivalent to a member of

nf 2 3 4 3 3 3 2
p7(e, B) = xys + 2103 + X]Tax4 + ToxHT4 + XTI T2X3T4 + LryT,

where
(e, B) € (C*)%.

Consequently,
dim ®97 = dim P(W27)° — dim(T/Ha7) =5 — 3 = 2.

No condition arising from the later singular-locus analysis is imposed at the normal-form stage.

Case k = 28
1-PS limit
The witness vector and the corresponding one-parameter subgroup are
rog = (12,7,2,-3,—18),  og(t) = diag(t'?,¢7, 2, 73,t71%), 1 € G,

Since the entries of r9g sum to zero, Aeg is a one-parameter subgroup of G = SL(5). Let fag be a
general quintic supported on

Sag = 1(rag)>0-
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Its affine one-parameter-subgroup limit is the weight-zero part
= lim Aog(t) - fos.
¢28 1= lim 28(t) - fos

Put
Hoag := Xog(Gyy).

Solving the degree-five weight-zero equations gives

H 3.2 3,22 3 4
W2 = (x5x5, T1020%, TIT5X4, T]T3T4, ToTs,

:ongm, TOL1L2L3L 4, m%:ﬂ%m, :Bgl‘i% dim WH2s =9,

Thus a general limit is

3.2 3 2.2 3 4
Pog = a125x3 + A2T1T2T5 + A3X]T54 + A4X7T3T4 + A5T0T3

+ aﬁxoxgm + a7ror1T2x3T4 + agx%xgu + agxgxi,

where a; € C*. The five weights of Hag on (g, ..., x4) are pairwise distinct, and hence
Ca(Has) =T.

Polystability

Let v1,...,v9 be the exponent vectors of the nine monomials above, ordered as displayed, and

put

77:(1’1’17171)7 51 =V =1

Here d7 = 0, and the eight nonzero characters satisfy

01 + 0o + 303 + 264 + 95 + dg + dg + 399 = 0,

equivalently,
v1 + v2 + 3v3 + 2v4 + v5 + v + v8 + 3vg = 137.
Moreover,
rank(él, 62, 53, 64, 55, 567 6& 59> =3= dlm(T/Hgg)
Therefore

0 € relint COHV{51, 02,03, d4, 05, 0g, I3, 59}
Since all nine coefficients of ¢9g are nonzero, the affine convex-hull criterion shows that
(T'/Has) - ¢2s
is closed in W28, Affine Luna reduction and Ca(Hag) = T then imply that G - ¢og is closed in
W. Hence [¢9g] is polystable.
Normal form

The full-support chart is
BW25)° = {[ay : -+ : ag] | a # 0} = (C¥).

The effective torus T'/ Hag has dimension 3, and the rank calculation above shows that its general
stabilizer is finite. Using the diagonal torus together with projective rescaling, we normalize the
coefficients of

3.2 3 2,2 4
x2$3, x1I21‘3, $1x2x4, $0x3
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to be equal to 1. Every general limit is therefore equivalent to a member of
f 3,2 3,22 3 4
s, B,7,0,€) = 2525 + x12225 + 27574 + STiT3T4 4 ToT3

+ amoxg’.m + yxor1T0T3Ts + 690%90%354 + m%xi,

where
(a, B,7,0,¢) € (CX)5.

Consequently,
dim ®gg = dim P(WH28)° — dim (T /Hag) = 8 — 3 = 5.

No condition arising from the later singular-locus analysis is imposed at the normal-form stage.

Case k =29
1-PS limit
The witness vector and the corresponding one-parameter subgroup are
rog = (6,1,1,—4,—4),  Aao(t) = diag(t®, ¢, t,t7,t7%), t € Gy

Since the entries of 729 sum to zero, Agg is a one-parameter subgroup of G = SL(5). Let fa9 be a
general quintic supported on
Sag = 1(7r29) >0

Its affine one-parameter-subgroup limit is the weight-zero part
= lim Agg(t) - fag.
(9 := lim 29(t) * f20

Put
U= (x1,22), V= (w3, 24), Hag := Ao9(Gyp,).

Solving the degree-five weight-zero equations gives
W2 — Sym* U @ V @ 29 Sym? U @ Sym? V @ 23 Sym? V,

and hence
dim WH29 = 23,

Thus a general limit has the form
b2 = x3A4(1, 22) + 1404 (71, T2) + 20Q22(71, Ta; T3, 24) + 7§ Bs(x3, 74),

where
Ay, Cy € Sym* U, Q22 € Sym? U @ Sym?V, B3 € Sym® V.

We work on the nonempty Zariski-open locus
Res(Ay4,Cy) # 0, Disc(B3) # 0.

The first condition says that the pencil spanned by A4 and Cj is base-point-free on P(U), while
the second says that Bs is square-free.
The weights 1 and —4 each occur with multiplicity two. Therefore the centralizer is non-toric:

Cg(Hag) = {diag(uo) @A@ B | A€ GL(U), B € GL(V), pgdet Adet B =1} .

Consequently,
dim Cg(HQQ) == 8, dim(CG(HQQ)/HQQ) =T.
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Polystability

Set
R := CGf(Hgg).

By affine Luna reduction, it is enough to prove that R - ¢og is closed in W29, Let p € Agw.
After conjugation in the two non-abelian blocks, the weights of p may be written as

wt,(xo, X, Y, Z1,Z2) = (a,s +n,s —n,t +v,t —v),
where X,Y and Z7, Z, are eigenbases of U and V', and
a—+2s+2t=0.
Define the averaged block weights
pr i=4s+t, pp = 2a + 3t.
The nonvanishing of Res(A4, Cy), together with nonnegativity of the occurring monomial weights,
gives

Similarly, Disc(B3) # 0 gives

These quantities satisfy
pr+pB = (45 +t) + (2a + 3t) = 2(a + 25 + 2t) = 0.

Hence
pr =pp = 0.

Since pp = 0, a nonzero relative weight v would force the binary cubic B3 to have a multiple

root. Thus v = 0. Since pr = 0, a nonzero relative weight n would force both A4 and Cy to be

divisible by the same square of a linear form, contradicting Res(Ay4, Cy) # 0. Therefore n = 0.
Solving the remaining equations gives

(a,s,t) =m(6,1,—4)
for some m € Z. Consequently,
Ag% = {)\QQ(tm) ‘ m € Z}

This set is symmetric under m — —m. The Casimiro-Florentino criterion therefore shows that
R - (99 is closed in W29, Luna reduction then implies that

G - P29

is closed in W, so [¢a9] is polystable.
The same calculation shows that the identity component of the stabilizer in R is exactly Hag.
Hence the stabilizer for the effective action of R/Hag is finite on this open locus.
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Normal form
Since Bs is square-free, the GL(V')-action normalizes it to
B§29) (r3,24) := x374(T3 — 24).
Thus every general limit is equivalent to a member of
056(As, Ca, Q2,2) = w3A4(w1, 22) + 24Cy (71, 72)
+ 20Q22(21, T2; 3, 4) + Tq@3T4(T3 — T4),

where

Ay, Cy € Sym* U, Q22 € Sym?U @ Sym?V, Res(Ay, Cy) # 0.

The residual action consists of the GL(U)-action on (z1,x2), together with the finite stabilizer of
x324(xr3 — x4) in the V-variables. Accordingly, the normal-form parameter space has dimension

54549 —-dimGL(U) =19 — 4 = 15.
Equivalently, since the effective centralizer stabilizer is finite,
dimP(WH2) =22, dim(Cg(Hag)/Hzg) =7,

and therefore
dimq)gg =22—-7=15.

No condition arising from the later singular-locus or minimal-exponent analysis is imposed at
the normal-form stage.
Case k = 30
1-PS limit
The witness vector and the corresponding one-parameter subgroup are
r30 = (6,6,1,—4,-9),  Aso(t) = diag(¢%, 45, ¢,t7%t77), t€ Gy,

Since the entries of 3y sum to zero, A is a one-parameter subgroup of G = SL(5). Let f39 be a
general quintic supported on

S30 = 1(r30) >0-
Its affine one-parameter-subgroup limit is the weight-zero part

$30 = %g% A30(t) - f30.

Put
U := (xg, 1), H3p := X30(G).

Solving the degree-five weight-zero equations gives
W0 = (2323) @ 2322U @ 234U
&5, x% Sym? U @& zox324 Sym? U & :ci Sym? U,

and hence
dim W0 = 15.

Thus a general limit can be written as

4 2 9
b30 = kwows + xaws Ly (xo, 1) + ZE%ZL‘4L2(ZL‘O, x1)

+ 55%@1(550, x1) + xox324Q2(T0, 1) + 9542103(3307 x1),
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where L1, Ly € Sym' U, Q1,Q2 € Sym?U, and C3 € Sym®U. We work on the nonempty
Zariski-open locus

Kk # 0, Disc(Q1) # 0, Disc(C3) # 0.

The weight 6 occurs twice on U, so the centralizer is non-toric:
Ca(Hso) = {A @ diag(pa, p3, pa) | A € GL(U), det A popugpa = 1}

Consequently,
dim Cg(Hg()) =0, dim(CG(Hgo)/Hgo) = 5.
Polystability

Set
R = Cg(Hgo).

By affine Luna reduction, it is enough to prove that R - ¢gg is closed in W30, Let p € Aggo.
After conjugation in the GL(U)-block, its weights may be written as

wt, (X, Y, 29,23, 24) = (s +n,5 —n,b,¢,d), 2s+b+c+d=0,

for a suitable eigenbasis X,Y of U.
Introduce the averaged weights

wo = 4b + ¢, wq = 25 + 3c, we = 3s + 2d.

The nonvanishing of x, Disc(Q1), and Disc(Cs3), together with nonnegativity of the occurring
monomial weights, gives
wo > 0, wg = 0, we 2> 0.

These quantities satisfy the balancing identity
wo+wQ +2we =425 +b+c+d)=0.

Hence
wo =wg =wc = 0.

Since wo = 0, a nonzero relative weight n would force the binary cubic Cs to have a multiple
root, contradicting Disc(C3) # 0. Thus n = 0. Solving the remaining weight equations gives

(s,b,¢c,d) =m(6,1,—4,—-9)

for some m € Z. Therefore
Agso = {Ago(tm) ‘ m & Z}

This set is symmetric under m — —m. The Casimiro—Florentino criterion therefore shows that
R - 30 is closed in W30, Luna reduction then implies that

G - ¢30

is closed in W, so [¢30] is polystable. The same weight calculation shows that the stabilizer for
the effective action of R/Hsg is finite on this open locus.
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Normal form

Since Cj is square-free, the GL(U)-action normalizes it to
Cg(xo,xl) = xol’l(xo — .CCl).

Using the remaining diagonal factors in C(Hsp), together with projective rescaling, normalize
the coefficient of z3x3 to 1. Every general limit is then equivalent to a member of

¢50(L1, Lo, Q1, Q2) = w3xs + 2323 L1 (w0, 1) + 2324 Lo (20, 21)
+ $§Q1($0, x1) + Tox324Q2(x0, 1) + xox1(T0 — xl)xia

where

Li,Ls € Syml U, Q1,Q9 € Sym2 U, DiSC(Ql) #0.

The displayed coefficient space has dimension
2+2+3+3=10.

One residual diagonal G,,-action preserves this form; on an affine parameter chart it may be
used to normalize one additional nonzero coefficient. Thus the effective normal-form parameter
count is

10—1=09.

Equivalently, since the effective centralizer stabilizer is finite,
dim P(W#0) =14, dim(Cq(Hzo)/Hzo) = 5,

and therefore
dim<I>30 =14-5=09.

No condition arising from the later singular-locus or minimal-exponent analysis is imposed at
the normal-form stage.

Case k = 31
1-PS limit
The witness vector and the corresponding one-parameter subgroup are
ra1 = (7,2,2,-3,-8),  Ag1(t) = diag(t’, 1%, 1%, ¢t 3,¢78), t € Gy,

Since the entries of 731 sum to zero, Ag; is a one-parameter subgroup of G = SL(5). Let f31 be a
general quintic supported on
S31 = I(r31)>0.

Its affine one-parameter-subgroup limit is the weight-zero part
= lim A31(%) - f31.
P31 = lim 31(t) - f31

Put
U = (z1,29), H31 := A31(G).

Solving the degree-five weight-zero equations gives

Wt = g, Sym? U @ 22 Sym® U @ zoz3U

@ zorszs Sym? U & <1}(2)CC§334> e x%xZU,
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and hence
dim W = 17.

Thus a general limit can be written as
¢31 = 24By(1, 22) + 1303(71, 29) + woxi L1 (21, 72)
+ zow314Q2 (11, 2) + mm%x%m + x%xiMl (21, x2),

where
ByeSym*U, C3eSym*U, Li,M; €U, Qy¢cSym?U.

We work on the nonempty Zariski-open locus
Kk # 0, Disc(By) # 0, Res(By, C3) # 0, M; # 0.
The weight 2 occurs twice on U, so the centralizer is non-toric:
Cq(Hs1) = {diag(uo) @ A @ diag(pus, pa) | A € GL(U), popspgdet A =1}.
Consequently,
dim C;(Hsy) = 6, dim(Cq(Hs1)/Hs1) = 5.
Polystability

Set
R = Cg(Hgl).

By affine Luna reduction, it is enough to prove that R - ¢3; is closed in W31, Let p € Aggl.
After conjugation in the GL(U)-block, its weights may be written as

wt,(zo, X, Y, x3,24) = (a,5 +n,5 —n,b,¢c), a+2s+b+c=0,

for a suitable eigenbasis X,Y of U.
Introduce the averaged weights

pB =4s+c, po = 35 + 2b, M = 2a + s+ 2c, d:=2a+2b+ec.

The conditions Disc(By) # 0 and & # 0, together with nonnegativity of the occurring monomial
weights, give
pB > 0, d>0.

They satisfy the balancing identity
pp+d=(4s+c)+(2a+2b+c)=2(a+2s+b+c)=0.

Hence
pp=d=0.

Since pp = 0, a nonzero relative weight n would force the binary quartic By to have a multiple
root. Thus
n = 0.

The nonvanishing of Res(By, C3) now gives
3pp +4pc 2 0,

and therefore pc > 0. Since M7 # 0 and n = 0, one also has pp; > 0. The equalities pp =d =0
imply
bym = —PpcC-
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Consequently,
pc =pm = 0.
Solving the remaining weight equations gives

(a,s,b,c) =m(7,2,—-3,-8)

for some m € Z. Therefore
Agm ={Aa31(t"™) | m € Z}.

This set is symmetric under m — —m. The Casimiro—Florentino criterion therefore shows that
R - ¢31 is closed in W31 Luna reduction then implies that

G- P31

is closed in W, so [¢31] is polystable.

Normal form
Since By is square-free, the GL(U)-action normalizes it to
By (u,v) := uv(u — v)(u — A\v), AeC\{0,1}.

Using the remaining diagonal factors in Cg(Hs1), together with projective rescaling, normalize
the coefficient of z3x3x4 to 1. Every general limit is then equivalent to a member of

o3 (N, Cs, L1, Qa, My) = x4 By (1, 29) + 23C3(x1, 29) + 20w L1 (21, 2)
+ 20w324Q2 (w1, T2) + wGa3ws + 2y My (21, 22),

where
Cs € Sym? U, Li,M; €U, Qs € Sym? U,

and
Res(B)\, 03) 7é 0, M1 7é 0.

The displayed coefficient space has dimension
1+44+243+2=12.
There remains a one-dimensional diagonal action, represented by
Ty — T_lxg, T3 —> T3,
with z1, xo, x4 fixed. It acts by
(Cs, Ly, Q2, My) — (7°Cs, 72 Ly, Q2,7 * M),
Thus the effective normal-form parameter count is
12—-1=11.

Equivalently,
dimP(W*1) =16, dim(Ce(Hs1)/Hz) = 5,

and therefore
dimq)gl =16 —-5=11.

No condition arising from the later singular-locus or minimal-exponent analysis is imposed at
the normal-form stage.
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Case k = 32
1-PS limit
The witness vector and the corresponding one-parameter subgroup are
r3o = (3,3,-2,-2,-2),  Asa(t) = diag(t’, ¢3¢t 72t 72, t7%), t€ Gy

Since the entries of 732 sum to zero, Aze is a one-parameter subgroup of G = SL(5). Let f32 be a
general quintic supported on
S32 = I(r32)>0-

Its affine one-parameter-subgroup limit is the weight-zero part
= lim Azo(t) - f30.
32 = lim 32(t) - f32

Put
V= <l’0,l‘1>, U:= <$27$3>$4>a Hzy = >\32(Gm)

For a degree-five monomial, the weight-zero equations are equivalent to
ug + up = 2, U + uz + ug = 3.

Hence
WHs2 = Sym?V @ Sym3 U,  dim W32 =3.10 = 30,

and a general limit has the form
p32 = 1302, T3, T4) + 107101 (T2, T3, T4) + 27Co(T2, T3, 1),

where Cy, C1,Cs € Sym3 U.
The two weights of Azo have multiplicities two and three. Therefore the centralizer is
non-toric:

Co(Hs) ={A@ B | Ac GL(V), Be GLU), det AdetB = 1} .

The kernel of the natural map
Ca(Hzz) — PGL(V) x PGL(U)
is precisely Hso. Thus
Cq(Hsg)/Hse ~ PGL(V) x PGL(U), dim(Cg(Hsz)/Hse) =3+ 8 = 11.

The stable locus for the effective residual action is nonempty. Indeed, if ( is a primitive cube

root of unity, then
¢ = XSV + Y +Y3) + Xo X1 Yo Y2

+XP(YG + Y+ ¢7YY)
has zero moment map for SU(V) x SU(U), and its projective stabilizer is finite. Hence [¢,] is
stable by the Kempf-Ness criterion. We therefore take [¢32] in the nonempty open locus

P(Sym? V @ Sym® U)”.
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Polystability

Set
R := CGf(Hgg).

By affine Luna reduction, it is enough to prove that R - ¢3o is closed in W32, Let p € Agﬁ.
After conjugation in the GL(V)- and GL(U)-blocks, the weights of p may be written as

th(XOaXlayba}/i7Y2) = (a+5>a_57b+pvb+Q7b_p_Q)a

with determinant-one condition
2a +3b=0.

For a monomial

XFXiYivkyf,  ie{0,1,2}, j4+k+0=3,
the scalar part cancels, and its p-weight is
(2—2i)s+jp+kq—L(p+q).

Thus the existence of the affine limit means that every occurring monomial has nonnegative
weight for the residual one-parameter subgroup of SL(V') x SL(U). Since [¢32] is stable for this
action, the Hilbert—Mumford criterion forces

Consequently the weights of p are
(a,a,b,b,b), 2a +3b = 0.

Their integrality gives an integer m such that

and therefore
p(t) = As2(t™).

Conversely, every Asa(t™) fixes W32 pointwise. Hence
Agm ={A52(t™) | m € Z}.

This set is symmetric under m — —m. The Casimiro—Florentino criterion therefore shows that
R - ¢39 is closed in WHs2 Tuna reduction then implies that

G- ¢32

is closed in W, so [¢32] is polystable.

Normal form
The normal-form family is the stable locus in the fixed representation:
¢55(Co, C1, Ca) = 23Co(w2, T3, 1) + 2071C1 (2, 3, T4) + 25 Co (72, T3, 74),

where

Co,C1,Ca € Sym® U, [¢35(Co, C1, Co)] € P(Sym* V @ Sym® U)”.

Equivalently, the dense quotient-side normal-form locus is

P(Sym?V @ Sym® U)*/(PGL(V) x PGL(U)).
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Since stable points have finite stabilizer for the effective action,
dim P(WHs2) = 29, dim (Cq(Hsz)/Hss) = 11,

and therefore
dim @35 = 29 — 11 = 18.

No condition arising from the later singular-locus or minimal-exponent analysis is imposed at
the normal-form stage.

Case k = 33
1-PS limit

The witness vector is
33 = (27 ]-7 07 07 _3)7

and the associated one-parameter subgroup is
A33(t) = diag(t%,t,1,1,t73), t € Gp.

Since the entries of r33 sum to zero, As3 is a one-parameter subgroup of G = SL(5).
Let f33 be a general quintic supported on

S33 = I(’r’gg)zo = {u el | 2up + ugp — 3uyg > 0}.
Its affine one-parameter-subgroup limit is the weight-zero part
= lim A33(%) - fs3.
P33 = 1 Ass(t) - fs
The weight-zero equations are

2ug +up — 3uyg = 0, uo + up + ug +uz + ug =5,

and give
(ug,u1,uq) = (0,0,0), (0,3,1), (1,1,1), (3,0,2).
Writing
U := (x2,x3),
we obtain
¢33 = Bs(x0,23) + 2324 L1 (20, 23) + 2or124Qo (2, 3) 4+ KTpL?,
where

Bs € Sym° U, Ly eU, Q> € Sym? U, k€ C.
We work on the nonempty Zariski-open locus
k#0,  Disc(Bs) #0,  Disc(Q2) #0,  Res(L1,Q2) #0.
Set H := H3z3 = A\33(G,y,). The zero weight has multiplicity two on U, and hence
Cq(H) = {diag(po, p1) ® A @ diag(ua) | A € GL(U), popipadet A =1}%.

Thus Cg(H) is non-toric and
dim Cg(H) = 6.

Moreover,
WH = Sym® U @ 232,U @ wozy24 Sym? U @ (x323), dim W = 12.
Since H acts trivially on W#

dim(Ce(H)/H) = 5.
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Polystability
Put R := Cg(H). By Luna’s centralizer reduction, it is enough to prove that R - ¢33 is closed in
wH,

Let A € AggS. After conjugation in R, we may assume that X is diagonal on the GL(U)-block.
In a corresponding eigenbasis X,Y of U, write its weights as

Wt)\(anxlaXaKmll) = (a,b,s+n,s—n,c),
so that
S:=a+4+b+2s+c=0.

Set
{:=3b+s+c, d = 3a + 2c.

The nonvanishing of Disc(Bs) implies s > 0: every monomial in the discriminant has total weight
40s. Similarly, Res(Ly, Q2) # 0 gives
20+ 5 >0,

and hence ¢ > 0. Finally, the occurring monomial xz3x? gives d > 0. These quantities satisfy
bs+{4+d=35=0.

Consequently,
s=0=d=0.

It remains to eliminate the relative weight n. Since s = 0, the six coefficient weights of the
binary quintic are
(5—27)n, j=0,...,5.

If n > 0, then Bjs is divisible by X3; if n < 0, it is divisible by Y?3. Either case contradicts
Disc(Bs) # 0. Hence n = 0.

Solving
S =0, {=3b+c=0, d=3a+2c=0
gives
(a,b,s,c) =m(2,1,0,-3) (m € Z).
Therefore

AR = as(t™) | m e 2.

This set is symmetric in the sense of the Casimiro—Florentino criterion [CF12]. Hence R - ¢33 is
closed in WH, and Luna’s reduction gives that G - ¢33 is closed in W. Thus [¢33] is polystable.

Normal form and the quotient parameters

Because Q2 has two distinct roots and the root of L is disjoint from them, the divisor of L;Q2
consists of three distinct points of P(U). Using the PGL(U)-action and the remaining block
scalings, we may normalize

Ly = 3, Q2 = a5 + 3.
Using the remaining diagonal and projective scalings, we also normalize k = 1. A convenient
normal form is therefore

¢§§(B5) = Bs(x2,x3) + $§)l’2$4 + azom1$4(x% + ajg) + x%mi,
where
Bs € Sym® U, Disc(Bs) # 0.
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The stabilizer in PGL(U) of the normalized three-point divisor is finite, so this normal form has
no residual continuous redundancy. Since

dimP(WH) =11,  dim(Cg(H)/H) = 5,
the corresponding quotient-side family has dimension

dim<I>33 =11-5=6.

Case k= 34
1-PS limit
The witness vector and the corresponding one-parameter subgroup are
r3s = (8,3,3, -2, —12), A34(t) = diag(e®, 3,83, t72,t71%), t € G,,.

Since the entries of 734 sum to zero, Az4 is a one-parameter subgroup of G = SL(5). Let f34 be a
general quintic supported on

S34 = I(r34)>0-
Its affine one-parameter-subgroup limit is the weight-zero part
= lim Mgy (%) - .
P34 = lim 34(t) - f34

Put
U= (z1,22),  Hzs:=A3a(Gp).

Solving the degree-five weight-zero equations gives
Wi = 2, Sym* U @ 23 Sym? U @ (woz3)
@ ox3zs Sym?* U @ (vgwizs) ® (x5x]),

and hence
dim W = 14.

Thus a general limit can be written as

¢34 = 24By(1, 22) + T3Qo(21, 12) + KToT]
2 92 2
+ $0$3$4R2(IE1, :EQ) + 65501'31:4 + P$3$4a

where

By € Sym* U, Q2, Ry € Sym? U.

We work on the nonempty Zariski-open locus

kp # 0, Disc(By) # 0, Res(B4,Q2) # 0.

The weight 3 occurs twice on U, so the centralizer is non-toric:
Ca(Hsq) = {diag(uo) @ A @ diag(pus, pa) | A € GL(U), popspadet A =1}.

Consequently,
dim Cg(H34) = 6, dim(Cg(H34)/H34) = 5.
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Polystability

Set
R := CGf(H34).

By affine Luna reduction, it is enough to prove that R - ¢34 is closed in WH34, Let o € A§34.
After conjugation in the GL(U)-block, its weights may be written as

wty (20, X, Y, 23,24) = (@, 8 + 1,8 —n,b,c), a+2s+b+c=0,

for a suitable eigenbasis X,Y of U.
Introduce the averaged weights

pp=4s+c, P = 25 + 3b, D = a + 4b, pp = 3a + 2c.

The conditions
Disc(By4) # 0, Res(By4,Q2) # 0, kp # 0

and nonnegativity of the occurring monomial weights give
pB =0, pB +2pg > 0, e > 0, pp = 0.
These quantities satisfy the balancing identity
3ps + (pB +2pQ) + pr +3p, = 10(a+ 25+ b+c) = 0.

Hence
PB=DPQ = Px =Pp=0.

Since pp = 0, a nonzero relative weight n would force the binary quartic B4 to have a multiple
root. Therefore
n = 0.

Solving the remaining weight equations gives

(a,s,b,c) =m(8,3,—-2,—12)
for some m € Z. Consequently,

AgM ={As4(t"™) | m € Z}.

This set is symmetric under m — —m. The Casimiro—Florentino criterion therefore shows that
R - ¢34 is closed in W31, Luna reduction then implies that

G - ¢34

is closed in W, so [¢34] is polystable.

Normal form
Since By is square-free, the GL(U)-action normalizes it to
By (u,v) = uv(u —v)(u — Av), AeC\{0,1}.
Using the remaining diagonal factors in C(Hs4), together with projective rescaling, normalize

the coeflicients of

4 3,2
ToL3, LTy
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to 1. Every general limit is then equivalent to a member of
$55(\, Q2, Ra, B) = 24 By (21, 2) + 25Qa(21, 72) + 2025
+ woasza Ro (w1, 22) + Bafaias + xiad,

where
Q2, Ry € Sym? U, B eC, Res(By, Q2) # 0.

The cross-ratio A is defined up to the finite anharmonic action, which does not affect the
dimension. The displayed parameter count is

1+3+3+1=28.

Equivalently,
dimP(WHs4) =13, dim(Cg(Hzs)/Hzs) = 5,

and therefore
dim ®34 =13 — 5 = 8.

No condition arising from the later singular-locus or minimal-exponent analysis is imposed at
the normal-form stage.

Case k = 35
1-PS limit
The witness vector and the corresponding one-parameter subgroup are
ras = (4,4, —1,—1,-6),  Ag5(t) = diag(t*, ¢, ¢, ¢70),  t € Gy

Since the entries of 35 sum to zero, Ags is a one-parameter subgroup of G = SL(5). Let f35 be a
general quintic supported on

S35 = 1(r35)>0-

Its affine one-parameter-subgroup limit is the weight-zero part
= lim As5(t) - fas.
P35 1= M As5(2) - fs

Put
V= (w0, 1), U = (x2,23), Hss := A35(Gyy).

For a degree-five monomial, set
a = ug + uq, b = us + us, C = U4.
The degree and weight-zero equations give
a=c+1, b=4—-2c, c=0,1,2.
Consequently,
Wi =V @ Sym* U @ 24 Sym? V @ Sym? U @ 22 Sym? V,

and hence
dim WH3 = 23,

Thus a general limit has the form

¢35 = voAs(x2, 23) + 21C4(22, 3)

+ 24Q2.2(0, 21; T2, 3) + 23C3(20, 71),
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where
Ay, Cy € Sym* U, Q22 € Sym?V ® Sym? U, Cs € Sym® V.

We work on the nonempty Zariski-open locus
Res(Ay,Cy) # 0, Disc(C3) # 0.

The first condition says that the pencil spanned by A4 and Cj is base-point-free on P(U), while
the second says that Cj is square-free.
The weights 4 and —1 each occur with multiplicity two. Therefore the centralizer is non-toric:

Ca(Hss) = {A® B @ diag(us) | A€ GL(V), B € GL(U), usdet Adet B =1}.

Consequently,
dim Cg(H35) = 8, dim(Cg(H35)/H35) = 7

Polystability
Set
R := Cq(Hss).

By affine Luna reduction, it is enough to prove that R - ¢35 is closed in W35, Let p € Ag%.
After conjugation in the two non-abelian blocks, the weights of p may be written as

wt,(X,Y, Z,W,24) = (s +n,5s —n,t +v,t —v,a),
where X,Y and Z, W are eigenbases of V' and U, and
25+ 2t+a=0.
Define the averaged block weights
pr = s+ 4t, pB = 3s + 2a.

The nonvanishing of Res(Ay, Cy), together with nonnegativity of the occurring monomial weights,
gives

pr > 0.
Similarly, Disc(C3) # 0 gives

pp > 0.
These quantities satisfy

pr+pB=(s+4t)+ (3s+2a) =2(25+ 2t +a) = 0.
Hence
pr=pp =0.

Since pp = 0, a nonzero relative weight n would force the binary cubic C5 to have a multiple
root. Thus n = 0. Since pr = 0, a nonzero relative weight v would force both A4 and Cjy to be

divisible by the same square of a linear form, contradicting Res(A4, Cy) # 0. Therefore v = 0.
Solving the remaining equations gives

(s,t,a) =m(4,—1,—6)
for some m € Z. Consequently,
Ag% = {)\35(tm) ‘ m & Z}.

This set is symmetric under m — —m. The Casimiro—Florentino criterion therefore shows that
R - ¢35 is closed in W35, Luna reduction then implies that

G- ¢35

is closed in W, so [¢35] is polystable. The same weight calculation shows that the identity
component of the stabilizer in R is Hss; hence the effective stabilizer is finite on this open locus.
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Normal form
Since Cj is square-free, the GL(V')-action normalizes it to
Bg(l’o,l’l) = .CC().Tl((E() — :L’l).
Thus every general limit is equivalent to a member of
O35(As, Ca, Qa2) = o Aa(m2, 23) + 21Cy (22, 73)
+ 24Q2.2(w0, T1; T2, 73) + T3T0T1 (T — T1),

where

Ay, Cy € Sym* U, Qa2 € Sym? V ® Sym? U, Res(Ay, Cy) # 0.

The residual continuous action is the GL(U)-action on (z2,x3); the stabilizer of xoz1(zo — x1)
in the V-variables is finite. Accordingly, the normal-form parameter space has dimension

54+5+9—dimGL(U) =19 — 4 = 15.

Equivalently,
dim (W) =22, dim(Cq(Hss)/Hss) =7,

and therefore
dim ®35 =22 — 7 = 15.

No condition arising from the later singular-locus or minimal-exponent analysis is imposed at
the normal-form stage.

Case k = 36
1-PS limit
The witness vector and the corresponding one-parameter subgroup are
r3e = (1,0,0,0,—1),  Age(t) = diag(t,1,1,1,t7"), ¢ € Gyp.

Since the entries of 736 sum to zero, Az is a one-parameter subgroup of G = SL(5). Let f35 be a
general quintic supported on
S36 = 1(r36)>0-

Its affine one-parameter-subgroup limit is the weight-zero part
P36 = 1m Aso () - fo-
For a degree-five monomial z%, the weight-zero equations are
Uy = U4, 2ug + u1 + ug + ug = 5.
Hence up = uq € {0,1,2}. Put
U := (x1,29,23), Hsg := A36(Gpp).

Then
WH36 = Sym5 U® roT4 Sym3 U® .’,U(Q)LL%U,

and therefore
dim W6 =21+ 10+ 3 = 34.
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Thus a general limit has the form
¢36 = Bs(1, 29, 73) + 2074C3(21, T2, 73) + w32 L1 (71, T2, 3),

where
Bs € Sym®° U, Cs € Sym® U, L, eU.

We work on the nonempty Zariski-open locus
B5 75 O, L1 75 0, DiSC(Cg) 7& 0.

In particular, V(C3) C P(U) ~ P? is a smooth plane cubic.
The weight zero occurs with multiplicity three on U. Hence the centralizer is non-toric:

Ca(Hsg) = {diag(uo) @ A @ diag(pa) | A € GL(U), popadet A =1},
Consequently,
dim C¢(Hsg) = 10, dim(Cq(Hse)/Hss) = 9.
Polystability

Set
R := CG’(Hgﬁ).

By affine Luna reduction, it is enough to prove that R - ¢36 is closed in W36, Let p € Aggﬁ.
After conjugation in the GL(U)-block, its weights may be written as

th($0,X1,X2,X3,l‘4) = (CL, s+p,s+q,s—p—gq, b)7
where X1, Xo, X3 is an eigenbasis of U, and
a+3s+b=0.

Since Disc(C3) # 0, the cubic [Cs] is stable for the SL(U)-action. The Hilbert—Mumford criterion
therefore forces the residual SL(U)-weights to vanish:

p=q=0.
All monomials in the nonzero quintic block Bs then have weight 5s, so
5s > 0.
All monomials in the nonzero block x3x3L; have weight
2a +2b+ s = —bs,

and hence
—5s > 0.

Thus
s=0, a+b=0.

It follows that, for some m € 7Z,
p(t) = diag(t™, 1,1, 1,t7™) = Asg(t™).

Consequently,
AR, = {Das(t™) | m € Z}.

This set is symmetric under m — —m. The Casimiro-Florentino criterion therefore shows that
R - ¢3¢ is closed in W36, Luna reduction then implies that

G - ¢36
is closed in W, and hence [¢3g] is polystable.
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Normal form
Since Ly # 0, the GL(U)-action allows us to choose coordinates such that
L1 = 3.

Using the remaining diagonal scalings and the overall projective scaling, normalize the coefficient
of z3x323 to 1. A convenient generic normal form is

o (Bs, C3) = Bs(x1, 2, v3) + mox4C3 (1, T2, 73) + wd2377,

where
Bs € Sym® U, Cs € Sym?® U, Bs #0, Disc(C3) # 0.

After fixing Ly = w3, the pair (Bs, C3) is understood modulo the residual subgroup preserving
<I3> in CG(H36)/H36. Since

dimP(WH36) =33, dim(Cg(Hze)/Hzs) = 9,
the corresponding quotient-side family has dimension
dim (I)36 =33—-9=24.

No condition arising from the later singular-locus or minimal-exponent analysis is imposed at
the normal-form stage.

Case k = 37
1-PS limit
The witness vector and the corresponding one-parameter subgroup are
rar = (2,2,2,-3,-3),  Ag7(t) = diag(t?, 1%, 2,3 ¢73),  t € Gy,

Since the entries of 737 sum to zero, Ag7 is a one-parameter subgroup of G = SL(5). Let f37 be a
general quintic supported on

Sa7 = 1(r37)>0.

Its affine one-parameter-subgroup limit is the weight-zero part
= lim A37(%) - fs7.
P37 = lim 37(t) - far
For a degree-five monomial z%, the weight-zero equations are equivalent to
ug + U1 + ug = 3, us + ug = 2.

Put
U = <x0,x1,x2>, V = <x3,x4>, H37 = )\37(Gm).

Hence
WH = Sym3U @ Sym? V,  dim WHs =10 3 = 30,

and a general limit has the form
¢37 = 23Do (20, 71, 72) + w334 D1 (20, 71, T2) + 23 D2 (20, 71, T2),

where
Dy, D1, Dy € Sym3 U.
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The two weights of A37 have multiplicities three and two. Therefore the centralizer is
non-toric:

Cq(Hs;) ={A®B| A GL({U), Be€ GL(V), det Adet B =1}.
The kernel of the natural map
Cq(Hsr) — PGL(U) x PGL(V)
is precisely Hs7. Thus
Ca(Hsr)/Hsr ~ PGL(U) x PGL(V), dim(Cq(Hs7)/Hsr) = 8+ 3 =11.
We work on the nonempty Zariski-open locus
(¢37] € P(Sym® U ® Sym? V)”
of points stable for the natural SL(U) x SL(V)-action.

Polystability

Set
R = Cg(H37).

By affine Luna reduction, it is enough to prove that R - ¢g7 is closed in W7, Let p € A§37-
After conjugation in the GL(U)- and GL(V')-blocks, the weights of p may be written as

th(X07X17X271/E]7}/i) = (G+P7G+Qaa_p_q7b+37b_5)a

with determinant-one condition
3a+2b=0.

For a monomial
XOXDXRYZIY!, ig+ii+ia=3, je{0,1,2},
the scalar part cancels, and its p-weight is
iop + i1 —i2(p+ q) + (2 — 2j)s.

Thus the existence of the affine limit means that every occurring monomial has nonnegative
weight for the residual one-parameter subgroup of SL(U) x SL(V'). Since [¢37] is stable for this
action, the Hilbert—Mumford criterion forces

p = q = § = O.
Consequently the weights of p are
(a,a,a,b,b), 3a+2b=0.

Their integrality gives an integer m such that

and therefore
p(t) = Azr(t™).

Conversely, every \z7(t™) fixes WH37 pointwise. Hence
AR = {sr(t™) | m e Z}.

This set is symmetric under m — —m. The Casimiro-Florentino criterion therefore shows that
R - ¢37 is closed in W37 Luna reduction then implies that

G - 37
is closed in W, and hence [¢37] is polystable.
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Normal form

The normal-form family is the stable locus in the fixed representation:
¢35 (Do, Dy, D) = 23D (0, 21, T2) + x324D1 (20, 71, T2) + 23 Do (0, 71, T2),

where
Dy, Dy, Dy € Sym® U, (¢85 (Do, Dy, Dy)] € P(Sym® U @ Sym? V)",

Equivalently, the dense quotient-side normal-form locus is
P(Sym® U @ Sym? V)*/(PGL(U) x PGL(V)).
Since stable points have finite stabilizer for the effective action,
dimP(WHs7) =29, dim(Cq(Hsy)/Hsy) = 11,

and therefore
dim ®37 =29 — 11 = 18.

No condition arising from the later singular-locus or minimal-exponent analysis is imposed at
the normal-form stage.

Case k = 38
1-PS limit
The witness vector and the corresponding one-parameter subgroup are
ras = (1,1,1,1,—4),  Ass(t) = diag(t, t,t,t,t ), t € Gy,

Since the entries of r3g sum to zero, Asg is a one-parameter subgroup of G = SL(5). Let f35 be a
general quintic supported on

S3g = I(r38)>0-
Its affine one-parameter-subgroup limit is the weight-zero part
= lim Asg(t) - f3s.
P38 1=l Ass(t) - fs
For a degree-five monomial z%, one has
738 - U = Ug + Ul + Uz + uz — 4dug = 5 — duy.
Hence the weight-zero monomials are exactly those with uqy = 1. Put
U := (wo, 1, 2, 73), H3g := A38(Gp).

Then
WHss = 44 Sym* U, dim W38 = 35,

and a general limit has the form
¢3s = x4By(x0, 1, T2, T3), By € Sym*U.
The weight 1 of A3g has multiplicity four on U. Therefore the centralizer is non-toric:
Cq(Hsg) = {A @ diag(us) | A € GL(U), pgdet A =1}.

The kernel of the natural map
CG(Hgg) — PGL(U)

is precisely Hsg. Thus
Ca(Hss)/Hss ~ PGL(U), dim(Cq(Hss)/Hsg) = 15.
We work on the nonempty Zariski-open locus
[By] € P(Sym? U)*
of quartics stable for the natural SL(U)-action.
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Polystability

Set
R := CGf(Hgg).

By affine Luna reduction, it is enough to prove that R - ¢sg is closed in W8, Let p € A§38.
After conjugation in the GL(U)-block, the weights of p may be written as

wt,(Xo, X1, Xo, X3,24) = (bo, b1, b2, b3, 0),
with determinant-one condition
bo + b1 + b2 + b3 +a = 0.
Define the residual weights
bi = b; +% (i=0,1,2,3).

Then o
bo + b1 + by + b3 = 0.

For a monomial
.T4X6‘0X%1X;2Xg3, ug + w1 + ug + ug = 4,

its p-weight is _ - - ~
uobo + u1by + ugbs + usbs.

Thus the existence of the affine limit means that every occurring monomial of B4 has nonnegative
weight for the residual one-parameter subgroup of SL(U). Since [By] is stable, the Hilbert—
Mumford criterion forces

by = by = by = b3 = 0.
Consequently
a
b():bl:bgzbg:—z.
Integrality gives an integer m such that

bp = by = by = b3 = m, a = —4m,

and hence
p(t) = Aga(t™).

Conversely, every Asg(t™) fixes W38 pointwise. Therefore
Ag% ={Ass(t"™) | m € Z}.

This set is symmetric under m — —m. The Casimiro—Florentino criterion therefore shows that
R - ¢35 is closed in WHss | Luna reduction then implies that

G - P33

is closed in W, and hence [¢3g] is polystable.
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Normal form

The normal-form family is
25(34) = x4B4($05 Ty, X2, $3)’

where

[By4] € P(Sym* U)*.
Equivalently, the dense quotient-side normal-form locus is
P(Sym? U)*/PGL(U).
Since stable quartics have finite stabilizer for the effective action,
dimP(WHss) =34, dim(Cg(Hag)/Has) = 15,

and therefore
dim $35 = 34 — 15 = 19.

No condition arising from the later singular-locus or minimal-exponent analysis is imposed at
the normal-form stage.
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B Component-by-component singularity and minimal-exponent
calculations

This appendix proves the component-indexed catalog stated in Section 8. For each a =1,...,21,
let k(a) be the representative fixed in Table 7, let

Fai= ¢y Xai=V(F,) CP,

and work on the corresponding nonempty Zariski-open generic parameter locus. The calculation
is performed once for each quotient component, rather than once for each of the thirty-eight
oriented supports. For the partner k' of a chosen label k(a), coordinate reversal identifies
the corresponding zero-weight spaces and the two labels have the same quotient image. By
Remark 5.3, their general closed orbits are therefore projectively equivalent, although the two
displayed normal-form formulas need not be related by p without further residual normalization
and reparametrization. The saturated Jacobian scheme, local analytic equivalence class, and
minimal exponent are invariant under that projective equivalence.
For every a, we determine

OF, O
83:0""’8904

Sing(X.) = V(J(Fa),  J(F) = ( )  (20s- . 74)™,

decompose its support into irreducible strata, identify the relevant local analytic models, and

compute
a(Xy) = min  a,(X,).
(Xa) pESing(Xa) p(Xa)
The outcome in every component is
- 441
A(Xy) = 1= %

B.1 The component O,

By Table 7,
01 = &1 = by, k(1) =1.

A general closed orbit in O is represented by
o nfo N 4 4 3 2.3 x
Fi(a) = o) (o) = xix2 + Tox5 + ToT5T4 + ToT1T2T3T4 + QTGTy, aeC”,

and we set
Xi(a) ==V (Fi(a)) C PL

Singular locus. For readability, write F' = Fj(«). Its partial derivatives are

oF

— = :L‘éL + :L‘;’:m + x1x27374 + 204:U0$i,
(9.280

oF

— = 43

e xo(xorsxy + 4x7),

oF

— = lex + xox1x374 + 3x0x§x4,
81‘2

oF

— = 423),

03 xo(r12224 + 4273)

oF

— =xo(x12023 + l‘% + 30(95095421).
0xy
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On the hyperplane zy = 0, the equation 0F/0xy = 0 gives 1 = 0 on the reduced support, and
we obtain the plane quartic
C = V(xo, x1, 25 + 2324).

Its normalization is
[s:t] — [0:0:5": 53 : —t1],

so C is irreducible and rational. Its unique singular point is
Q=(0:0:0:0:1),

and, in the chart x4 = 1, the curve germ (C, Q) has equation 3> + 2% = 0. Thus Q is a (3,4)-cusp.
On the chart zg = 1, write

(u,v,z,w) = (1, x2, T3, T4).
If v = 0, the Jacobian equations give w = z = v = 0, yielding
P=(1:0:0:0:0).
If v #£ 0, they imply
3 2 4 8 7

2w = —4u°, viw =u", u® = 25607, au® =wv'.

Consequently this branch occurs only for « = 1/256. At that value an additional rational
singular curve appears. Hence, on the nonempty open set

1
o\l
@€ \{256}’

Sing(X1())red = C LU {P}.

the reduced singular locus is

We impose this genericity condition from now on.

The isolated point P. The local equation at P is

fp= uto + 24 + V3w + wozw + awd.

It has an isolated critical point and is weighted homogeneous of degree 36 with weights
wt(u, v, z,w) = (7,8,9,12).
After a diagonal rescaling, this germ is analytically equivalent to
UYW +Z*+ VW + rUVZW + W3, reC*,  ri=al

The genericity condition a # 1/256 is equivalent to 7* # 256. Hence, in the Yonemura-number
notation of Section 8,
(X1(), P) ~an 825(752(7')'

In particular, the isolated singularity has Milnor number 87 and Yonemura number 52. Therefore

CTH8+9+12
==

ap(X1(a)) 1.
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Smooth points of C. Every point of C'\ {@} lies in the chart zo = 1. Put
N =24+ :cé.

Then

F:x%—i-xo@, C) :n+$1x3(n—x§)+axo(n—x§)3.

Since 90 /9n = 1 along C, the function ' = © is an analytic coordinate, and the local equation
becomes
xo?]l + .%111 =0

together with the smooth parameter x3. Thus the transverse singularity is of type As, and

24241 5

ap(X1(a)) — 1~ 1 (pe C\{Q}).

The transverse Jacobian ideal is (7', zg,23); in particular, the saturated Jacobian scheme is
nonreduced along C', with generic transverse length 3.

The cusp point (). In the chart x4 = 1, with

(U, v, Y, Z) = (.’Bo, Z1,T2, ZC3),
the local equation is
fo = au® +u(y® + 2* + vyz) + vty

Completing the square in u gives

fQ = aul2 +Q(U,y, Z)a

where

1
g(v,y,2) = vy — M(y‘3 + 24+ vyz)Q.

The germ g is weighted homogeneous of degree 24 with weights
wt(v,y,2) = (5,4, 3).
A direct solution of Vg = 0 gives
Sing(V(9))rea = V (v, 4% + 2.

At every nonzero point of this curve, g is analytically equivalent to V4 — H? together with one
smooth parameter, and hence has local log canonical threshold 3/4. Away from the critical locus
the threshold is 1. Thus (C3,1V/(g)) is log canonical away from the origin. The weighted-blow-up

criterion gives
5+4+3 1

see [Pae24, Proposition 3.2]. Since

lcto(g) = min{&O(g)v 1}>

it follows that 1

ao(g) = 5

Applying the Euler-homogeneous Thom—Sebastiani theorem [Sai94, Theorem 0.8], we obtain
~ ~ 12 ~ 1 1
ag(Xi(a)) = aoglau’™) + ap(g) = 3 4 5= 1.
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Global minimal exponent. These strata exhaust the singular locus. Therefore

a(Xi(a)) = min {1, 1, Z} =1.

Thus a general closed-orbit representative of ©1 has global minimal exponent

B.2 The component O,

By Table 7,
Oy = §y = Do7, k(2) =2.
A general closed orbit in O4 is represented by
Fy(a, B) = 85" (o, B) = aa3 + alws + vowaa + voriay (a, B) € (C*)?
+ QXTI 1T2T3%4 + ,B.T(%IL’Z, ’ ’

and we set
XZ(O‘7B) = V(FQ(aaﬁ)) C P4‘

The required genericity condition is

DQ(aaﬁ) 7& 07

where
Dy(a, B) = o — 20° + a* + 5408 — 378025 + 57603 + 7295% — 2564.

Singular locus. For readability, write F' = Fy(c, 3). Its partial derivatives are

or . )
—_—= xgmg + x%m + arixor3rg + Qonxj,
8%0
oF
— = Bx%m% + 4$i1)’x3 + axgrox3Ty,
8301
or
e = 2:1::{’352 + :rozvg + Sxox%m + argri1T324,
2
OF 4 2
~ =2 + 31’0.2921’3 + Qxor1T224,
8.%‘3
oF
2
3. = %o (:13% + azixows + 3Pwoxy).
4

On the hyperplane xg = 0, these equations reduce on the support to
_ 3 2 _
xr1 =0, xo (25 + 2524) = 0.
Hence the singular support in this hyperplane is L U C, where
L= V(xo, x1, 1’2)

is a line and
. 3., .2
C :=V(xo,z1,23 + T514)

is an irreducible cuspidal plane cubic. A parametrization of C' is

[s:t] —[0:0:8%: —s%: 3]
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Its unique cusp is

Q=(0:0:0:0:1), LNC={Q}.

On the chart g = 1, put
(U,’U,Z,'UJ) = ($1,1’2,$3,$4).

The affine equation is
f=u3® 4+ utz + 023 + vPw + awvzw + pwd.

If one of u, v, z, w vanishes, the Jacobian equations force u = v = z = w = 0, giving the isolated
point
P=(1:0:0:0:0).

If wvzw # 0, multiplying the four affine Jacobian equations by u, v, z,w, respectively, and
eliminating the occurring monomials yields a parameter t satisfying

alt—12=1-4t, Bit—1)°=+%

Eliminating ¢ gives Da(«, 5) = 0. Thus, under the genericity condition above, there are no
further affine singular points, and

Sing(Xa(, f))red = (LU C) L {P}.

The isolated point P. The local equation f is weighted homogeneous of degree 27 with
weights
wt(u, v, z,w) = (5,6,7,9).

The condition Da(cv, B) # 0 ensures that its critical point is isolated. With
(le X2a X37 X4) = (U, U, Z, w)a

the local equation is precisely the defining normal form of the family S3s4(«, ). Hence, in the
Yonemura-number notation of Section 8§,

(XQ(O%B)?P) ~an 85884(0475)-

In particular, the isolated singularity has Milnor number 88 and Yonemura number 84. Therefore

- 5+6+7+9
Gp(Xa(a, ) = o =

1.

Smooth points of the line L. Let p € L\ {Q}. Since z3(p) # 0, work in the chart 3 =1
and write
u = To, v =1y, y = 2, T4 =q+C,

where g = z4(p)/x3(p). The quadratic part in the transverse variables (u,y) is

wy + Bg*u?,
which is nondegenerate for every ¢, while

F(0,v,0,¢) = v,

By the holomorphic splitting lemma, the germ is analytically equivalent to

U+ U3+ ot
together with the smooth parameter (. Thus the transverse type is As, and

ap(Xa(a, B)) = % +%+%:Z (p € L\{Q}).

The generic transverse Jacobian ideal is (U, Us,v?), so the saturated Jacobian scheme has
generic transverse length 3 along L.
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Smooth points of the cubic C. Let p € C'\ {Q}. Then z3(p) # 0. On the chart zo = 1, put
n=x4+ x%
The local equation becomes
F = a3 4 zixs + zon + azorizs(n — x3) + Bxd(n — x3)3.

The quadratic form in (zg,7) has rank 2. Its critical section is

axm:é
To = 07 n= )
1+ axr1IT3

and the restriction of F' to this section is
3
ry(1 + z123).
Since the second factor is a unit, the transverse germ is analytically equivalent to
U + U3 + 3.

Hence the transverse type is Ay, and

ap(Xo(a@, B)) = 5+ 5+ 5=

2 2 3

Stati=s  (GEC\(QD

The generic transverse Jacobian ideal is (Uy, U, 2?), so the saturated Jacobian scheme has
generic transverse length 2 along C.

The intersection point (). In the chart z4 = 1, with
(u,v,y,2) = (xg, 1, T2, T3),
the local equation is
fo = Bu? +u(y® +yz* + avyz) + v3y? + vtz
Completing the square in u gives

2
fo =pBu"+g(v,y,2),

where

1
9(v,y,2) = 0y + otz - @(yg +y2 + avyZ)Q.

The germ g is weighted homogeneous of degree 18 with weights
wt(v,y,2) = (4,3,2).

The face with zero v-exponent is proportional to y%(y? + 2%)2, so g is Newton degenerate. We
therefore use the weighted-cone criterion instead. Its reduced critical locus is the union

2L = V(’U,y), EC = V(UayZ + 23)'

At a nonzero point of ¥y, the transverse type is Y2 + V%, whose log canonical threshold is 3 /4;
at a nonzero point of ¥, it is Y2 + V3, whose log canonical threshold is 5/6. Away from these
curves the divisor V(g) is smooth. Hence (C3, 1V (g)) is log canonical away from the origin. The
weighted-cone criterion [Pae24, Proposition 3.2] gives

44342 1
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By the general relation [MP20],

leto(g) = min{ao(g), 1},

SO
1

ao(g) = 5

The Euler-homogeneous Thom—Sebastiani theorem [Sai94, Proposition 0.7 and Theorem 0.8],
together with [CDNM24, Theorem 1.2], then yields

+-=1

N -

do(Xa(a, §)) = Go(Bu”) + doly) =
Global minimal exponent. The preceding strata exhaust the singular locus. Therefore

&<X2<a,ﬁ>>:mm{1,1 5 4} 4+1

Y 0 o =1=—-.
43 5

Thus a general closed-orbit representative of ©2 has global minimal exponent equal to 1.

B.3 The component Oy

By Table 7,
@3 = @3 = (1)33, k(3) =3.

Write
Bs(x1,x2) = bgl‘? + bl:fllxg + bysi%% + ng%x% + b4x1x§ + b5xg.

A general closed orbit in O3 is represented by
F3(Bs) = ¢4’ (Bs) = Bs(w1, ) + wowa}
+ 2o(2? + 233wy + 2323,

and we set
X3(Bs) := V(F3(Bs)) C P*.

We work on the nonempty Zariski-open set
bon DiSC(B5).A3(B5) 7é 0,

where, writing Bs; = 0B5/0;,
As(Bs) := Res,, (93571(/), 1) + 2p(p% + 1)2,27Bs 2(p, 1) + (p® + 1)%(5 — p2)) .

Singular locus. On the hyperplane zg = 0, the Jacobian equations include
Bs1(x1,22) = Bsa(x1,22) = 0.

Since Bj is square-free, these equations force 1 = x2 = 0. Thus the singular support in this
hyperplane is the line
L :=V(xg,x1,z2).

On the chart zg = 1, put
(u,v,z,w) — (33]_,332,1’3,.’E4).

The affine equation is
f = Bs(u,v) + vz + (v + v?)zw + w?,
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and its critical-point equations are

Bs 1 (u,v) + 2uzw = 0,
Bs o(u,v) + 23+ 2vzw =0,
3vz? + (u* +v*)w = 0,
(u® 4 v?)z + 3w? = 0.
If z =0 or w = 0, these equations give u = v = z = w = 0, hence the isolated point
P=(1:0:0:0:0).

If zw # 0, then v # 0. Using the weighted action of weights (3,3,4,5), normalize v = 1 and put
p = u/v. The last two critical equations yield

2 1)2 2 1)3
=D s DT

9 27

while the first two become the two equations occurring in the definition of A3(B5). Hence
A3(B5) # 0 excludes all such points. Therefore

Sing(X35(B5))rea = L U{P}.
The distinguished point on L is
Q@=(0:0:0:0:1).
The isolated point P. The local equation at P is the weighted-homogeneous polynomial
fp = Bs(u,v) + vz + (u® + v?) 2w + w?

of degree 15 with weights
wt(u, v, z,w) = (3,3,4,5).

The genericity assumptions make its critical point isolated. With
(X17 X27 X37 X4) = (U, v, z, w)7

the local equation is precisely the defining normal form of the family S34%(Bs). Hence, in the
Yonemura-number notation of Section 8§,

(X3(Bs), P) ~an Sgs " (Bs).
In particular, the isolated singularity has Milnor number 88 and Yonemura number 15. Therefore

3+3+4+5
15 -

ap(Xs(Bs)) = 1.

Points of L\ {Q}. Let p e L\ {Q}. In the chart x3 = 1, write
w=uw9, v=z1, Y==T2  Ta=q+C

Then
F3 = Bs(v,y) +uy + u(v® + y*)(q¢ + ¢) + v’ (¢ + ¢)*.

The quadratic part in (u,y) is uy + ¢3u?, which has rank 2. The splitting lemma therefore gives

F3 ~an UL + U3 + g(v, ().
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Solving the critical-section equations in (u,y) gives
y=—(@+Ov’ +0@"), u=0(@"),

and consequently
9(v,¢) = bov® + O(v°).

Since by # 0, an analytic change of the coordinate v yields
Fyman U +UZ + VP

together with the smooth parameter (. Thus the transverse type is A4, and

1 1

G (Xs(Bs) =5t 5t =2 (e L\{Q)).

The generic transverse Jacobian ideal is (U1, Uz, V4); hence the saturated Jacobian scheme has
generic transverse length 4 along L.

The distinguished point (). In the chart x4 = 1, with
(u’ v,Y, Z) = (SL‘(), X1, T2, xg),

the local equation is
fo = u® + Bs(v,y) +uyz® + u(v? + y*)z.
Set )
A(v,y, 2) := 2(v? + y* +y2?), U:=u+ iA(v,y, z).
Completing the square gives
fQ = U2 + h(U, Y, Z)a
where

1
h(v,y,z) = Bs(v,y) — 122(02 +y? +y2?)%

To compute its log canonical threshold, introduce
o L, 2 2 _ 2
G(/vavt) = B5(/va) 4t(v +y +yt) ) h(?),y, Z) - G(v,y,z )

For the double cover
m: (v, y,2) — (0,9, 2%),

branched along T'= V' (t), and D = V(G), the finite-cover criterion gives
1
letg(h) = sup {c >0 ‘ <(Ci’y,t, §T + CD> is log canonical at 0} .

Since multg T = 1 and multg D = 5, the exceptional divisor of the ordinary blow-up has log
discrepancy

1
3— 3~ 5c¢.
Thus log canonicity forces ¢ < 1/2, and hence
1

For ¢ = 1/2, inversion of adjunction reduces log canonicity to that of
1 1
P2 —loo + =C
(P2 56+ 5€).
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where

lo=V(t), C=V(G)CP
The curve C' meets £, transversely at the five distinct roots of Bs. The resultant condition
excludes singularities of C' away from

R=(0:0:1).
At R, the splitting lemma gives

(C,R) ~an V(Y2 +V5), lctp(C) = %

T
10

ot =
N —

It follows that the displayed pair on P? is log canonical, and hence
1
lcto(h) = 5

Using
letg(h) = min{ag(h), 1},

we obtain ag(h) = 1/2; see [MP20]. The Thom—Sebastiani theorem then yields

+-=1

N | —
N | —

aqQ(Xs(Bs)) = ao(U?) + ag(h) =
see [Sai94, CDNM24].

Global minimal exponent. The preceding strata exhaust the singular locus. Therefore

6 4+1
a(Xg(Bg,)) = min{l, 1, 5} =1= %

Thus a general closed-orbit representative of ©3 has global minimal exponent equal to 1.

B.4 The component O,

By Table 7,
04 = Py = Doy, k(4) = 4.

A general closed orbit in O is represented by

Fy(a, B) := ¢8 (e, B) = 2203 + a3 w3wy + zo2s + o105

+ amor1T2w374 + B,
where (o, ) € (C*)2%, and we set
Xu(a, B) := V(Fy(a, B)) C P
We work on the nonempty Zariski-open set
Dy(a, B) # 0,

where

Dy(a, B) = o — 20° + a* + 540> — 378026 + 57603 + 7295% — 2560.
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Singular locus. On the hyperplane zo = 0, the Jacobian equations give either 1 = x9 = 0,
which yields the line
L= V(:L’o, X1, 1?2),

or the single point
R=(0:1:0:0:0).

On the chart zo = 1, put
(u,’U,Z,’U)) = (.1'17:6'2,.%'3,.7]4).

The affine equation is
f=u? + udzw + vt + 1z + quvzw + fud.
Its critical equations vanish identically along v = z = w = 0, giving the affine part of the line
M =V (xo,x3,14).

Outside M, all four coordinates u, v, z,w are nonzero. The weighted G,,-action of weights
(3,6,7,8) allows us to normalize u = 1, after which the critical equations imply

av? +4v+3 =0, (1+ av)? =98v™.

Their resultant is 9D4(«, 5). Hence the genericity condition excludes every additional singular
point. Since R € M, we obtain

Sing(X4(a, 5))rea = M UL,

and the two lines are disjoint. In particular, there are no isolated singular points.

Points of M \ {P}. Let
P=(1:0:0:0:0).

For p € M \ {P}, work in the chart 1 = 1, write s = zg, y = z2, 2 = x3, and w = x4, and put
s = sg + 0. The local equation is

Fy = y3 + zw + sy4 + sz° + asyzw + Bs2w3.

The quadratic form in (z,w) is nondegenerate, and z = w = 0 is the exact critical section. Its
critical value is
y3(1 + (30 + U)y)a

so the splitting lemma gives
F4 ~an U12+U22+Y3

with o a smooth parameter. Thus the transverse type is Ao, and

1 1 1 4

ap(Xa(a,B)) ==+ -+ 3

4343 (b e M\ {P}),

"3
The generic transverse Jacobian ideal is (Uy, Us, Y?), so its generic length along M is 2.
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The distinguished point P. In the chart g = 1, the local equation at P is
fp = u?v3 + udzw + vt + uz® + quvzw + Bud.
It is weighted homogeneous of degree 24 for
wt(u, v, z,w) = (3,6,7,8).

Every proper Newton face is nondegenerate, while a torus critical point of the principal face
would determine a singular point of X4(«, ) outside M U L, which has already been excluded.
Thus fp is Newton nondegenerate. Since the monomial uvzw occurs and all support exponents
lie on the weight hyperplane of degree 24, its Newton distance is 1. Consequently

lcto(fp) =1

by the Newton-polyhedron formula [How03]. Using lcto(fp) = min{ao(fp),1} and the weighted
upper bound for the minimal exponent, we obtain

- 3+6+7+8
1< ao(fp) < 0 ER g,
24
see [MP20, CDM25]. Therefore
Gp(Xs(a, B)) = 1.
Points of L\ {Q}. Let
Q=(0:0:0:0:1).
For p € L\ {Q}, work in the chart x3 = 1, write
U = 7o, U =Ty, Yy = T2, $4:q+<7
and set
A=1+ay(q+ ), B=q+¢.
Then

Fy = Auwv + BB3u® + uy® + y*v? + B3,
The quadratic form in (u,v) has rank 2. If (u.(y, (), v«(y,()) denotes its critical section, then
4 7
Y 2y
Vs = A + Oy(y7)7 Uy = Az + Oy(yg),
and substitution gives
yH 12 11
F4(u*,v*,y,C):F+Oy(y ):y - unit .
Hence
F4 ~an U12+U22+Y11

with ¢ a smooth parameter. The transverse type is Ajg, and

11 1 12

Gp(Xa(a,B)) =5 +5+7=1 @EL\{QD).

The generic transverse Jacobian ideal is (Uy, Us, Y'19), so its generic length along L is 10.
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The distinguished point (). In the chart 4 = 1, with
(u,v,y,2) = (z0, 21, T2, T3),
the local equation is
fo= Bu? + vy + 03z + uyt + wvz? + auvyz.
It is weighted homogeneous of degree 16 for
wt(u,v,y,2) = (8,5,2,1).

The same Newton argument as at P shows that fg is nondegenerate and has Newton distance 1.

Hence
8+5+2+1 _q

leto(fg) =1, 1 <ao(fg) < 16 ;

and therefore
agQ(Xa(a, B)) = 1.

Global minimal exponent. The preceding strata exhaust the singular locus. Therefore

a(X4(a, f)) = min {3, T 5

Thus a general closed-orbit representative of ©4 has global minimal exponent equal to 1.

B.5 The component Oy

By Table 7,
@5 = @5 = (13247 k(5) = 5.

A general closed orbit in Oj is represented by

Fs5(a, B,7) == qﬁgf(a, B,7y) = x%x% + x‘i’x% + .T?l’g(ﬁz; + moxga:g

+ azoz1 x5 + froriTersTy + YTiL,
where (a, 3,7) € (C*)3, and we set
Xs(a, 8,7) = V(Fs(, 8,7)) C P
We work on the nonempty Zariski-open set

O‘#L R5(a’577)§£0’

where
Rs(a, B,7) := Ress(As(s), Bs(s)),
with
As(s) = 8lays®(s — 1)2 + B3(s — 1)%(2s + 1) + 38%(s* — 1)
+ 38 + 54ys*(s — 1) — 1,
and

Bs(s) = 27ays?(s — 1) 4+ 83(s — 1)3(3s — 2) + 35%(s — 1)%(5s — 2)
+36(s —1)(7s — 2) + 81ys%(s — 1)* + 95 — 2.

The resultant contains the factor (3 — 1)% hence its nonvanishing also implies 3 # 1.
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Singular locus. On the hyperplane g = 0, the Jacobian equations give the two lines
L :=V(xg,x1,22), M =V (xg,x1,x3),
together with the point (0:1:0:0:0), which lies on the line
N :=V(xg,x3,14).

On the chart zg = 1, put
(u,v,z,w) = (:1;17:1:27:1:373:4)-

The affine equation is
f=u?0® + 4322 + dow + 032 + auz® + Buvzw + ywd.

Its critical equations vanish identically along v = z = w = 0, giving the remaining affine part
of N. Away from N, one has u # 0, and the weighted action of weights (3,5,6,7) allows us to
normalize u = 1. The critical equations then force vw # 0. Writing

w = tv, s:fytg,

the equations f, = f, = 0 give
1-p+Ps 1-p+Ps

z=s5—1, V= - w =
3yt2 3yt

and the remaining two equations become
As(s) = Bs(s) = 0.
Thus Rs5 # 0 excludes every additional affine singular point. Consequently
Sing(X5(v, 8,7))rea = N U (LU M).
Here N is disjoint from L U M, while
LNM={Q}, Q=(0:0:0:0:1).

In particular, there are no isolated singular points. Scheme-theoretically, N and M are generically
reduced, whereas the generic transverse length along L is 8.

Points of N\ {P}. Let
P=(1:0:0:0:0).

For p € N\ {P}, work in the chart ;1 = 1 and write
(s,y,z,w) = (xg, T2, T3, T4).
The local equation is
y3 + 22+ yw + sy?’z + asz® + Bsyzw + 752103.

Its quadratic part z2 + yw has rank 3. Hence the transverse germ is a three-variable Morse
singularity, with s as a smooth parameter, and

(X5 B7) =t ot i=2  (peN\{P))

272" "2 2
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The distinguished point P. At P, the local equation is
fr = u?v® + u32% + wdow + v32 + auz® + fuvzw + yw?.
It is weighted homogeneous of degree 21 for
wt(u, v, z,w) = (3,5,6,7).

Every proper simplex face of its Newton boundary is nondegenerate. The only nonsimplicial
proper face has face polynomial

W + w2t 03z + ozuz3,

and its logarithmic critical equations have a torus solution precisely when o = 1. A torus critical
point of the full compact face would give an affine singular point outside IV, which is excluded
by Rs # 0. Thus fp is Newton nondegenerate.

Since the monomial uvzw occurs, every Newton ratio is at least 1, and equality is attained
by the weight vector (3,5,6,7). Hence

1Ct0(fp) =1

by the Newton-polyhedron formula [How03], and therefore ap(X5) > 1 by [MP20]. On the other
hand, the weighted blow-up of weight (3,5, 6,7) has log discrepancy

3+5+6+7-21=0

over the hypersurface germ, so the germ is not canonical. Since it is a normal Gorenstein
hypersurface, it cannot be rational. Saito’s rationality criterion [Sai94, MP20] gives ap(X5) < 1.
Therefore

ap(Xs(a, 8,7)) = 1.

Points of L\ {Q}. For p e L\ {Q}, work in the chart z3 = 1, write
(u,0,9) = (zo,21,22),  Ta=q+C,
and regard ¢ as the parameter along L. The quadratic part in (u,v) is
auv + ’yq3u2,

which has rank 2. Eliminating these two Morse variables gives the transverse critical value

a—1
y? +0(y").

Since « # 1, the splitting lemma yields
By ~an U + U5 +Y?

with one smooth parameter. Thus the transverse type is Ag, and

1 1 1 10

&p(Xg,(Ck,ﬁ,’)/)) :§+§+§:§ (pGL\{Q})

The generic transverse Jacobian ideal is (Uy, Us, Y'®), explaining the generic transverse length 8
along L.
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Points of M \ {Q}. Forp e M\ {Q}, work in the chart xo = 1, write
(u,v,2) = (w0,71,23),  T4=q+C.
The quadratic part in the transverse variables is
v? 4 uz + 7q3u2,

which has rank 3. Hence the transverse germ is again a three-variable Morse singularity, and

G, ) =5 (e M\{QD).

The intersection point (). In the chart z4 = 1, with

(u,v,y,2) = (xg, 1, T2, T3),
the local equation is

fo = yu? + vy + 0322 + 03y + uytz + auwwz® + Buvyz.
It is weighted homogeneous of degree 14 for
wt(u,v,y,2) = (7,4,2,1).

As at P, the only nonsimplicial proper Newton face has face polynomial

v2y3 + 0322 + uygz + ozuvz3,

whose torus critical equations force o« = 1. The condition R5 # 0 excludes a critical point of the
full compact face. Thus fg is Newton nondegenerate. Since the monomial uvyz occurs and

T+4+2+1=14,
the Newton-polyhedron formula gives

lcto(fQ) =1.

The weighted blow-up of weight (7,4,2,1) has log discrepancy zero over the hypersurface germ,
so the germ is not canonical. Since it is normal Gorenstein, the same rationality argument as at
P gives

aQ(Xs(a, B,7)) = 1.

Global minimal exponent. The preceding strata exhaust the singular locus. Therefore

441

310 3
a(X =min{l,2, =, 21y =1
a( 5(&76,’7)) mln{ 72’ 9727 } 5

Thus a general closed-orbit representative of ©5 has global minimal exponent equal to 1.
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B.6 The component Og

By Table 7,
@6 = @6 = (1)28, k(6) = 6.

A general closed orbit in Og is represented by

f 2 4 2 2
Fo(a, B,7,0,€) := ¢ (a, B, 7,0, €) = xiahy + wiwors + 2iwy + morias + azoriay

+ Brox1xs + yrom w3y + ST X3 + exial,

where (o, 8,7, 9, €) € (C*)°, and we set
Xo(ov, 8,7, 0,€) == V(Fs(a, 5,7,4,¢) € P

Let
fe(u, v, z,w) = u*03 + wdvz + vtw + 0222 + avdw + pu®
+ yuvzw + dulw? + ew’.

This is weighted homogeneous of degree 18 for the weights (3,4, 5,6). Denote by Dg the closed
locus of parameters for which V fp = 0 has a solution in P(3,4,5,6), and choose a polynomial
R such that

D C V(Rs), Re(1,2,1,1,1) # 0.

We work on the nonempty Zariski-open set

/87&17 RG(Q,IB,’Y,(S,G)%O.

At (e, B,7,0,¢) = (1,2,1,1,1), a Grobner-basis computation gives a Jacobi algebra of dimension
91. Weighted homogeneity then excludes every nonzero critical point, so this open set is
nonempty.

Singular locus. On the hyperplane x¢p = 0, the Jacobian equations reduce on the support to

x1 =0, x%(:c% + azoxy) = 0.

Hence they give the line
L= V(wo, 1, ZL‘Q)

and the smooth conic
C = V(:Uo,xl,axg + axwoxy).

These curves meet only at
Q=(0:0:0:0:1).

On the chart g = 1, the affine equation is precisely fp. The condition Rg # 0 excludes every
nonzero critical point, so this chart contributes only

P=(1:0:0:0:0).

Consequently
Sing(XG(aa ﬁ,,-)/, 57 6))r6d - (L U C) Ll {P}

Scheme-theoretically, the generic transverse length is 6 along L, whereas C' is generically reduced.
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The isolated point P. The local equation at P is fp. By Rg # 0, its critical point is isolated.
With
(X17 X27 X37 X4) - (u7 v, Z, w)7

the local equation is precisely the defining normal form of the family S§73(«, 3,7, 6, €). Hence,
in the Yonemura-number notation of Section 8,

(XG(O[, ﬂ7 Y 5) 6)7 P)
~an 83153 (Oé, ﬁ’ ’Y) 55 6)‘

In particular, the isolated singularity has Milnor number 91 and Yonemura number 53. Since fp
is weighted homogeneous of degree 18 with weights (3,4, 5,6),

_3+4+5+6

ap(Xﬁ(OZ,B,'}/,(S,G)) - 1—8 L

Points of L\ {Q}. Let pe L\ {Q}. In the chart z3 = 1, write
u=wy, V=1, Y=  Ta=g+C

where ( is a parameter along L. The Hessian in (u,v) has determinant —32, so the splitting

lemma gives
Fs ~an U12 + U22 + h(y, Q).

Solving the critical-section equations in (u,v) yields

6—1
hy, Q) = =3 y + 0.
Since [ # 1, the transverse type is Ag. Therefore
_ 1 1 1 8
ap(XG(O[,,B,’Y,(S,G))25"—5"‘?:? (pEL\{Q})

The transverse Jacobian ideal is analytically equivalent to (Uy, Us, 3%), which gives the generic
transverse length 6 along L.

Points of C'\ {Q}. Let p € C\{Q}. Since z2(p) # 0, work in the chart o = 1 and write
u = xg, v = 21, r3=q+ 2, x4 =1+C, @+ ar=0.
The quadratic part has rank 3; explicitly, it is
v +u(2gz + af) + er’u’.

The splitting lemma, together with the fact that the whole conic lies in the critical locus, gives a
three-variable Morse singularity times one smooth parameter. Hence

B(Xolas S0 0) =5 +5+5=5  (eC\{@Q)).

In particular, the saturated Jacobian scheme is generically reduced along C.
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The intersection point (). In the chart z4, = 1, with
(U, v, 3/’ Z) = ($0) T1,T2, x3)7
the local equation is

fo= v2? + vdyz 4+ ot + uy?2? + auy® + Buv®
+ yuvyz + duv?® 4 eu?.

It is weighted homogeneous of degree 12 for the weights (6, 3,2, 1), but its singularity is non-
isolated. Away from the origin, the two singular branches are the punctured germs of L and
C, where the local minimal exponents are respectively 8/7 and 3/2. Thus (C*, V(fg)) is log
canonical away from the origin. The weighted-blow-up criterion then gives

6+3+2+1

leto(fQ) = D

L,

and hence
aq(Xe(a, B,7,0,€)) > 1;

see [Pae24, Proposition 3.2] and [MP20].
For the reverse inequality, complete the square in u. Set

A=y + ay® + Buzd +yvyz + vt B = v*y® + v3yz 4+ vt

Then ) )
A A
= — =B - —.
fo €<u+26> to g 4e
The germ g(v,y, z) is weighted homogeneous of degree 12 for the weights (3,2,1). The corre-
sponding monomial valuation gives

3+2+1 1

leto(q) < -
cto(9) = —5 2

Since this bound is below 1, the relation between the log canonical threshold and the minimal
exponent gives ap(g) = lcto(g) < 1/2. Thom-Sebastiani therefore yields

Golfq) = 5 +do(g) < 1

see [Sai94, Proposition 0.7 and Theorem 0.8] and [CDNM24, Theorem 1.2]. Combining the two
inequalities gives

&Q(Xﬁ(avﬁaﬁya 67 6)) =1

Global minimal exponent. The preceding strata exhaust the singular locus. Therefore

44+1
a(Xo(cw B, 7,6, ¢)) = min{l,l, i 3} -

=, = :1:7
72 5

Thus a general closed-orbit representative of ©g has global minimal exponent equal to 1.
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B.7 The component O,

By Table 7,
Oy = &7 = Pyg, k(7)=T1.

A general closed orbit in ©7 is represented by
Fr(a, B) == ¢8(a, B) = x5 + 2323wz + 2wy + 201125
+ axor1ToT3T4 + Bx%xga:i,
where (a, 8) € (C*)?, and we set
X7(a, B) := V(Fr(a, B)) C PL
Let R7 := Rogg denote the elimination condition for
fe(u,v, z,w) = v° + u®v?z + vlw + uz® + cwvzw + Bzw?
to have a nonzero critical point in P(4,5,7,9). We work on the Zariski-open locus

R7(Oé, /3) ?é 0.

Singular locus. On the hyperplane oy = 0, the equations dF7/0x4 = 0 and 0F;/0xe = 0 give
successively
1 = O, o = 0.

Thus the singular support in this hyperplane is the line
L= V(l’o, x1, .%‘2).

On the chart xg = 1, the affine equation is fp. The condition R7 # 0 excludes every nonzero
critical point, so this chart contributes only

P=(1:0:0:0:0).
Consequently
Sing(X7(, f))rea = LU {P}.

The distinguished point on L is
Q@=(0:0:0:0:1).

Scheme-theoretically, the generic transverse length along L is 4.

The isolated point P. The local equation at P is fp. It is weighted homogeneous of degree
25 for the weights
wt(u, v, z,w) = (4,5,7,9),

and Ry # 0 makes the critical point isolated. With
(X17 X27 X37 X4) == (u7 v, %z, w)7

the local equation is precisely the defining normal form of the family S§6(«, ). Hence, in the
Yonemura-number notation of Section 8§,

(X7(CK,B),P) ~an 831686(@76)'

In particular, the isolated singularity has Milnor number 96 and Yonemura number 86. Therefore

C4+54T+9

1.
25

ap(Xz(a, B8))
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Points of L\ {Q}. Letpe L\ {Q}. In the chart x3 = 1, write
u = o, v =11, y = T2, Ty =q+C.
With s = ¢ 4 (, the local equation is
Fr =9 + 022 + v's + uwv + auvys + fu’s®.

The Hessian in (u,v) is nondegenerate along the critical section u = v = 0. The parametric
splitting lemma therefore gives
F7 ~an U12+U22+y57

with ¢ as a smooth parameter. Thus the transverse type is A4, and

1 1 1 6

G(Xr(,B) =5+5+5=7 (PeL\{QD:

The transverse Jacobian ideal is analytically equivalent to (Uy, Us,y*), which gives the generic
transverse length 4 along L.

The distinguished point (). In the chart 4 = 1, with
(u,v,y,2) = (xg, 1, T2, T3),
the local equation is
fo= y° + 0%y + vt + wvz® + auvyz + fu’z.
It is weighted homogeneous of degree 20 for
wt(u,v,y,2) = (9,5,4,2).
A direct Jacobian calculation gives

Sing(V(fQ)) = V(u,v,y).

Hence this three-dimensional hypersurface germ is normal: its singular locus has codimension
two, and a hypersurface is Cohen—Macaulay.

A direct examination of the proper compact Newton faces shows that they are nondegenerate.
A torus critical point of the full compact face would produce an additional singular point of
X7(e, B) in the chart z¢ # 0, which is excluded by R7 # 0. Thus fg is Newton nondegenerate.
Since the monomial uvyz occurs, every toric valuation determined by a primitive vector a =
(Qu, @y, ay,a;) € Z4, \ {0} satisfies

vo(fQ) < ay + ay + ay + a.

The weight vector (9, 5,4, 2) attains equality, and the Newton-polyhedron formula therefore gives

9+5+4+2
20 o

see [How03, Theorem 12]. Since lctg(fg) = min{ao(fg), 1}, it follows that

leto(fq) =

aQ(X7(a, ) =2 1;

see [MP20, Section 1].
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For the reverse inequality, consider the weighted blow-up of weights (9,5,4,2). The corre-
sponding divisor has discrepancy over the local hypersurface

(9+5+4+2—1)—20=—1.

Thus the normal Gorenstein germ V' (fg) is not canonical. Since a normal Gorenstein rational
singularity is canonical [KM98, Corollary 5.24], the germ is not rational. Saito’s rationality
criterion [Sai93, Theorem 0.4] then yields

aQ(X7(a, ) < 1.

Combining the two inequalities gives
&Q(X7(Oé,ﬁ)) =1
Global minimal exponent. The preceding strata exhaust the singular locus. Therefore

&(Xx(a, B)) = min{l, 1, g} —1= %

Thus a general closed-orbit representative of ©7 has global minimal exponent equal to 1.

B.8 The component Og

By Table 7,
Og = ®g = Dy, k(8) = 8.

A general closed orbit in Og is represented by
Fy(a, B) := ¢ (e, B) = adadas + 2322 + zozh + woz 123
+ azorixoT3T4 + ,Ba:%xga:i,
where (a, 8) € (C*)?%, and we set
Xs(a, B) := V(Fs(a, B)) C P,
We work on the nonempty Zariski-open set
Rs(a, B) # 0,

where
Rs(a, ) = a8 + (4 — 128)a* + 166(38 — 20)a® — 643(3 + 4)°.

Indeed, Rg(1,1) = —1879, so this open set is nonempty.

Singular locus. On the hyperplane zg = 0, the Jacobian equations give the line
L :=V(xo, 21, 2)

and the point (0:1:0:0:0), which lies on the line
N = V(:L'Q, I3, 174).

On the chart x¢g = 1, with
(U, v, z, U)) = ($17 xT2,XT3, x4)7
the affine equation is

f =420z + wdw? + vt + w2 + awvzw + B’
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Its critical equations vanish identically on v = z = w = 0, giving the remaining affine part of N.
Outside this line one necessarily has uvzw # 0. Set

Ts := auvzw, Ty := Bzw?, r:=T5/Tg.

The logarithmic critical equations then reduce to

where
Ag(r) = ®(r +2)3 + 4r(r + 4), Bg(r) = B(r+2)% +2(r + 4)°.

Since

RGST(Ag, Bg) =512 Rg(a, ﬁ),

the genericity condition excludes every additional affine critical point. Consequently
Sing(XS(awB»red =NUL,

where N and L are disjoint lines. In particular, there are no isolated singular points. Scheme-
theoretically, the generic transverse Jacobian lengths along N and L are respectively 4 and

9.
Points of N\ {P}. Let
P=(1:0:0:0:0).

At a point of N \ {P} with xg # 0, write 1 = s + &, 9 =y, 3 = 2z, and x4 = w, where s # 0.
Completing the square in w gives

F8 ~an W2 +g(€,yv Z),

where ¢ has order 3 along the smooth &-axis V' (y, z). Blowing up this axis resolves the germ: the
exceptional divisor has log discrepancy 2, the pullback of g has order 3, and the strict transform
is smooth and transverse to the exceptional divisor. Thus

leto(g) = apn(g) = =.

The same calculation in the chart x; = 1 treats the remaining point (0:1:0:0:0) € N\ {P}.
Thom—Sebastiani therefore gives

Gp(Xs(a,B) = s+ 2=+ (pe N\{P})

see [CDNM24, MP20]. At a general point of N, the residual plane curve is an ordinary triple
point, which gives Jacobian length 4.

The distinguished point P. The local equation at P is
fr = w0z + wdw? + v* + uz® + auvzw + Bzw’.
It is weighted homogeneous of degree 20 for

wt(u, v, z,w) = (2,5,6,7),

but its singularity is non-isolated. Every proper compact Newton face is nondegenerate, while
a torus critical point of the full compact face would satisfy Ag(r) = Bg(r) = 0. Hence Rg # 0
implies that fp is Newton nondegenerate. Since the support contains the monomial uvzw and
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lies on the weight hyperplane of degree 20, the Newton polyhedron has diagonal distance 1.
Therefore

lcto(fp) =1
by the Newton-polyhedron formula [How03], and hence
ap(Xs(a,8)) = 1.

The hypersurface germ is normal and Gorenstein. The weighted blow-up of weight (2,5,6,7)
has discrepancy
(2+5+6+7)—1-20=—1

over the hypersurface, so the germ is not canonical. Since a normal Gorenstein rational singularity
is canonical, the germ is not rational; see [KM98]. Saito’s rationality criterion then gives the
reverse inequality ap(Xs) < 1; see [Sai93]. Consequently

&p(Xg(Oé, B)) =1.

Points of L\ {Q}. Let
Q=(0:0:0:0:1).

For p € L\ {Q}, work in the chart x3 = 1, write
u=gz9, V=1, Y=z r4=q+¢,
and put t = ¢ + . The local equation is
Fs = 0%y + 032 + wy? + wo + auvyt + fu’t?.
The Hessian in (u,v) has determinant —1. Solving for its critical section and substituting back

gives the residual critical value
10

Y - unit .
The parametric splitting lemma therefore yields
Fy roan UL + U5 + Y10
with ¢ as a smooth parameter. Hence the transverse type is Ag, and

1 1 1 11

ap(Xs(,B)) =5 +5+5=15 @eL\{QD)

The transverse Jacobian ideal is analytically equivalent to (U, Uz, Y?), giving generic transverse
length 9 along L.

The distinguished point ). In the chart x4 = 1, with
(u,v,y,2) = (xg, 1, T2, T3),
the local equation is
fo = v® +uy* +v*y%2 + w2 + auvyz + fu?z.
It is weighted homogeneous of degree 15 for

wt(u,v,y,2) = (7,5,2,1),
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and its singularity is again non-isolated. The proper compact Newton faces are nondegenerate,
and the full-face torus critical equations are again Ag(r) = Bg(r) = 0. Thus fg is Newton
nondegenerate on the chosen open set. Its Newton distance is 1, so

lcto(fQ) =1, &Q(Xg(&,,@)) > 1.

The germ is normal and Gorenstein, while the weighted blow-up of weight (7,5,2,1) has
discrepancy
(T+5+2+1)—1—15=—1.

By the same normal-Gorenstein argument as at P, the germ is not rational, and Saito’s criterion
gives ag(Xg) < 1. Hence
&Q(X8(aaﬁ)) =1

Global minimal exponent. The preceding strata exhaust the singular locus. Therefore

~ : 7T 11 4+1
a(Xs(a, B)) = mln{l, 6’ 1, 10} =i1= 5

Thus a general closed-orbit representative of ©g has global minimal exponent equal to 1.

B.9 The component Og

By Table 7,
@9 = @9 = (13227 k(g) =0.

A general closed orbit in Og is represented by
Fy(a, B,7,0) == ¢8i(a, B,7,0) = x5 + xadas + aadzd + aiwy + zowons
+ 5$0x§x4 + yxox1T223%4 + 5x(2):c3$?1,
where (a, 3,7,6) € (C*)4, and we set
Xo(a, 8,7,8) = V(Fy(a, ,7,8)) C P,
We work on a nonempty principal open set
D(Ryg) = {(a, 8,7,6) € (C*)* | Ry(ev, B,7,0) # 0}
on which the Jacobian scheme in the chart xy = 1 is supported only at P =(1:0:0:0:0),
the germ at P is isolated, and the germ at the point @) defined below is Newton nondegenerate.
Such an open set exists: at («a,f,7,0) = (2,3,5,7), exact Grobner-basis and Newton-face
computations verify these conditions.
Singular locus. On the hyperplane zg = 0, the Jacobian equations contain
1 =0, x5 + 2r 233 + 3a$%$§ + 4x3xy = 0.
Thus 1 = 292 = 0, and the remaining equations vanish identically. This gives the line
L:=V(xg,x1,x2).

By the choice of D(Ryg), the chart zy = 1 contributes only

P=(1:0:0:0:0).

Consequently
Sing(Xo (v, 8,7,0))rea = LUA{P}.
The distinguished point on L is
Q@=(0:0:0:0:1).

Scheme-theoretically, the generic transverse Jacobian length along L is 2.

140



The isolated point P. In the chart xo = 1, with
(u,v,z,w) = (21, x2, T3, T4),
the local equation is
fp = uwvt + 0%z + aud2? + vt 4+ v23 + Bodw + yuvzw + dzw?.
It is weighted homogeneous of degree 19 for
wt(u, v, z,w) = (3,4,5,7).
Since the critical point is isolated on D(Ry), it defines an isolated hypersurface germ. With

(X1, X2, X3, X4) = (u,v, 2,w),

the local equation is precisely the defining normal form of the family S{4(«, 8,7, ). Hence, in

the Yonemura-number notation of Section 8,
(XQ(O[, 57 v 5)7 P)
~an SB[694(057 ﬁ? e 5)

In particular, the isolated singularity has Milnor number 96 and Yonemura number 94. The
weighted-homogeneous formula gives

3444547

ap(Xo(a f.7.6)) = "o = 1.

The local Jacobian algebra has length

() () ) ()

Points of L\ {Q}. Letpe L\ {Q}. In the chart x3 = 1, write
u = xo, U =Ty, Yy = X2, $4:q+<
The local equation is

Fy = vyt + 022 4+ av® + v (g + ¢) + uy + Buy®(¢ + ©)
+yuvy(q + ) + du’(q + €)%
The Hessian in (u, y) is nondegenerate, and u = y = 0 is its exact critical section. The parametric

splitting lemma therefore gives
Fy roan UL + U3 + V3,

with ¢ as a smooth parameter, because the residual critical value is
v (a+v(g+Q)),

which is a unit times v3. Thus the transverse type is Ao, and

R T AR )]

ap(Xg(Oé,,B,’}/,(S)) = 1 + 3 3

2

N

The transverse Jacobian ideal is analytically equivalent to (Uy, Ua, V'?), which gives the generic
transverse length 2 along L.
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The distinguished point (). In the chart 4 = 1, with
(u,v,y,2) = (xo,x1, T2, T3),
the local equation is
fo= vyt + 0222 4+ avd2? + 0t + uy 2 + Buy® + yuvyz + dulz.
It is weighted homogeneous of degree 16 for
wt(u,v,y,2) = (7,4,3,2),

but its singularity is non-isolated. All support exponents lie on the corresponding weight hyper-
plane, and the monomial uvyz occurs. Hence the Newton distance is 1. Newton nondegeneracy
on D(Ry) gives

1Ct(](fQ) =1

by the Newton-polyhedron formula [How03]. Since lcto(fg) = min{ag(fg),1}, it follows that

&Q(XQ(OZ, 67 Y 5)) > 17
see [MP20]. Conversely, the weighted-order estimate gives

THA+3+2

&Q(Xg(a,ﬁ,’)’, 6)) S 16 )

see [CDM25, Proposition 2.1]. Therefore

&Q(X9(a7677’ 6)) =1

Global minimal exponent. The preceding strata exhaust the singular locus. Therefore
4 4+1
a(Xg(a, B,7,6)) = min {1, 1, 3} -1 41

Thus a general closed-orbit representative of ©g has global minimal exponent equal to 1.

B.10 The component O

By Table 7,
O10 = P19 = D3y, k(10) = 10.

Put
By (u,v) :=uv(u —v)(u — \v), A e C\{0,1},

and let Qg and R, be binary quadratic forms, with q,r € C3 and B € C. A general closed orbit
in ©1¢ is represented by

Fio(\,q,r,8) = @15 (N, a,r, B) = 23Qq (2, x3) + 21z + 20 B (22, 73)
+ zor124 Ry (22, 23) + 595033%%21 + 33(2)532-

We write
X10 = V(Flo) C P4

and work on the nonempty Zariski-open locus
RlO()‘v q,r, /8) 7é 0

on which Res(Bjy, Qq) # 0, the chart 9 = 1 has no singular point other than P = (1:0:0:0:0),
and the germ at P is isolated.
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Singular locus. On the hyperplane zo = 0, the equations

0F1o

4
= = 07 = B s = O
ozy ! 0z |zy=0 Mz @)
give
Cy = V(xo, 71, Ba(22,73)).
Since B, is square-free,
Ch=LoULyx ULy ULy,
where
Lo = V(wo, 21, 72), Lo = V(x0, 21, 73),

Ly =V(xg, 21,220 —x3), Ly =V(xg, 21,22 — Ax3).

These four lines meet only at

Q=(0:0:0:0:1).
The genericity assumption shows that the chart g = 1 contributes only P. Hence
Sing(X10)red = Cx U {P}.

Scheme-theoretically, the generic transverse Jacobian length is 2 along each irreducible component

of C)\.

The isolated point P. In the chart xo = 1, with
(u,v,z,w) = (x1,x2, T3, T4),
the local equation is
fp= u3Qq(v, 2) + utw + By(v, 2) + vwR (v, 2) + fulw? + w?.
It is weighted homogeneous of degree 12 for
wt(u, v, z,w) = (2,3,3,4).

Since the critical point is isolated on the chosen open set, it defines an isolated hypersurface
germ. With
(Xla X2a X37 X4) = (u7 v, z, w)a

the local equation is precisely the defining normal form of the family S&? (B, Qq, Ry, B). Hence,
in the Yonemura-number notation of Section 8,

(X107P) ~an Sg;)z(B)\quaRI‘HB)'

In particular, the isolated singularity has Milnor number 90 and Yonemura number 2. The
weighted-homogeneous formula gives

2+3+3+4
12 -

ap(Xio) = 1.
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Points of C\ \ {Q}. Let p e Cy\ {Q}, and put locally
u=wzy, V=1,
s = Bx(z2,x3) + veg Ry (z2,23) + ﬁv%i + uxi.

Because B), is square-free, s is a coordinate transverse to the line through p. Moreover, Qq(p) # 0
by the resultant condition, and the defining equation has the exact form

Fio = us + v*(Qq (w2, x3) + vaa).
The factor in parentheses is a unit. Thus, with one smooth parameter along the line,
Fio ~an UE + U3 + V3.

The transverse type is A, and therefore

1 1 1

&p(Xlo):§+§+§:§ (p € CA\{Q}).

The common point ). In the chart x4 = 1, with
(u7 v, Y, Z) = (':UO’ Z1, T2, x3>7
the local equation is

fo = v3Qq(y, 2) + v* + uB\(y, 2) + wvRy(y, 2) + Buv? + u?.

Set
1
A(0,5,2) 3= By, 2) +0Re(y,2) + B, i= u+ SA(,,2),
Then
fo= u'? + h(v,y, 2),
where

h =1 (Qq(y,z) +v) — iA(v,y, )2

The germ h is weighted homogeneous of degree 8 for the weights (2,1, 1), so the corresponding

weighted valuation gives
24141 1
letg(h) < ——— = —.
cto(h) < — 2
Its nonzero singular locus is
{1} = 07 B)\(ya z) = 0} \ {0}
At every point of this locus, dBy # 0 and (Qq + v is a unit. Taking s = A(v,y, z) and a local
cube root of QQq + v gives the transverse equation
1
w? — =2,

4

whose log canonical threshold is 5/6. Hence (C3, 3V (h)) is log canonical away from the origin.
The weighted-blow-up criterion therefore gives the reverse inequality and hence

1
leto(h) = 5
see [Pae24, Proposition 3.2]. Since lcto(h) = min{ag(h), 1}, we obtain
_ 1
ao(h) = 5;
see [MP20]. Thom-Sebastiani now yields
~ ~ 2 - 1 1
aq(X10) = @o(u”) + ao(h) = 5+ 5 =1

see [CDNM24, Theorem 1.2].
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Global minimal exponent. The preceding strata exhaust the singular locus. Therefore

4 4+1
a(X10) = min{1,1,3} =1= %

Thus a general closed-orbit representative of ©1¢ has global minimal exponent equal to 1.

B.11 The component O,

By Table 7,
@11 == (1)11 = @25, ]{(11) =11.

A general closed orbit in ©1; is represented by

. nf
Fll = ¢11(O[, B7 7> 5) €, C)
= 2175 + axirdrs + Briad + airexy + yroriad + zoxdny

+ 5x0x1x§ + exor1Tox3T4 + C:Cox%:ri + .CU%ZE?)CCZ,
where (a, 3,7, 6,¢,¢) € (C*)°, and we set
Xy :=V(F1) c P
We work on a nonempty principal open set

Rll(aaﬁarya 57€a<) 7& 0

on which there are no additional Jacobian components, the Newton principal parts at the points
P, @Q below are nondegenerate, and

ady — By? — 6% #0.
Singular locus. The two lines
N :=V(xzq,x3,24), L :=V(xg,x1,22)

are contained in Sing(X71), and they are disjoint. On the hyperplane zy = 0, the equation

OF:
L 2319 =0

Ox4

shows that either 1 = 0 or x2 = 0. In the first case 0F11/0x; = x%, so the point lies on L. In
the second case, if z1 # 0, the equations

0F1
6:53

= 2533:{’1:3,

give x3 = x4 = 0, hence the point lies on N. On the chart zg = 1, the genericity assumption
excludes critical points away from N. Consequently

Sing(Xn)red =NUL.
There are no isolated singular points. The transverse type changes at

P=(1:0:0:0:0) € N, Q=(0:0:0:0:1) e L.
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The special point P. In the chart g = 1, with (u,v,z,w) = (x1, 2,3, 24), the local
equation is

fp = uw* + au?v?z + fud2? + dow + Y222 + 3w
+ duz® + cuvzw + Culw? + 2w

It is weighted homogeneous of degree 14 for
wt(u, v, z,w) = (2,3,4,5),

but the singularity is non-isolated. The support lies on the corresponding weight hyperplane
and contains the monomial uvzw. Hence the diagonal meets the compact Newton boundary at
(1,1,1,1), and Newton nondegeneracy gives

1Ct0(fp) =1

by the Newton-polyhedron formula [How03]. Thus ap(Xi1) > 1 by letg(fp) = min{1, ao(fp)};
see [MP20]. The weighted-order estimate gives the reverse inequality

2+3+4+5

a <
ap(Xn) < i

L
see [CDM25, Proposition 2.1]. Therefore
ap(X11) =1

Points of N\ {P}. For pe N\ {P}, one has z1(p) # 0. In coordinates (y, z,w) transverse to
N, the quadratic part is

Ba1(p)*2? + z1(p)yw + Cxo(p) 21 (p)*w?.

Its determinant is —Bz1(p)°/4, so it has rank 3. The parametric splitting lemma therefore gives
the transverse ordinary double point

U +U3+ Uz =0.

Hence

G(Xu) =2 (e N\{P})

In particular, the Jacobian scheme is generically reduced along V.

The special point Q. In the chart x4 = 1, with (u,v,y, 2) = (2, 21,2, x3), the local equation
is
fo = vy* + av?y?z + Bv*2? + vy + yuy?2? 4+ uy?
+ duvz® + cuvyz + Cuv® + u?z.

It is weighted homogeneous of degree 11 for
wt(u,v,y,2) = (5,3,2,1),

and is again non-isolated. As at P, the support lies on the weight hyperplane and contains uvyz.
Newton nondegeneracy therefore gives

leto(fq) =1, ag(Xi) > L
The weighted-order estimate yields

5+3+2+1

ag(X) < T

1.

Thus
aQ(Xll) =1.
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Points of L\ {Q}. Letpe L\ {Q}. In the chart x3 = 1, write
U = xg, v =2, Y = T2, Ty =q+T.
The transverse quadratic part in (u,v) is
duv + ¢*u?,
which has rank 2. After the parametric splitting, the residual series is

Y(aby — By? — 62)
63 '

¥ (c+yhly, 7)), c=

The genericity condition gives ¢ # 0. A holomorphic change of the y-coordinate therefore reduces
the germ, up to the smooth parameter 7, to

U +U;+Y%=0.

Consequently
1 1 1

G(Xn) = +sti=1  (el\{Q))

The generic transverse Jacobian length along L is 5.

Global minimal exponent. The preceding strata exhaust the singular locus. Therefore

7 4+1
6}

L,
5

a(X11) = min {1, ;,

Thus a general closed-orbit representative of ©1; has global minimal exponent equal to 1.

B.12 The component O,

By Table 7,
O12 = P19 = Py7, k(12) = 12.

A general closed orbit in ©19 is represented by

. nf
F12 = ¢12(O‘v ﬂv Y, 67 6)
= z125 + artrers + frizsey + ried 4+ zordes

+ vxomlxg + 0xoT1 X234 + Ex%wgm + x%:rgxi,

and we set
Xio = V(Fm) C P,

We work on the nonempty Zariski-open set

(a76777576) € (CX>57 52 7é 47 « 7é s R12(04757%57 5) 7é 07

where R12 excludes additional affine critical points away from the line component below.
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Singular locus. The two disjoint lines
N :=V(x9,x3,14), L :=V(xg,x1,22)

are contained in Sing(Xj2). On the hyperplane xg = 0, if 71 = 0, then 0F}2/0x1 = 3, so the
point lies on L. If 21 # 0, set 1 = 1. The equations

OFs = 20x9% OF1p
65153 - 208 (91‘4

= Bas + 2a4

give mox3 = 0 and x4 = —B23/2. If 22 = 0, then OFj3/0z2 = ax3, so 3 = 0. If z3 = 0, then

O0F12

_ _nA2y,.3
ax2 - (4 5 )IZ)

so o = 0. Thus the point lies on N. On the chart zog = 1, the condition Rio # 0 excludes
critical points away from N. Consequently

Sing(Xlg)red =NUL.
There are no isolated singular points. The transverse type changes at

P=(1:0:0:0:0) € N, Q=(0:0:0:0:1) ¢ L.

The special point P. In the chart g = 1, with (u,v,z,w) = (x1, 2,3, 24), the local
equation is
fr = w + av?vz? + puPv?w + wdw? 4 3z

+ yuz® + duvzw 4 e2°w + vw?.

It is weighted homogeneous of degree 13 for
wt(u, v, z,w) = (1,3,4,5),

but the singularity is non-isolated. The proper compact faces are nondegenerate under 32 # 4
and « # v, while R12 # 0 excludes a torus critical point of the full compact face. Since ¢ # 0,
the monomial uvzw occurs, and the diagonal meets the Newton boundary at (1,1,1,1). The
Newton-polyhedron formula [How03] therefore gives

lct()(fp) = 1.

The relation between the log canonical threshold and the minimal exponent [MP20] yields
ap(Xi2) > 1. On the other hand, the weighted-order estimate [CDM25, Proposition 2.1] gives

1+3+4+5

1.
13

ap(Xi2) <

Hence
&p(Xlg) =1.

Points of N\ {P}. For pe N\ {P}, work in the chart x; = 1, with u = x the coordinate
along N and (y, z,w) = (z2, 3, 24) transverse to it. The local equation is

v = 1+ u?y)w? + (By* + duyz + eu®2>)w
+ y4 + ay22 + uygz + 'yuz?’.
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After completing the square in w, the weighted degree-eight transverse principal part, for

wt(y,z) = (2,3), is
ﬁ2
ay?® + 1 - T yt

This is a nondegenerate Dy principal part. Thus the transverse germ is analytically equivalent to
W24+YZ24+YvY4=0,
and the smooth parameter along N does not affect the minimal exponent. Therefore

4+2+43 9
8 8

The generic transverse Jacobian length along N is 5.

ap(X12) = (p € N\ {P}).

The special point Q. In the chart x4 = 1, with (u,v,y, 2) = (2, 21, 22, x3), the local equation

is
fo= vyt + av?y2? + Bv?y? + 0P + wydz + yuvs®

+ Suvyz + eu’2? + u?y.

It is weighted homogeneous of degree 12 for
wt(u,v,y,2) = (5,4,2,1).

The compact-face calculation is the same as at P. Since uvyz occurs, Newton nondegeneracy
gives

lCto(fQ) =1, &Q(Xlg) > 1.
The weighted-order estimate gives the reverse inequality

5+4+2+1
12 -

&Q(Xu) < 1.

Thus
&Q (Xlg) =1.

Points of L\ {Q}. Let p e L\ {Q}. In the chart z3 = 1, write
u = T, v = 21, Y = X2, Ty =4q+T,
where 7 is the coordinate along L. The transverse quadratic part in (u,v) is
yuv + 5qu2,

which has rank 2. After the parametric splitting lemma, the residual one-variable germ is

«

-
0.

hy)=cy’ +0(y®), c= -

Thus, up to the smooth parameter 7, the germ is analytically equivalent to
U2+ U3 +YT =0.

The transverse type is Ag, and hence

11 1

Gp(Xi)= L ta =0 (peL\{(Q))

The generic transverse Jacobian length along L is 6.
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Global minimal exponent. The preceding strata exhaust the singular locus. Therefore

8 441
“bop=200
3

&(XIQ) :min{179717 5

8

Thus a general closed-orbit representative of @15 has global minimal exponent equal to 1.

B.13 The component O3

By Table 7,
O13 = 53, k(13) = 13.

A general closed orbit in ©13 is represented by
Fi3 = Qbrllif’;(a’ 57 7> 6)
= 15 + aririrs + frirexi + xdrd + xoriay

2 2. 2
+ yxor1T0C3T4 + xoxg + dxpraTy,

and we set
X3 := V(Flg) C P,

We work on the nonempty Zariski-open set
(aa67’775) € ((CX)47 042 5&457 R13(a7/8a775) 7&07

where R13 excludes additional affine critical points and ensures Newton nondegeneracy at the
two special points below.

Singular locus. The two lines
N :=V(xg,x3,24), L :=V(xg,x1,22)

are contained in Sing(Xi3), and they are disjoint. On the hyperplane z¢o = 0, if 1 = 0, then
0F13/0x9 = 53:‘21, so the point lies on L. If 21 # 0, set 1 = 1. Then

oF oF
13 _ 214, 13 _ xQ(ax% + 20x3).
81‘3

6954

Thus z4 = 0. If 29 = 0, the equation dF3/0xy = Bz gives x3 = 0, hence the point lies on N.
If 29 # 0, then 23 = —ax3/(23), and substitution into dFy3/0xs gives

5(48 — a?
(»34/804)3;%_0’

which contradicts o # 4. On the chart g = 1, the condition R3 # 0 excludes critical points
away from N. Consequently
Sing(Xlg)red =NUL.

There are no isolated singular points. Since the singular locus has codimension two in the
hypersurface threefold, X3 is normal. The transverse type changes at

P=(1:0:0:0:0) € N, Q=(0:0:0:0:1) ¢ L.
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The special point P. In the chart g = 1, with (u,v,z,w) = (x1, 2,3, 24), the local
equation is
fp ="+ auv®z + puvz? + wdw? + v3w + yuvzw + 22 + dvw?.
It is weighted homogeneous of degree 15 for
wt(u, v, z,w) = (1,3,5,6),

but its singularity is non-isolated. The term uvzw places the diagonal point (1,1,1,1) on the
Newton boundary. Hence compact-face Newton nondegeneracy and the Newton-polyhedron
formula [How03] give

leto(fp) =1, ap(Xi3) > 1,

see also [MP20]. For the weighted blow-up with weights (1, 3,5,6), the exceptional divisor Ep
satisfies

A(C4(Ep) =15= ordEP (fp)
Thus the pair is not purely log terminal. By inversion of adjunction and the fact that X3 is normal
Gorenstein, the hypersurface singularity at P is not rational; see [KM98, Chapter 5]. Saito’s
rationality criterion [Sai93, Theorem 0.4] therefore gives the reverse inequality. Consequently

ap(Xlg) = 1.

Points of N\ {P}. For pe N\ {P}, work in the chart x; = 1, with v = x¢ the coordinate
along N and (y, z,w) = (z2,z3,4) transverse to it. The local equation is

v = (14 6uPy)w? + (uy® + yuyz)w
+ 97 4+ a2 + By + uP2d.
After completing the square in w, make the analytic changes
_ 2 _ @9
Y1 =Py +uz, 2’1—2-1-275391-

Up to multiplication by a unit and nonzero rescaling, the transverse principal part is

48 — 2
:ﬂwﬁa#&

All remaining terms have larger transverse weight, so the parametric semiquasihomogeneous
reduction gives the transverse Dg germ. Hence

- 1 1 2 11
ap(X13):§+g+g:T0 (p € N\ {P}).

W2 tyiaf tayi, e

The special point ). In the chart x4 = 1, with (u,v,y, z) = (29, x1, x2, x3), the local equation
: fo= y? + avyPz + Boyz? + o3 + uyd + yuvyz + u?23 + duly.
It is weighted homogeneous of degree 15 for
wt(u,v,y,2) = (6,5,3,1).
As at P, compact-face Newton nondegeneracy and the monomial uvyz give
leto(fg) =1, ag(Xiz) > 1.
For the weighted blow-up with weights (6,5, 3, 1), one has
Aca(Eq) = 15 = ordpy (fo)-
The same inversion-of-adjunction and rationality argument therefore yields

&Q(Xlg) =1.
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Points of L\ {Q}. Letpe L\ {Q}. In the chart x3 = 1, write
U = o, v =x1, Y = T9, Ty =4q+T,
where 7 is the coordinate along L, and put w = g + 7. The local equation is
fr = (14 syw?)u? + (y*w + yoyw)u
+4° + avy® + By + v3w
After completing the square in u, make the analytic changes

(0%
y1 = By + wv, v1 :v+2—ﬁ3y%

The transverse principal part is again

48 — a?
U? 4+ y10? + ey, CZTBG#O.
Thus the transverse type is Dg, and
~ 11
ap(Xi3) = 0 (p e L\{Q}).

The transverse Jacobian algebra of Dg has length 6; hence the saturated Jacobian scheme has
generic transverse multiplicity 6 along both lines.

Global minimal exponent. The preceding strata exhaust the singular locus. Therefore

5

11 11 441
a(Xi3) :min{l, } 1 +

10°°10)

Thus a general closed-orbit representative of ©13 has global minimal exponent equal to 1.

B.14 The component O,

By Table 7,
O14 = Py, k(14) = 14.

A general closed orbit in ©14 is represented by
f
Fiy = ¢1114(OZ, 67 7> 5)
= x‘;’ + a:zclx%azg + ﬁx%xﬂg + a:‘llm + moxg

3 2. .9
+ yxoxhTs + dT0T1X2T324 + THX2TY,

and we set
Xy := V(F14) C P,

We work on the nonempty Zariski-open set

(047,8,"}/,(5) S (CX)47 R14(Ot,ﬁ,")/,5) 7é 0,

where R 14 excludes additional critical points and ensures that the two local weighted-homogeneous
germs below are isolated.
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Singular locus. For the saturated Jacobian ideal one has

\/J(F14) : (zo, 21, T2, 3, 24)® = (21, T2, 3, T4) N (X0, T1, T2, 3).

Consequently
Sing(X14)red - {P7 Q}7

where

P=(1:0:0:0:0), Q=(0:0:0:0:1).

Thus X14 has precisely two isolated singular points. The local Jacobian algebra has length 102
at each point.

The point P. In the chart o = 1, with (u,v, z,w) = (21, %2, 3, z4), the local equation is
fp =0+ auv®z + Buvz? + vtw + 2* + y0dw + Suvzw + vw?.
This is weighted homogeneous of degree 20 for
wt(u, v, z,w) = (3,4,5,8).
It is isolated on the chosen parameter open set. With

(leXZa X37X4) — (U,U, Zyw)a

the local equation is precisely the defining normal form of the family SY%(«, 3,7, ). Hence, in

the Yonemura-number notation of Section 8,
(X147 P) ~an 8%622(057 67 7> 6)

In particular, the isolated singularity has Milnor number 102 and Yonemura number 62. The
weighted-homogeneous formula gives

3+4+5+8
20 -

ap(X1g) = 1.

The point Q. In the chart x4 = 1, with (u,v,y, z) = (xg, 1, 2, x3), the local equation is
fo= y° + avyPz 4+ Boyz? + ot + uzt + yuy® + Suvyz + uPy.
It is weighted homogeneous of degree 20 for
wt(u,v,y,2) = (8,5,4,3).

With
(XlaXQa X37X4) = (Z,y,U,U),

the local equation is precisely the same defining normal form as at P, namely SI$2(a, 3,7, ).
Hence

(X147 Q) ~an 8%622(047 /87 v 5)

Thus the isolated singularity at @ also has Milnor number 102 and Yonemura number 62, and

8+5+4+3
20 N

&Q(XM) = 1.
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Global minimal exponent. The two points above exhaust the singular locus. Therefore

axmyﬁmmaﬂxM)@xxm}:1:fgi

Thus a general closed-orbit representative of ©14 has global minimal exponent equal to 1.

B.15 The component O5

By Table 7,
O15 = P15 = P30, k(15) = 15.

A general closed orbit in O15 is represented by
Fi5 := ¢75(Q, R, B)
= m125 + 22xdxs + 23Q (23, 24) + ToxSay

+ zor12oR (23, 14) + 23 B(13, 14),

where
Q = 3 + Brsza + 3, R = pya§ + p1z3xa + pai,
and
B = aox§ + 01x§x4 + 023331321 + 033:?1.
Set

Xi5 = V(F15) C P
We work on the nonempty Zariski-open set defined by
fP—dy#£0,  4y-p-1#0, Disc(B)#0,  Ri5(Q,R,B) #0,

where R5 excludes additional critical points and transverse Jacobian degenerations.

Singular locus. The two lines
N = V($2,1’3,x4), L= V(xo,xl,xg)

are contained in Sing(Xi5), and they are disjoint. The Jacobian equations on zy = 0, together
with the affine calculation on zy = 1 and the condition Ri5 # 0, give

Sing(Xlg))red =NUL.

There are no isolated singular points. The generic transverse Jacobian multiplicities along N
and L are respectively 3 and 9; in the curve-cycle notation,

15 = O + CLY.
Since the singular locus has codimension two in the hypersurface threefold, X5 is normal. The

distinguished point on N is
P=(1:0:0:0:0).
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The special point P. In the chart g = 1, with (u,y,z,w) = (x1, 2,3, 24), the local
equation is
fr = uy® +u*y?z + vPQ(z, w) + yiw + uyR(z,w) + B(z,w).

It is weighted homogeneous of degree 9 for
wt(u,y, z,w) = (1,2, 3,3), 1+2+3+3=09.

Put A = 4y — 32. The projectivized weighted cone is smooth away from [1:0:0: 0]. On the
chart u = 1, the quadratic form Q(z,w) is nondegenerate because A # 0, and the splitting
lemma reduces the germ at this point to

22+ Wyt =0;

the coefficient of Y# is nonzero precisely because A —1 = 4y — 32 —1 # 0. Thus the projectivized
cone has only an As singularity and is canonical. The weighted-cone criterion and inversion of
adjunction [KM98]| therefore give

letp(fp) =1, ap(Xis) > 1.

For the weighted blow-up with weights (1,2,3,3), the exceptional divisor has hypersurface
discrepancy

(14+2+3+3)—1-9=-1.
A rational Gorenstein hypersurface singularity is canonical [KM98, Chapter 5]; hence this germ
is not rational. Saito’s rationality criterion [Sai93, Theorem 0.4] therefore gives

&p(Xw) = 1.

Points of N\ {P}. For pe N\ {P}, work in the chart x; = 1, with v = x¢ the coordinate
along N and (y, z,w) = (z2,z3,z4) transverse to it. The local equation is

v =yt +y%2 + Qz,w) + uyPw + uyR(z, w) + u? B(z, w).

The parametric splitting lemma separates the two Morse variables (z,w). The residual one-
variable term is

A—-1
A
whose leading coefficient is nonzero. Hence, up to the smooth parameter along IV, the transverse
germ is

y'+0@°),

ZZ+W?+Yt=0.
Thus the transverse type is A3, and Thom—Sebastiani additivity gives

&M&9:%+%+%:Z (p € N\ {P}).

Points of L. Give the normal variables (xg, z1,22) along L weights
wtr (xo, z1,22) = (3,2,1).

Every monomial of F}5 has normal weighted degree 6. The projectivized weighted normal cone
Sr =V (Fi15) CPr(3,2,1)

is smooth on the associated weighted-projective stack: a singular point of Sy would lift to a
singular point of X5 outside L, whereas Sing(Xi5);eq = N U L and N N L = &. Since

34+42+1=6,
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the relative weighted-cone criterion and inversion of adjunction [KM98] yield
let, (Fi5) = 1, ap(Xi5) >1 (pel).
The exceptional divisor of the relative weighted blow-up has discrepancy
B+2+1)—-1-6=-1

and dominates L. Hence Xi5 is noncanonical, and therefore nonrational, at every point of L.
Saito’s criterion [Sai93, Theorem 0.4] gives

ap(X15) =1 (pe L)

Global minimal exponent. The preceding strata exhaust the singular locus. Therefore
4+1
F

Thus a general closed-orbit representative of ©15 has global minimal exponent equal to 1.

&(X15) = min{l, Z, 1} =1=

B.16 The component O4

By Table 7,
O16 = P19, k(16) = 19.

A general closed orbit in O14 is represented by
Fig := ¢ (ar, B,7,6,¢,¢,€,0)
= :1:3 + omclx%xg + ﬁx%wgmg + 7:16%1'%954 + xi{’xg:m
+ 5m0x%x§ + a—::pgmgm + :onlxg + Cxori120T374
+ Exoring + xdaiay + Oxdwons,

and we set
X6 := V(Flﬁ) C P,

Put
pon =1 —ay+ 72, pr =1—ad + B6%

We work on the nonempty Zariski-open set

(a7ﬁ57)578)<7550) S ((CX)S) 7?'19 ?éov
where R19 excludes residual projective critical points, imposes pypr # 0, and ensures compact-
face Newton nondegeneracy at the two special points below.
Singular locus. The two lines

N = V($2,$3,x4), L= V(xo,xl,:cg)

are contained in Sing(X16), and N N L = &. The Jacobian calculation on z¢ = 0, followed by
the affine calculation on xy = 1, gives

Sing(Xlg)red =NUL.

There are no isolated singular points. The generic transverse Jacobian multiplicity is 4 along
each line; equivalently, the curve part of the saturated Jacobian scheme has cycle

2 2
T = Cfi + Cii
The transverse type changes at

P=(1:0:0:0:0) € N, Q=(0:0:0:0:1) € L.
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The special points P and @. In the chart g = 1, with (u,v, z,w) = (21, x2,x3,24), the
local equation at P is

fp =0+ auv®z + futvz? + yutviw + udzw + 6v%22 + evdw
+ uz® 4+ Cuvzw + Eulw? + 22w + fvw?.
It is weighted homogeneous of degree 10 for
wt(u, v, z,w) = (1,2,3,4).

Although the germ is non-isolated, the monomial uvzw places the diagonal point (1,1,1,1) on
its Newton boundary. Newton nondegeneracy and the Newton-polyhedron formula therefore
give

leto(fp) =1, ap(Xie) > 1,

see [How03, Theorems 11 and 12] and [MP20]. The weighted upper bound [CDM25, Proposi-

tion 2.1] gives
1+2+3+4

10

ap(Xie) < 1.

Hence
&p(XlG) =1.

In the chart x4 = 1, with (u,v,y, 2) = (20, z1, 22, x3), the local equation at @ is
fo =y° + avy’z + vy + Py + 03z + duy? 2 + euy®
+ w2 + Cuvyz + Euv? + u?2% 4 Ouy.
It is weighted homogeneous of degree 10 for
wt(u,v,y,2) = (4,3,2,1).
The same Newton argument and weighted upper bound yield

&Q(Xm) = 1.

General points of the two lines. Let p € N\ {P}. In the chart z; = 1, write
Ty = c+ s, (y, z,w) = (z2, 3, 24),
where s is the coordinate along N. The quadratic part in (z,w) is
2w + Ecw?,

which has rank 2. Solving the transverse critical equations and applying the parametric splitting
lemma gives

2=+ 0, w=(28y—a)y’ +0(y"),
and the residual function
gn(s,y) = pny® +O(y°).
Since py # 0, a fifth-root coordinate change reduces the transverse germ to

224+ W24+Y5=0.

Thus the transverse type is A4, and

[y

~ 1 1 6
Oép(XlG) = 5 + — S =

c eN\(Ph.

[\
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Let p € L\ {Q} with z4(p) # 0. In the chart x4 = 1, write
T3 =c+s, (u,v,y) = (CC(),l'l,ﬂl‘Q), C#O

The quadratic part in (u,v) is c?u? + c3uv, hence has rank 2. The transverse critical equations
begin with

v=—6(c+s) 1y  + 0, u= (266 —a)(c+s)2y> + Oy,
and the splitting residual is
91(s,y) = pry’ + O(°).

At the remaining point (0:0:0:1:0), the chart z3 = 1 gives the quadratic term uv and the
same residual. Since pr, # 0, the transverse germ is again A4. Therefore

B(Xw) =3 peL\{Q).

Global minimal exponent. The preceding strata exhaust the singular locus. Consequently

6 441
b=
3

&(Xlﬁ) :min{176717 5

5

Thus a general closed-orbit representative of @14 has global minimal exponent equal to 1.

B.17 The component O,

By Table 7,
O17 = Pg9 = P31, k(17) = 20.

A general closed orbit in ©17 is represented by
Fi7:= ng(f)()H K€, q, m)
= x0B) pu(z2,23) + 22Ce (w0, 23) + 3x01y

+ 2or124Qq (T2, 23) + rorizd + x%xiMm(:vg, x3),

where
By u(w2, z3) = z3(22 — 23) (22 — Aw3) (22 — piz3),
Ce. = CQSU% + clx%xg + CQ:EQZC?», + ngg, Qq = qOZC% + q1xrox3 + CJ2$§,
and
Mm = mozo + mizs.
Set

X7 := V(Fn) C P,
We work on the nonempty Zariski-open set defined by
M= 1)(n—1)(A =) #0,  Disc(Ce) # 0,

Res(B) ,, Ce) # 0, Res(B)y 1, Mm) # 0, c3 # 0,

and
RQO()‘7 u,C,q, m) 7é 07

where Rog excludes additional projective critical points and local degenerations, and ensures
compact-face Newton nondegeneracy at the two special points below.
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Singular locus. Put
N = V(.’L‘Q, xs, $4)

and
Crp =V (2o, z1, By u(z2,23)).

The latter is the reduced union of four lines

C)\’# :LOOUL1UL)\ULM,

where
Lo = V(xo,xl,xg), L= V($0,$17$2 - 363),

L)\ = V(l’o,l’l,xg — )\1‘3), LH = V(l’o,l‘l,xg — ,u,xg).

All four lines meet at
R=(0:0:0:0:1),

whereas N N (), = @. Direct substitution shows that N U C) , C Sing(X17), and saturation of
the Jacobian ideal leaves no residual component on the chosen open set. Hence

Sing(XN)red =NLU C)\7M.

There are no isolated singular points. Since the singular locus has codimension two in the
hypersurface threefold, X;7 is normal. Scheme-theoretically, the generic transverse Jacobian
multiplicity is 2 along N and 1 along each of the four lines in C) ,; thus

i = C3) +400.

The distinguished point on N is
P=(1:0:0:0:0).

The special point P. In the chart z9 = 1, with (u,v,z,w) = (21,22, 23,24), the local
equation is

fp =By u(v,2) + u*Ce(v, 2) + vPvw + uwQq (v, 2) + u?w? + w? M (v, 2).
It is weighted homogeneous of degree 8 for
wt(u, v, z,w) = (1,2,2,3).

The monomials u?w?, v3z, and z* place the diagonal point (1,1,1,1) on the Newton boundary.

Compact-face Newton nondegeneracy therefore gives
leto(fp) = 1, ap(Xi7) > 1;
see [How03, MP20]. For the weighted blow-up with weights (1,2, 2, 3), one has
Aca(FE) =8 = ordg(fp).

The weighted-blow-up upper-bound argument, using inversion of adjunction and Saito’s ratio-
nality criterion [KM98, Sai93], gives ap(X17) < 1. Hence

ap(Xn) =1.
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Points of N\ {P}. Let pe N\ {P}. In the chart x; = 1, write
xo =c+ s, (y, z,w) = (z2, 3, 24),
where s is the coordinate along N. The quadratic part in the transverse variables (y,w) is
Yyw + cwz,
and has rank 2. The parametric splitting lemma reduces the remaining one-variable germ to
c32® 4+ 0(2%).
Since c3 # 0, the transverse local normal form is

Y24+ W24+ 23 =0.

Thus the transverse type is As, and

(X =g+zts=3 (EN\(P).

Points of C) , \ {R}. At a point p € C), \ {R}, exactly one factor {(x2,x3) of By, vanishes.
Taking
u = xo, v =z, s = l(z2, x3)

as transverse coordinates, the quadratic part has the form
us - unit 4+ v? - unit + terms in u2, UV.

The coefficient of v? is nonzero because Res(By,u, Ce) # 0, so this quadratic form has rank 3.
Hence the transverse local normal form is

U+ V24 582=0,

and therefore

—_

G(Xim) =5ty =0 (eCu\{R).

\V)

The common point R. In the chart z4 = 1, with (u,v,y,2) = (zo, 21,22, 23), the local
equation is

fr=uBxu(y, 2) + v*Cely, z) +v°y + uvQq(y, z) + uwv? +u>Mm(y, ).
It is weighted homogeneous of degree 7 for
wt(u,v,y,2) = (3,2,1,1).

The monomials uv?, uyz, and uz* place the diagonal point on the Newton boundary. Thus
Newton nondegeneracy gives

leto(fr) = 1, agr(Xi7) > 1.
For the weighted blow-up with weights (3,2,1, 1),
Aca(E) =7 =ordg(fr),
so the same weighted-blow-up argument gives the reverse inequality. Hence

ar(X17) = 1.
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Global minimal exponent. The preceding strata exhaust the singular locus. Consequently

~ ) 4 3 441
a(Xyr) = mm{l,g,l, 2} =1= —

Thus a general closed-orbit representative of ©17 has global minimal exponent equal to 1.

B.18 The component O3

By Table 7,
O15 = Pa3 = Psg, k(18) = 23.

A general closed orbit in ©1g is represented by
Fig := ¢55(Ba) = woBa(1, 72, 73, 74),

where [By] € P(Sym®*(x1, 29, 23, 24)) is stable. For the singularity calculation, we work on the
nonempty Zariski-open locus on which

V(By) C P?
is smooth, and set
X3 := V(Fig) C PL
Singular locus. Put
S:=V(zg,Bs) CPY,  P:=(1:0:0:0:0).
Then S is a smooth quartic surface. Since

OF1s OF1s 0By

(91‘0 b (9.%' o 833,‘
smoothness of V(By) and Euler’s identity give
Sing(X18)rea = S LU {P}.

0. <8B4 | aB4>7

81‘1’ ”’8.%4

More precisely, if

then
J(F1g) = (w0, B4) N Q,

and this ideal is already saturated. Thus
Sing(X1s) = SU Zp,

where S is reduced and Zp is a punctual complete intersection supported at P. Its local length

is
length(Zp) = 3% = 81.

Points of the surface component S. Let p € S. Since dB4(p) # 0, there are analytic
coordinates (u,v, z1, 2z2) centered at p such that
U = X, v = By.

The local equation of Xig is therefore
uv = 0.

This is a simple normal-crossing germ, whose reduced Bernstein—Sato polynomial is s + 1. Hence

ap(Xis) =1 (pe9).
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The isolated point P. In the chart x¢o = 1, the local equation at P is

Ba(y1,y2,y3,ya) = 0.

The origin is an isolated critical point because V(By) C P? is smooth. The germ is weighted
homogeneous of degree 4 for

Wt(ylﬂ Y2,Y3, y4) - (1, 1, 1, 1)

With
(Xla X27 X37 X4) = (yla Y2,Ys3, y4)7

the local equation is precisely the defining normal form of the family S¥!(By). Hence, in the
Yonemura-number notation of Section 8§,

(X18a P) ~an ng11(B4)-

In particular, the isolated singularity has Milnor number 81 and Yonemura number 1. Conse-
quently, the weighted-homogeneous formula gives [Sai71, Sai94]

1+14+1+1
y -

ap(Xig) = 1.

Global minimal exponent. The preceding strata exhaust the singular locus. Therefore

441
3(X1g) = min{1,1} = 1 = %

Thus a general closed-orbit representative of ©1g has global minimal exponent equal to 1.

B.19 The component Og

By Table 7,
O19 = P9 = P35, k(19) = 29.

A general closed orbit in O19 is represented by
Fig := ¢55(As, Cu, Q22)

= w3A4(x1, x2) + 4Cs(21, T2) + 20Q2,2(21, T2; T3, T4)

+ $8$3x4($3 — xy),

where
Ay, Cy € Sym*(zy, 29), Q22 € Sym?(zy, z2) @ Sym?(x3, z4).

Set
X9 := V(Flg) C P

We work on the nonempty Zariski-open set

Res(A4,Cy) # 0, Ra29(A4,Cs,Q22) # 0,

where Rog imposes the isolatedness of the affine critical point below, smoothness of the relative
weighted quartic used in the weighted blow-up, and the generic socle condition along the singular
line.
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Singular locus. Put
L :=V(xo,21,22), P:=(1:0:0:0:0).

Every term of Fig, and every first derivative, vanishes on L, so L C Sing(X19). On the hyperplane

zo = 0, the equations
8}ﬁ9 8fﬂ9

8%3 a$4

force (x1,z2) = (0,0), because Res(A4, C4) # 0. Thus the only singular points on z¢ = 0 lie on
L.

= Ay(x1,x2), = Cy(x1,2)

In the chart zo = 1, with
(u> v, Y, Z) = (xb x2,xs3, ZC4),
the local equation is
fp=yAs(u,v) + 2Cs(u,v) + Q22(u, v;y, 2) + yz(y — 2).

Its critical locus is zero-dimensional on the chosen open set and is invariant under the positive-
weight action with weights (1, 1,2,2). Hence it contains no nonzero point, and the origin is its
only critical point. Consequently

Sing(Xlg)red =LU {P}

The saturated Jacobian scheme is nonreduced along L. At its generic point, splitting the
nonzero quadratic term in the xg-direction leaves a square-free binary quartic G4. Its Milnor
algebra has length 9 and a one-dimensional degree-four socle. The line-direction derivative G4
is nonzero in that socle, so the generic transverse Jacobian length is 8; the generic transverse
Hessian rank is 1. Thus the curve part is recorded as

19 = C{Y.

The isolated point P. The germ fp is weighted homogeneous of degree 6 for
wt(u,v,y,2) = (1, 1,2,2),
and is isolated on the chosen open set. Put
BP (X3, X4) = X3X4(X5 — Xy).

With
(X1, X2, X3, X4) = (u, 0,9, 2),

the local equation is precisely the defining normal form of the family
S1ih(As, Ca, Q2.2 B;E,zg))
Hence, in the Yonemura-number notation of Section &,
(X19, P) ~an S105(As, Cy, Qa2 B§29))-

In particular, the isolated singularity has Milnor number 100 and Yonemura number 3. The
weighted-homogeneous formula therefore gives [Sai71l, Sai94]

1+1+2+2
. -

ap(X19) = 1.

Its local Jacobi algebra has length

6 276 2,
- -1 ——1) =5%2.-22=100
(i-1) (-1 ’

in agreement with the subscript of S5
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Points of the line L. Let Uy be a sufficiently small neighborhood of a point of L, and let
T (NJL — Uy,
be the weighted blow-up of the smooth center L N Uy, with normal weights
wt(zo, z1,22) = (2,1,1).
Every monomial of Fig has normal weighted order 4. Hence, writing E for the exceptional
divisor and X;g for the proper transform,
™ X19 = X19 + 4F, Ky ="Ky, +3E
on the local index-one covers. Therefore
Ky + X194+ E = n*(Ky, + X19).
The intersection X 19 N E is the relative weighted quartic
3A4(y1,y2) + 24Cs(y1, y2) + EQ2.2(y1, yo; T3, 74)
+ 2x3wy (23 — 4) = 0

in the P(2,1,1)-bundle over L. By the condition Ra9 # 0, it is smooth on the local index-
one covers. Moreover, all terms of Fjg have weighted order exactly 4, so X1g is smooth near
E and meets E transversely. Thus (U, X9y, ) is log canonical along L; compare [KM98].
Using [Sai94, MP20]

let, (Fig) = min{ay, (Fig), 1},

we obtain
ap(X19) > 1 (pel).

Global minimal exponent. The preceding strata exhaust the singular locus. Since ap(Xig9) =
1 and a,(X19) > 1 for every p € L,

Thus a general closed-orbit representative of ©19 has global minimal exponent equal to 1.

B.20 The component Oy
By Table 7,

@20 = (1)32 = @37, k(QO) = 32.
Put

V= <3§‘0,J}1>, U .= <l‘2,l’3,3§‘4>.

A general closed orbit in G4 is represented by
Fao := ¢35(Co, C1, Ca)
= 2300 (w2, 73, 24) + 202101 (72, 23, 24) + 23Co(2, T3, T4),
where Cy, C1,Cy € Sym® U. Set
Xy := V(Fy) C PL

We work on the nonempty Zariski-open locus denoted by R32(Cp, C1,C2) # 0. On this locus,
the bidegree (2,3) divisor
Doy := V(FQ()) C P(V) X IF’(U)

is smooth, the discriminant curve
A = V(xo,ﬁl, 012 — 4006'2) cIl:= V(mo,azl)

is smooth and reduced, and the conic family of ternary cubics parametrized by N := V(x9, 23, x4)
meets the ternary-cubic discriminant transversely and only in its smooth nodal locus.
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Singular locus. Every monomial of Fyy has degree two in (xg,z;) and degree three in
(z2,x3,24). Hence
N UTI C Sing(Xa20).

Away from N U II, the two bihomogeneous Euler identities identify the projective Jacobian
equations of Fyy with the singularity equations of Dyg. Since Dsg is smooth, there are no further
singular points. Therefore

Sing(Xa0)red = N U I, N ~ Pl I ~ P2

In particular, there are no isolated singular points.
The plane component is generically reduced. At a general point of IT\ Ay, its transverse
Jacobian ideal is (u,v), whereas at a point of Ay the local coordinates below give

(u, 2v,v?).

Along N, the generic transverse Jacobian algebra has length 7 and the generic transverse Hessian
rank is 0. Indeed, for the corresponding smooth ternary cubic C;, the Jacobian algebra of C;
has length 8; the parameter derivative represents a nonzero socle class, and quotienting by it
reduces the length to 7.

Points of the plane II. For
p=1(0:0:vy:v3:vy) €Il
the quadratic form transverse to II is
Qp(u,v) = u?Co(p) + uvCi(p) + v*Ca(p).

If p ¢ Ap, then @), has rank two. The parameterized splitting lemma gives analytic coordinates
in which
FZO — u/2 + Ul27

with two smooth parameters. Hence
ap(Xz0) =1 (pell\An).

Let p € Anr. Smoothness of Ar implies that @), has rank one. Completing the square and
taking z = —(C? — 4CC3)/(4Cp) as a local coordinate transverse to Ay, one obtains the exact
analytic normal form

F20 = u'2 + ZU2,

with one further smooth parameter. The monomial Bernstein—Sato formula and Thom—Sebastiani

give [CDNM24]
1
~ro 2\
a(u ) - 27
and therefore

&p(Xgo) =1 (p S AH)

Consequently,
&p(Xgo) =1 (p S H)
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Points of the line N. Let
g=(up:u1:0:0:0) €N,

and write
Cq = u%Co + upu1C1 + U%CQ

In a local coordinate t on NN, the germ at ¢ has the cone-family form

f(t,y) = Ciy), v = (y2,Y3,Y4),

where each C} is homogeneous of degree three. By the genericity assumptions, the projective
family

C={ )| Ci(y) =0}

is smooth along the fiber over ¢: this is immediate for a smooth cubic fiber, and at a nodal fiber
it follows from transversality to the ternary-cubic discriminant.

Blow up the t-axis Z = {ya = y3 = y4 = 0}. If E is the exceptional divisor and Xy is the
strict transform, then

div(fom) = 5(:20 + 3E, Kp, ci/ct = 2F.

The strict transform is smooth and meets E transversely, so this is a log resolution near q. Hence

2+1
lety(f) = min {1, ;} =1,

and thus oy (Xa0) > 1 by lety(f) = min{a,(f),1} [MP20].

On the other hand, the divisor £ N )?20 has discrepancy 2 — 3 = —1 over Xy, so the germ
is not canonical. Since its singular locus has codimension two in the hypersurface threefold,
the germ is normal; as a hypersurface, it is Gorenstein. Since a normal Gorenstein rational
singularity is canonical [KM98], the germ is not rational. Saito’s criterion then gives &y (X20) <1
[Sai93]. Therefore

Go(X20) =1 (g€ N).

Global minimal exponent. The two strata above exhaust the singular locus, and the local
minimal exponent is 1 at every point of both components. Consequently,

G(Xa0) = 1= ——.

Thus a general closed-orbit representative of ©9y has global minimal exponent equal to 1.

B.21 The component Oy

By Table 7,
B9 = Psg, k(21) = 36.

Put
U= <$1, 9, $3>.

A general closed orbit in O9; is represented by
Fy1 == ¢35(Bs, Cs)
= Bs(x1,%2,73) + 2074C3(71, 72, T3) + 32377,
where

By € Sym® U, C3 € Sym® U.
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Set
Xop := V(Fgl) C IP)4.

We work on the nonempty Zariski-open locus
Disc(Bs) #0,  Disc(Cs) #0,  Rss(Bs, C3) # 0.
Here the last condition ensures that the weighted-homogeneous germ appearing below is isolated

and that no additional projective singular point occurs.

Singular locus. The two points
Py=(1:0:0:0:0), Po=(0:0:0:0:1)
are singular. On the plane x¢g = x4 = 0, the Jacobian equations reduce to

0Bs _0Bs _0Bs _
0331 N 81’2 - 8.%‘3 -

Since V(Bs) C P(U) ~ P? is smooth, these equations have no projective solution. On the chart
zg = 1, the affine equation is

9(X1, X2, X3, X4) = B5(X1, Xa, X3) + X403(X1, Xa, X3) + X3 X5.

The condition R3¢ # 0 says that the origin is the only critical point of g. The same equation
occurs on the chart x4 = 1. Consequently,

Sing(X21)red = {Fo, Pso }-

The saturated Jacobian scheme is zero-dimensional, and its local length is 96 at each point.

The two isolated singularities. At Py, on the chart x¢g = 1, take
(X1, X2, X3, Xy) = (x1, 2, 3, 24),
and at P., on the chart x4 = 1, take
(X1, Xo, X3, X4) = (x1, 22,3, T0).
In either coordinate system, the local equation is
g = B5(X1, Xo, X3) + X4C5(X1, X2, X3) + X7 X5.
This is an isolated weighted-homogeneous germ of degree 5 for
wt (X1, X9, X3, X4) = (1,1,1,2).

Taking L1 = Xg, the local equation is precisely the defining normal form of the family
S&2(Bs, C3, X3). Hence, in the Yonemura-number notation of Section 8,

(Xo1, Po) ~an So¢ (Bs, Cs, X3),

(X217 Poo) ~an 83(621(357 037 XS)

In particular, each isolated singularity has Milnor number 96 and Yonemura number 21. Therefore
the weighted-homogeneous formula gives

1+1+1+2

1.
)

ap,(Xo1) = ap, (Xa1) =
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Global minimal exponent. The two points above exhaust the singular locus. Hence

~ i~ ~ 4+1
a(X21) = min{ap,(Xa1),ap, (Xo1)} =1= —

Thus a general closed-orbit representative of ©2; has global minimal exponent equal to 1.
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